LINEAR PHASE AND WAVEFRONT SET FOR OSCILLATORY
INTEGRALS

AIDAN BACKUS

1. OSCILLATORY INTEGRALS WITH LINEAR PHASE

Recall that pseudodifferential operators are Fourier integral operators whose phase
satisfies
90(1‘7 Y, 0) = <5L‘ - Y 0)
A natural generalization is to consider Fourier integral operators for which ¢ is linear
in 6. So, we need to discuss oscillatory integrals with linear phase.

Definition 1.1. A phase ¢ is a linear phase if there exists a smooth map ® : X — R
such that

and ® has at least one zero.

The critical points of ¢ are exactly the zeroes of ®. We want ¢ to have a critical
point — Hormander is working modulo C*°, and integration with nonstationary phase
implies that if ¢ has no critical points then any Fourier integral operator with phase
© is a smoothing operator, and so is 0 modulo C**°.

Lemma 1.2. Let p(x) = (®(x),0) be a linear phase on X C R™. Then ® is a
submersion in a neighborhood in {® = 0}.

Proof. Since ¢ is a phase and dgpp = @, if () = 0 then dP is surjective on tangent
spaces. Thus the rank of ® is IV, but rank is lower semicontinuous so this remains true
in a neighborhood of {® = 0}. O

Since {® = 0} is nonempty, it follows that N < n and the set Y = {0y = 0} is
actually a manifold of codimension N, which we call the critical manifold.

Example 1.3. Suppose we are solving the wave equation forwards in time; then we
get the phase ¢(x,t,0) = (x,0) — t|f|. Notice that this is singular along the light
cone {(z,t) : |z| = t,t > 0}, which is a rectifiable set of codimension 1 but not
a manifold. The takeaways here are that the case N < n really is interesting in
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non-elliptic problems, and that linear phases really do generalize pseudodifferential
operators in ways that general Fourier integral operators do not.

Our first result is that “up to isomorphism, a linear phase is determined by its
critical manifold”.

Lemma 1.4. If p1, o are linear phases with the same critical manifold Y then there is
a neighborhood U of Y and a map ¢ € C°(U — GL(RY)) such that for every x € U,

p1(,0) = pa(,(1)0).

Proof. Since &1, ®, are submersions that cut out the same manifold, for every x € Y,
d®;(x) have the same kernel and cokernel (and their cokernel is 0). Therefore there
exists a linear automorphism ¢ (z) such that ®;(x) = ¢ (x)Py(x) and so ®; — 1P, has
double zeroes on Y. In particular ) is smooth since ®; are, so we can extend 9 to
a neighborhood of V. If ®; = (CIDf)k then Taylor’s formula says that there exists a
smooth family of matrices R

) = @k + R Dh

where R;,|Y = 0. Therefore (¢ + R)" has the required properties, at least when we
are so close to Y that ||R]|| < |[¢]| so that ¢ + R is invertible. O

Conversely, if Y is a submanifold of X of codimension N, then we can write ¥ =
{r € X :2y=--=2x =0} in some coordinate system, and then use this fact to
find a linear phase ¢ of critical manifold Y.

If 1, 9 are two linear phases with critical manifold Y, 1 is the isomorphism between
them, and a; is a symbol, then

as(y,0) = a1(y, ¥ (y)0)| det ¥(y)| (1)

satisfies the equality of oscillatory integrals
/ e q (y,0) df = / 20 q,(y. 0) db.
RN RN
Most of this section will be dedicated to viewing symbols as a suitable map between
bundles rather than something that obeys (1) under a transition map .

Definition 1.5. Let Y be a submanifold of X, N = codimY,1—p <4 < p. Choose a
linear phase ¢ of critical manifold Y. The space of all oscillatory integrals of the form

_ n42N

I(x)=(2m) 4 / @ a(x,0) do
RN

where a is any element of S} =2/ modulo C*(X) is called Is(X,Y).
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Elements of I77%(X,Y") are equivalence classes of distributions on X modulo C*(X),
so I75(X,Y) is a subspace of D'(X)/C*>(X). The choice of ¢ does not matter, since
such a ¢ exists, and applying the transformation 1 given by the previous lemma will
at worst multiply a by a Jacobian which is constant in #. Furthermore, integrating
by nonstationary phase implies that we may assume that a is supported in a small
neighborhood of Y. The strange choice of constant —(n + 2N)/4 will be justified later
on, but is partially motivated by this example:

Example 1.6. We're mainly interested in the case that I is the Schwartz kernel of
a pseudodifferential operator on a manifold Y of dimension N. Then X = Y2, so
n = 2N. In this case, we can write x = (y1, y2) and a is a function of (y; — ys, 0) since
the Schwartz kernel of a pseudodifferential operator is not just an oscillatory integral
but a singular integral. Therefore we get the constant (27)~" that appears in the
definition of a pseudodifferential operator.

2. A REVIEW OF DIFFERENTIAL TOPOLOGY

In order to talk about principal symbols, we will need to review some differential
topology.

We first treat conormal bundles. Hormander seems to mix up normal and conormal
bundles a few times, which is pretty confusing.

Whenever I refer to a “closed embedding” I always mean a closed embedding of
manifolds. Suppose that we have closed embedding Y C X. We want to define the
normal bundle NY to Y to be the orthocomplement of 7Y in TX|Y, but this requires
a choice of Riemannian metric. To get rid of this choice we instead observe that if
we chose a Riemannian metric and v was a normal vector, we could identify v with a
covector 7 using the Riesz representation theorem, and n would annihilate TY. So we
can define the normal bundle to be the dual of the annihilator of TY. The annihilator
of TY is a more “natural” concept, so we define:

Definition 2.1. If Y C X is a closed embedding, the conormal bundle N*Y to Y is
the subbundle of T*X defined by

NY ={(y.n) €T"X :y €Y, (n,T,Y)=0}.
Now we introduce the notion of a density bundle on a manifold X. We first do the
same for a vector space. Suppose that V' is a finite-dimensional vector space, and u is

the Haar measure of V. Then p defines a linear map p: VE" — R by letting u(Q); v;)
be the volume of the parallelpiped () ; vj, which satisfies for every linear operator A,

WAV ®@ - @ Avy,) = |det Ajp(v1 @ -+ - @ vy,).

Since Haar measures are unique only up to a scalar, we get a one-dimensional vector
space of Haar measures, known as the density space of V.
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Definition 2.2. Let X be a manifold of dimension n. The s-density bundle, 25, on
X is the line bundle associated to the GL(R")-representation A — |det A|~*. An
s-density is a smooth section of the s-density bundle.

More concretely, “a density is something that transforms like a density” in the sense
that a is a s-density iff for every change of coordinates y = (),

a(y) = a(x)| det de”.
In particular, a 1-density transforms like a volume form, and we can integrate 1-
densities.

We obviously have Qg ® Q, = €),,;. Since we can integrate 1-densities, if u is a
s-density and v is a 1 — s-density of compact support then (u,v) = [ cu®wvis well-
defined.

Definition 2.3. An s-distribution density on X is an element of the dual of C2°(X —
Q).

3. PRINCIPAL SYMBOLS FOR OSCILLATORY INTEGRALS

We now assign principal symbols to the oscillatory integrals in ;75(1/ x RM). T think
that there is a typo in Hormander’s paper here where he mixes up n and N a few
times.

Lemma 3.1. The quantization map

m+% N m
. Sp,& (Y xR ) 0,0 (Xa Y)
IRy xmY) L XY

that sends a symbol to its oscillatory integral with linear phase is a well-defined linear
1somorphism.

Proof. Elements of I75(X,Y)/ I:f;fsfp are determined by the restriction of their symbol
a to Y, so T to the oscillatory integral is a surjective and well-defined linear map. Let
Ta = 0, and without loss of generality assume that:0

(1) a is supported in a neighborhood of Y.
(2) Y ={(0,y) € X} where we have the decomposition z = (2/, y).

(3) ¢(x,0) = («',0).

That T'a = 0 means that for every v € D(X), (T'a,u) = 0. But we can take u(z) to
only depend on z’, thus (T'a,u) = 0 implies

// ez, 0)u(z') da' df = 0.
Y xRN
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Given ¢ € RN we can replace u(z’) by u(2')e“*%) and conclude that
// @Oz, € 4 0)u(z') dz' df = 0. (2)
YxRN

We are interested in the asymptotics of (2) as £ — oo. In fact, Taylor’s formula gives

a(z,§+0) ~ Z ig—?a(:c,g)ﬁa

and hence, taking the Fourier inversion of (2), we get
; / 1 ; /
/ / D, + Ou(a’) do' db ~ 3 — / / ¢ 0 a(e, £)0°u(x’) da’ df
Y xRN o @ JJy xRy

=(2m)"> %(@)aa(w, ) |wr—o

«

= (2m)"a(0,y,§)

+@2m)" ) Si!%)(i@g)“a(:v, &) |ar—o-

a#0
One has
n (_ag’) . «a / m+5+#7p N
(5.6) = () 32 = 00 ala . )l | € S (v xRY)
a#0 ’
. . . . m+4n=2N N mAs+ 22N ) N
which is 0 in the quotient space S, 5 * (Y xRY)/S ; * (Y xR") and hence
SO 1S a. ]

It’s tempting to define the principal symbol of an element of I;’fa(X, Y) to be an

n—2N ) n—2N _ .
element of S;n(;r (Y x ReedimYy/ S:? ETTY x ReedimY) but we need to deal

with the transformation law (1) first.
Every linear phase ¢ induces a fiberwise isomorphism
Ky Y x ROImY 5 N*y
(,0) — dyp(x,0).
Example 3.2. If the conormal bundle is nontrivial then r,, is clearly not an isomor-

phism of vector bundles. I think this is true for the Mobius band in R? but I haven’t
checked it.

Let us identify Y x R4™Y with N*Y using £,,, so view symbols as functions on
N*Y. Suppose that we transform ¢; to s by ¥, say ¥ (x)0y = 6;. Then, if (a1, ¢1)
and (ag, p2) define the same oscillatory integral, the transformation law (1) gives

as(x,02) = ay(x,(x)by)| det ()| = ai(x, 0;)| det (x)|.
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Now we get rid of the Jacobian determinant. Fix ¢(z,0) = (®(x),0), and recall
that ® is a submersion near Y. Therefore the pullback distribution ®*9, ¢ the Dirac
distribution at 0 is well-defined. In local coordinates y, ®*0 is just [d®(y)|~" ], dy;
(Theorem 6.1.3 in Hérmander’s big book) which clearly transforms like a density on Y.
Since R°4™mY comes with the Lebesgue density dV = [] ;d0;, for every linear phase ¢
with critical manifold Y we get a density ®*6 dV on Y x R©4mY Then

D = (k,). (96 dV)

is a density on NY.

Let pj(x,0) = (®,(x),0) be linear phases with critical manifold Y which induce
densities D;. Suppose ®; = ¢'®;. The transition map x(y,0) = (v, '(y)f) satisfies
Kk*ay = | det1|a;, but we also have x*Dy = | det )| ?D;. That is,

/{*agv DQ = a1V Dl.
Thus a;+/ D1 and asy/ D4y are the same half-density, namely a bundle map
Cl\/B S Sm+n/4(N*Y — 91/2).

P60

The fact that the symbol order is now independent of codimension is the other reason
we defined I}%(X,Y’) so strangely.

Theorem 3.3. Let Y C X be a closed embedding of codimension N. Let 1—p < § < p,
and choose a linear phase o on X x RN with critical manifold Y. Let IT5(X,Y) be the
set of all distribution half-densities on X modulo C*(X) which are smooth on X \'Y
and are defined by oscillatory integrals

_ n42N

Ta(z) = (27) 4/ @0 q(x,0) db,
NzY

where a is a symbol of class S;?;(n_zN)/4(N*Y — Q%) and the volume form @9 df
is defined by identifying the conormal space NXY with RN using the isomorphism
0 — dyp(x,0). Then the quantization map

m n—2N
Sp,;_ 4 (N*Y — Ql/g) N IZ%(X, Y)
m+9d—
(N*Y — Ql/g) Ip,(s+ p(X7 Y)

) Sm+5+ # —p
P8

s an isomorphism of vector spaces.

Proof. We just need to check that the above construction is invariant under changes of
coordinates in X. This is just a consequence of the chain rule for half-densities used a
bunch of times and not very interesting, so I'll omit it (it’s page 119 in Hormander’s
paper). d
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Definition 3.4. With everything as in the previous theorem, we say that

Ser# *
0,6 (N Y — 91/2)

Sm+§+ # —p
P8

(N*Y — Ql/Q)

is the principal symbol of a distribution half-density A if Ta = A.

4. WAVEFRONT SETS

Some harmonic analysis review: sheet music tells us, for each time ¢t € R, the
amplitude (mezzoforte, pianissimo, etc.) that each frequency (Cf, F, etc.) should
take at time ¢. This specifies a wave (i.e. a function) but in an overdetermined way, by
the uncertainty principle. Still, it’s often helpful to pretend as though a distribution
u on R really is a function on T*R > (¢, 7); namely, u(¢,7) denotes the amplitude of
the note of pitch 7 at time t. Wavefront sets are an example of this approach, where
we are interested in both singularities in time and frequency.

Recall that the singular support of a distribution u only locates its singularities in
time, and is defined by

sing supp u = ﬂ {r € X :p(x)=0}

pueC®

where ¢ ranges over cutoffs. That is, if ¢ cuts off u to a smooth function, then all
the singularities of u must be in the closed set {¢ = 0}. The idea is that “applying a
pseudodifferential operator to a distribution is just like multiplying it in time-frequency
space by the symbol”, so we should be testing u against pseudodifferential operators
that are cutoffs in time-frequency, rather than just cutoffs in time.

Now let A be a pseudodifferential operator of proper support and order 0 on X, and
principal symbol a. Briefly we write A € L°. Recall that the characteristic set of A is

Y(A) ={(x,&) : T X\ 0: li{g(i)glf la(z,t&)| = 0}.

Thus v(A) is a conic subset of T*X, which “motivates” why we care about cone
bundles. But it doesn’t, really — why don’t we just mod out by the R* action on
T*X \ 0, since v(A) is clearly invariant under that action, and we only care about the
directions of the covectors in 7(A), rather than their magnitudes. Seriously, what is
Hormander doing here??

Definition 4.1. Let u be a distribution on X, and define the wavefront set of u to be

AelLl
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Then W F(u) is the intersection of closed conic sets and so is a closed conic set —
but it’s probably more helpful to think of as a closed subset of the cosphere bundle
(T*X \ 0)/R".

Theorem 4.2. Letp : T* X — X be the natural projection. Then for every distribution
u,

p«(WF(u)) = sing supp u.
Moreover, if x € sing supp u, then the fiber W E,(u) of WF(u) at z is the largest cone
I' in T X such that for every cutoff ¢ to a neighborhood of x, there exists N > 0 such
that for every £ € T,

pu(te)] z (te)™

as t — 00.

Here and always (§) = /1 + &2 is the Japanese angle bracket of £. I leave the proof
for Ely to cover (or omit) next time. Let me just finish the talk with two examples.

Example 4.3. The term “wavefront set” derives from the following example. The
Dirac measure 6 on R? has

WF(S) = TR\ 0.
To see this, we first note that clearly sing suppd = {0}. Taking the Fourier transform
we get o = 1, which doesn’t decay in any direction, so every direction is included in
the wavefront set.

If w is the solution of the wave equation with «(0) = ¢ and «/(0) = 0 then w is
supported in the lightcone {(t,z) € R : 22 = #?}. (I think if d = 0 mod 2 then
u is not literally the surface measure on the lightcone, because Huygens’ principle is
weak in this case.) Thus the lightcone is the wavefront of u. It is also the projection
of W F(u), which is the Hamiltonian flowout of W F(6).

Example 4.4. Let U be an open subset of R? such that OU is a smooth manifold,
and let u = 1y. Then WF(u) is the conormal bundle of OU. Indeed, it is clear
that sing suppu = 90U, and since OU is a smooth manifold, to compute WF,(u)
we can flatten OU at z to assume that OU is a hyperplane {y = 0}, in which case
u(z,y) = H(y). If we consider Schwartz cutoffs f(z,y) = g(x)h(y) then we get

wf(&m) = §(€)Hh(n)

If £ # 0 then we clearly get decay in 1;} (t€,tn) as t — oo since ¢ is a Schwartz function
and

Hhn) < H(n) = 6(n) + ;n ~ 1/

(in the sense of Cauchy principal value distributions). Meanwhile if & = 0 then
uf(t&,tn) = g(0)Hh(tn) ~ 1/n, so we get a singularity.
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