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Part 1

Preliminaries



Chapter 1

Functional analysis

Here we treat functional analysis in a high level of abstraction.
Throughout these notes, we mean by f < g that there is a universal constant C' > 0 such
that f < Cg.

1.1 Locally convex spaces

Fix a vector space V.

Definition 1.1. V is said to be a topological vector space if it is equipped with a topology
for which addition and multiplication are continuous.

Definition 1.2. V is said to be locally convex if V' is equipped with a family of seminorms
P, and the initial topology with respect to the P,.

This is the smallest topology containing the open sets P, ([0, ¢)) for each a and each e > 0
and which is translation-invariant.
The most useful examples of locally convex spaces are Banach spaces.

Definition 1.3. V is said to be a Banach space if V' is equipped with the topology arising
from a complete norm.

Definition 1.4. If V is a topological vector space, then the dual space of V* is the space of
continuous linear maps V' — C.

Definition 1.5. Let W be a Banach space and define a norm on Hom(V, W) by

Tl = sup [[T]].
JvlI<1

So V* is a normed space, V* C Hom(V,C). In general it is very difficult to construct
elements of V*. In general we cannot guarantee constructively that V* is nontrivial. On the
other hand, it is often impossible to construct linear functions which are discontinuous (for
example, any linear functional on a Banach space will be continuous if it was constructed
without the axiom of choice).



Definition 1.6. A function f : V — C is said to be sublinear if it obeys the triangle
inequality and if for each ¢ > 0 and z € V', f(cx) = cf(z).

Obviously seminorms are sublinear. Minkowski gauges are another useful example.
Definition 1.7. Let X C V. Then:

1. K is conver if for each z,y € K, c € [0,1], cx + (1 —c)y € K.

2. K is balanced if for each ¢ € [0,1], cK C K.

If K is balanced and convex, then the Minkowski gauge of K is the functional

= inf c.
pK(:E) cgl Bscc
Notice that the balanced condition suggests that K needs to be close to the origin.
Moreover, Minkowski gauges are sublinear.
Sublinear estimates allow us to construct functionals using the axiom of choice, while
still guaranteeing that they are continuous.

Theorem 1.8 (Hanh-Banach). Assume that p : V' — C is sublinear, U C V a subspace, and
f: U — C a linear functional. If f is dominated by p, i.e. for each z € U, |f(z)| < |p(z)],
then f extends to V.

In general the extension of f will only be unique in case U is dense. So we have to use
the axiom of choice to construct f.

Proof. The extension to the complex case is trivial so we replace C with R. Assume that f
is defined on a space W, U C W C V. Choose v € V \ W and define f(v) such that for each
w € W and s,t > 0,
plo=s0) o plwt ) = fw)
S t
This is always possible because

f((t+s)w) < p((t+ s)w) = p((t + s)w + tsv — tsv) < p(sw + stv) + p(tw — stv)

SO
f(w) = p(w = sv) _ p(w +tv) — f(w)
s - t '
Therefore for any W and v we can extend f to W +v. If W is the family of subspaces of
V on which f is defined and C C W is a chain, then C therefore has an upper bound. Since
U €W, Zorn’s lemma implies that YV has a maximal element, which is clearly V. O

In case p is the norm of V', this implies that V* is nontrivial. The Hanh-Banach theorem
also has a useful geometric interpretation.

Theorem 1.9 (Hanh-Banach separation theorem). Let R be the scalar field and A, B C V'
be convex, nonempty, and disjoint. If A is open then there is a ¢ € V* and t € R such that
for every a € A and b € B,

p(a) <t < p(b).
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Proof. Choose ag € A and by € B, and let C = A — B+ by — ag. Then 0 € C, C is convex,
and C' = Jycg A — b+ by — ag, so C'is open. If z = by — ag, then x ¢ C'.

By the Hanh-Banach theorem, choose a ¢ € V* such that p(zg) =1 and ¢ < 1 on C.
Given a € A and b € B we have

p(a) < @(b) +p(ag) — p(bo) + 1 = @(b).

If t = infp @, then this gives, for every a and b,

p(a) <t < o(b).
Since A is open, p(A) is open so the claim holds. ]

In particular, linear functionals separate points.
Let’s consider more properties of convexity. Let the scalar field be R and let S C V' be
nonempty, compact, and convex.

Definition 1.10. A face of S is a nonempty, compact, convex set K C S such that for each
x € K, if there are y;,y, € S and ¢ € (0,1) such that x = cy; + (1 — ¢)yz, then v,y € K.
If |K| =1, then K is called an eztreme point.

Definition 1.11. If X C V is a set, the convex hull of X is the smallest set containing X
which is closed and convex.

For example, if S is a convex polygon, then the extreme points of S are its vertices, and
S is the convex hull of its vertices. The Krein-Milman theorem says that this phenomenon
happens even in infinite dimensions.

Theorem 1.12 (Krein-Milman). S is the convex hull of its extreme points.

Proof. Assume that S’ is the convex hull of the extreme points of S. Then S’ C S, so S’ is
compact. If there is an xy € S\ S’, then since V* separates points, there is a A € V* such
that A\(S") < A(xg). If C' = max A(xg), then p~}(C) N S contains no extreme points of S.
We can contradict this by showing that every convex compact set has an extreme point.

Let F be the set of all faces of S. Clearly S € F so F is nonempty. If C C F is a chain,
then (C is a face, so by Zorn’s lemma F has a minimal element Sj.

Let ¢ € V*. Since Sy is convex, it is connected, so ¢(Sp) is compact and connected. In
particular, ¢(Sy) = [a,b] for some a < b. So p~!(b) N Sy is nonempty, convex, and compact.
If v € p=1(b) NSy,

z =ty + (1 — 1)y,

then y1,y2 € Sp. Therefore p(x) = b= cp(y1) + (1 — ¢)p(y2), so ©(y1), p(y2) > c. Therefore
y1,y2 € © 1(b) N Sy, so ¢ 1(b) NSy is a face and by minimality, ¢~ 1(b) N Sy = Syp. So
©(Sp) = b. Since ¢ was arbitrary and V* separates points, |So| = 1. So S has an extreme
point. O



1.2 Hilbert spaces

Definition 1.13. A Hilbert space V is a Banach space whose norm arises from an inner
product.

The basic fact about Hilbert spaces V' is that V* = V.

Theorem 1.14 (Riesz representation theorem). The association

V=V
v = (w— (v, w))

is a surjective isometry.

Proof. Evaluating w — (v, w) at v, we see ||v|| = ||v]|op- S0 we just have to check surjectivity.
Let o € V*, and F = kerp. If F = 0 we're done; otherwise F'* is nonempty. Let z € F*
and a = ¢(2)/||z||. Then for any z € V,

(z,az) = <x - %z,a2> + <z((gz,az>
—(88:.00) = 2000 = plo).

©(2) ©(2)

1.3 Bochner integration

Now we fix a Banach space B and a measure space (X, X, ). Recall that the Caratheodory
construction is the standard way of building (X, X, 1): we define a semiring ¥y of sets (i.e.
a family of sets closed under finite intersection and subsets of finite disjoint unions) and a
countably additive function g on ¥y, which then extends to an outer measure p* on the
power set P(X). If E C X satisfies the Caratheodory criterion, i.e. that for all FF C X

W' (F) = ' (F N E) + i (F\ E),

then we declare that F is measurable. The measurable sets form a o-algebra 3 on which p*
is outer measurable (note that p* did not have to be constructed from a semiring for this
step to work; any outer measure will do) and we define the restriction p of u* to ¥ to be the
desired outer measure.

Definition 1.15. A B-valued integrable simple function is a finite linear combination of
functions

Y& X =B
Esx—b
E‘s2—0



where FE is a measurable set with ||u(E)|| < oo, b € B.
The integral of a B-valued ISF f =" Xl;fn is

lAfdu=§:mme

and the L'-norm is || f||r = [ |f] dp.
Then L' is naturally the Cauchy completion of the ISF.
Definition 1.16. A function X — B is a B-valued integrable function if it lies in L.

Definition 1.17. For p € (1,000), the L norm of f : X — B is

|mm=(éjmmwwuow

and the L* norm is || f||ze = lim, o0 || f]|2r = esssup || f]].
The usual Lebesgue convergence theorems hold:

Theorem 1.18 (Lebesgue convergence theorems). Let {f,} be a pointwise convergent se-
quence of integrable functions. Then:

lim/fn:/limfn<oo.

2. If there is an integrable function g > 0 such that every |f,| < g,

lim/fn:/limfngg.

/lim inf f,, <lim inf/fn.

Now let’s make some estimates which will actually prove that the LP-norm is a norm,
besides being useful later.

Theorem 1.19 (Jensen’s inequality). Let f : R — R be convex and g an integrable function.

Then f(/g)g/fog.

Theorem 1.20 (Holder’s inequality). Let

1 1
Sio=1
p q

Then [[fgllr < [[f]lze[lg]]La-
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Proof. The mapping = — 2? is convex so if f, g > 0,
[o=(J) [ f= (o) (o)
) (Ue) () = (fr) (o)

O
Notice that Holder’s inequality implies that L? is a Hilbert space with inner product
(f.9) = /fg'
Theorem 1.21 (Minkowski’s inequality). Let
1 1
-+ -=1
p q
Then
L+ gllee < [fllze + llgl]Lr-
Proof. By Holder’s inequality,
J1s+ar=[1r+glis 49 < [Q51+19Dls + 9P
1/p 1/p L\
<((Jur) "+ (fur) ) (Jir+arre)
f + gllZs
= f e H9||le) 77—
(1Fllen + ol
[

Now we discuss change of variables.
Definition 1.22. Let v be a measure. Then

1. v is absolutely continuous with respect to p if for every measurable set A, u(A) =0
implies v(A).

2. v is singular with respect to pu if there are disjoint measurable sets A, B such that
X=ANB,v(A)=0and u(A) =0.

3. If there is a measurable function f such that for every measurable set A,
o) = [ 7 dn
A

then f is the Radon-Nikodym derivative of v, written

_dZ/

=

11



Theorem 1.23 (Radon-Nikodym). Let p be o-finite and v be a positive measure. Then
there is a unique decomposition v = v, + v such that v, is absolutely continuous and v, is
singular (with respect to p). Moreover, v, has a Radon-Nikodym derivative.

In particular, if v was already absolutely continuous, then v, = 0 and v has a Radon-
Nikodym derivative.

Proof. Uniqueness is obvious. First assume p(X) < co. Then p+ v is finite, so L>(u+v) C
L'(p+ v). So by the Cauchy-Schwarz inequality, if f is an ISF,

oo

So [+ dv is L*-continuous on ISF, hence on L*(u + v). So by the Riesz representation
theorem, there is a nonnegative h € L'(u + v) such that

/fdy://fhd(u+u)

for any f € L% In particular, if A is measurable,

/A hd(u+v) = v(4) < (u+ v)(A).

<A llrwy < MLty = FI L2

Without loss of generality we assume h < 1. If g € L*>®(v),

/gdu:/ghdu+/ghdu.

So if Y is the set of all y such that 0 < h(y) < 1, it follows that u(Y) = u(X). By induction,

/gduz/g(h—l—---—i-h”) d,u+/gh”d1/.

Since h < 1, the dominated convergence theorem implies

/gh” dv — g dv
X\Y

hXY
—h

/gdl/—/gfdu—i-/ g dv
X\Y

and take v3(A) =v(AN (X \Y)). Then we take

Z/Afdu

so f is the Radon-Nikodym derivative of v,, v, + v; = v by taking g = xa.
To extend to the o-finite case, break up X into countably many finite measure spaces
and sum over them. O

and if
f pr—

we have

12



Next we discuss iterated integrals. Given measure spaces (X, .S, u) and (Y, T, v), we need
a o-algebra on X x Y and a measure defined on that o-algebra. To do this, we use the
Caratheodory construction.

Definition 1.24. If E € Sand F' € T, then E'x F' is a measurable rectangle. Let S®T denote
the smallest g-algebra containing the measurable rectangles, and on for each measurable
rectangle, define a countably additive function by

puRV(E X F)=u(E)v(F).

By the monotone convergence theorem dv, p®v is countably additive. So the Caratheodory
construction gives rise to a measure u ® v whose measurable sets include S ® T' (in fact, is
the completion of S ® T').

Definition 1.25. The measure space (X X Y, S® T, u ® v) is the product measure space of
(X, 8, ) and (¥,T,v).

Straight from the definitions, we know that for every measurable rectangle F x F

/XEXF dp®v)= // XExF dp dv = // XExr dv dp.

For a function f defined on X x Y we define f¥(z) = f(z,y) and f.(y) = f(x,y). For a
set G C X xY, wedefine GY ={reX:(r,y) €eG}and G, ={y €Y : (z,y) € G}.

Theorem 1.26 (Fubini). Let f € L'(¢ ® v) and assume p ® v is o-finite. Then for almost
every y, fY € L'(u). Moreover, the function

F(y)z/fydu

has F € L'(v), and

/fd(u@u)://fydudy:/ £, dv dp.

The assumption of o-finiteness is not optional here, and Fubini’s theorem can fail for
large cardinality measure spaces.

Definition 1.27. Let M be a family of subsets of X such that for every countable chain of
A, in M and |J, A, =Aor(),A, =A, Aec M. Then we say M is a monotone class.

If R is a ring of sets, then the smallest monotone class M containing R is also a ring,
and it is not hard to see that M is the smallest o-algebra containing R.

Lemma 1.28. Let G € S®T. Then:
1. G, €T and GY € S.

2. x— v(G,;) and y — p(GY) are measurable.

13



3. One has

p@u6) = [ (s v(G)) duta) = [y w6 dvty) = [ [ xa du v

Proof. This is obvious if G is a measurable rectangle. We shall show that the algebra of
sets on which this claim holds is a monotone class, hence a o-algebra. Clearly if |, G, = G
then G has the property. Given z € X, J,(Gn)» = G4, so G, € T. Therefore the chain
of functions  — v(G,,), converges to x — v(G,) which is therefore measurable. So by the
monotone convergence theorem,

limp @ v(G,) = hm/(m = v((Gp)z) du(x) = /(x — v(Gy) du(z) = p @ v(G).
So this algebra is closed under ascending chains. The proof in the other direction is similar

but you have to start by assuming that u ® v(G;) < oc. ]
Lemma 1.29. Let f > 0 be S ® T-measurable. Then

/fdu®u=/ fdu dv.

Proof. Let {f,} be a chain of ISFs. This claim is obvious for ISF, so the monotone conver-
gence theorem on the fY for each y € Y. m

Theorem 1.30 (Tonelli). If f is S ® T-measurable, g(x) = ||f(2)||, ¢¥ € L'(u), and (y
[ ¢¥ dp) € L*(v), then f € L' (p®@v).

Proof. Clear by the lemmata. m

Proof of Fubini’s theorem. Let g(x,y) = ||f(z,y)||]. Then if {f,} is a sequence of ISF con-
verging to f, g dominates the f,,. Apply the dominated convergence theorem twice, once for
each integral. O]

1.4 Duality

Fix a normed space V. We consider properties of V*. Since C is complete, VV* is a Banach
space; in particular, V** is a Banach space. So we can always embed V' in a Banach space
by the mapping

V=V

v (0 p(v).
However, V** is rarely the completion of V if V is infinite-dimensional. Moreover, the

topology of V* is a bit awkward to work with, since a convergence in operator norm is much
stronger than convergence pointwise.

Definition 1.31. The weakstar topology of V* is the initial topology such that every evalu-
ation ¢ — p(v) is continuous.

14



In other words, the weakstar topology is the topology of pointwise convergence.

Theorem 1.32 (Banach-Alaoglu). Let B be the closed unit ball of V*. Then B is weakstar
compact.

Like the Hanh-Banach and Krein-Milman theorems, the proof of Banach-Alaoglu uses the
axiom of choice. However, the Banach-Alaoglu theorem is not really nonconstructive, since
if V' is separable, we can use a diagonalization argument to prove it instead. Banach-Alaoglu
generalizes to locally convex spaces.

Proof. Let
Dy ={zeC:[z] < Jv][}
and D = [],cy Dy. By Tychonoff’s theorem, D is compact. Moreover, there is a natural
embedding
t:V*—=D
e A{f ) ber.

Since the product topology is the topology of pointwise convergence, ¢ is a homeomorphism
V* — «(V*). So we just need to show that «(V*) is closed. So let {{fa(v)}vev}taca be a
net in D, which converges to a {¢,}vey. Then f(v) = ¢, is a linear functional and f, — f
pointwise so {¢, }yey € (V). O

Now we compute the duals of the main examples of Banach spaces we have presented so
far.

Theorem 1.33. Let p,q € [1,00] and assume p is o-finite.

1 1
S+ =1
P q

Then (LP(p))" = Li(p).

Actually, this theorem is true without the o-finiteness; however, it becomes much more
difficult.

Proof. For g € L%, one has ||g||,» < ||g||, by Holder’s inequality and by taking larger and
larger measurable sets E and considering [, g, we check [|g||,- > [|g]lq- So we just need to
show that the map L? — LP" is surjective.

If h € L? and X splits into finite measure spaces X; we put hy = xx,.h, so Y, by = h
in L? by the dominated convergence theorem. If ¢ € L¥" then p(>_, hi) = Y., ©(hy) so we
might as well assume X = Xj, viz. u(X) < oco. Then L* C LP so ¢ € (L*)*. We can
define an absolutely continuous measure v by v(A) = ¢(xa), and by the Radon-Nikodym
theorem, there is a Radon-Nikodym derivative f of v.

Let Y, = {z € X : |f(z)] < n} and let g = f/|f|"?, where g(z) = 0 if f(z) = 0, and
gn = Xv,9n- Then [g" = [f|? and

s / gnf = 2(gn) =< N1gnlly = [ ullrornn.

So || f||La(y,) < o0, and by the monotone convergence theorem, f € L9 O

15



1.5 Vector lattices

We now consider the natural order structure of a space.

Definition 1.34. A wvector lattice is a vector space V equipped with a partial order < which
is translation-invariant such that (V, <) is a lattice, and such that for each ¢ > 0 and = < y,
cx < cy.

Recall that a lattice is just a poset which is closed under finite joins V (suprema) and
meets A (infima). Actually, we just need to check that V' is a semilattice, since multiplication
by —1 implies that a semilattice is already a lattice.

If V is a vector lattice and v € V| we define fo = £fV 0. Then f = f, — f_ and we
define the absolute value (or valuation) |f| = fi + f_.

Definition 1.35. A Banach lattice is a vector lattice V' which is a Banach lattice, such that
|| < |y| whenever |[z[| < [[y]].

Example 1.36. A function space mapping into R is usually a Banach lattice with the
natural ordering, f < g iff for every z, f(x) < g(x). For example, C'(X) is a lattice. Spaces
of operators are Banach lattices as well, whose positive elements are precisely the positive
operators; as are spaces of signed measures, where the positive measures are the positive
elements.

Theorem 1.37. Let V be a Banach lattice. There is a natural ordering on V*, such that
f € V* is positive iff for each positive v € V| f(v) > 0, and such that f < g iff for every
positive v € V', f(v) < g(v).

Proof. Take the definition of positive functionals as in the statement of the theorem. If f
and —f are both positive, each v = vy —v_ has f(vy) > 0 but f(v_) < 0. So f(v) = 0.
Since v was arbitrary, f = 0.

Given f € V*, define

ff(w) = sup f(x)
0<z<v

for v > 0. Then f* > f, and f* is finite because if z < v, |f(z)] < [|f]|||v||. Moreover, if
v,w > 0, it is easy to check fT(v+w) = fT(v)+ fH(w). So fT is positive-linear, so extends
to all of V and so fT € V*.

Clearly f* — f > 0. We need to show this is optimal, i.e. f* = fVv0. Assume g > f V0.
Then for 0 < 2 < v, f(z) < g(z) < g(v), so taking the sup over x we have f*(v) < g(v).
The other direction is similar. So f* = f V0. [

Fix a compact Hausdorff space X, |X| > 2 (so in particular, every set which separates
points is nonempty). Let us now study the behavior of sublattices of C'(X) = C(X — R).

Theorem 1.38 (Dini). Let L be a sublattice of C(X), and define g(z) = inf;cf, f(z). For
each € > 0, there exists a h € L such that g < h < g+¢.

Proof. For each f € Llet Up = {x € X : f(x) — g(x) < e}. Then the Uy are an open cover
of X, which has a finite subcover by functions fi,..., fx. Take h = /\jgk fi- n
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When can a lattice be used to approximate any function in C'(X)? A necessary condition
is that the lattice strongly separates points. This turns out to be sufficient as well.

Definition 1.39. A set A C C(X) separates points if for each z,y € X, thereisan f € A
such that f(x) # f(y). If, in addition, the constant functions R C A, then A strongly
separates points.

Theorem 1.40 (Stone-Weierstrass). If L C C(X) is a sub-vector lattice or a subalgebra
which strongly separates points, then L is dense in C'(X).

The lattice case is also called the Kakutani-Krein theorem.

Lemma 1.41. Let L be a sublattice of C'(X) which separates points and is closed under
multiplication and addition by elements of R. Then if B C X is compact, p € X \ B, and
a,b € R, there is a g € L such that g > a, g(p) = a and g > b on B.

Proof. For each x € B there exists g, € L such that g,(p) = a and g,(x) = b+ 1. Let
U,={y € X :g.(y) > b}. Since z € U,, the U, are an open cover of B with finite subcover
Usys ooy Uy, Takeg:a\/\/jgkgwk. O

Lemma 1.42. Assume that L is a closed unital subalgebra of C'(X). Then L is a lattice.

Proof. Choose £ > 0 and apply the classical Weierstrass theorem to [—1, 1] to find a polyno-
mial P. which approximates |-| in L*-norm by e. Then for each f € L, we can approximate
|f| by P-o f. Since L is unital, P.o f € L. So |f| € L, since L is closed. The lattice
operations V and A can be expressed in terms of algebra operations + and -, and |- |, so L
is closed under lattice operations. O

Proof of Stone-Weierstrass. First consider the case that L is a lattice. Given f € C(X),
define Ly = {g € L : g > f}. Then Ly is a sublattice of L. Given z € X, § > 0, the set
B={ye X: f(y) > f(z) 4+ 6} is closed. Since X is compact, there is an M > 0 such that
f < M. Apply Lemma 1.41 with a = f(x) + 0 and b = M, so there is a ¢ € L such that
g> f(x)+6,9(x)=f(r)+dand g > M on B. So f < g<g+0,s0 f =Ly Therefore
by Dini’s theorem, there is an h € L with the desired properties.

For the algebra case, since L strongly separates points, L is unital. Therefore L is a
closed unital algebra, L is a closed lattice whose closure is C(X), by Lemma 1.42 and the
above case. So L = C(X). O

This even extends to decaying functions on locally compact Hausdorff spaces, by taking
the one-point compactification.

1.6 Positive Radon measures

The usual construction of measures by ISF is somewhat unnatural when we have a nice
topology, since then we can define integration in terms of continuous functions. Clearly “nice”
in this context implies locally compact Hausdorff; these conditions are also sufficient (though
o-compactness also helps). Throughout this section, we fix a locally compact Hausdorff space
X and consider the space C.(X) of compactly supported continuous functions X — C.
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We have not given a topology on C.(X), so a functional is just an element of Hom(C.(X), C)
for now.

Definition 1.43. A positive Radon measure on X is a functional on C.(X).

Let us prove that a positive Radon measure is actually a measure in a natural way. First,
we put a topology on C.(X). We start by putting the L>®-topology on C.(U) for each open
set U C X with compact closure.

Definition 1.44. The inductive limit topology of C.(X) is the final (i.e. strongest) topology
on C.(X) such that ¢ : C.(X) — Y is continuous provided that for each open set U C X
with compact closure, ¢|c, ) is continuous.

In other words, the inductive limit topology is the final topology which makes the natural
maps C.(U) — C.(X) continuous. A positive Radon measure is continuous for the inductive
limit topology, as can be seen by taking an h € C,(X) which is 1 on U, so ||¢||c.w) < ¢(h).

Now we need some general facts about locally compact Hausdorff spaces.

Definition 1.45. A (continuous) partition of unity on a subordinate to an open cover
Ui, ..., U, is a family of (continuous) functions fi, ..., f,, which are compactly supported in
U;, such that > . f; = 1.

Theorem 1.46. For any finite open cover U of a compact set, there is a partition of unity
subordinate to U.

Lemma 1.47. Let K C X be compact. If Uy,...,U, is an open cover of K there are
compact sets Kq,..., K,, K; C U;, which cover K.

Proof. For each x € K choose a j such that U; > x and an open set V, > x such that

V., CV,CUj.
Then the V, are an open cover of K so they reduce to a finite subcover V,,,...,V, . For
each k g_pchoose a jr < nsuch that V,, C Uj, and let W; = Ujk:j Vi CU;. Then W; C U;
and the W; contain the Vs, so are a compact cover of K. O

Proof of Theorem 1.46. Fix a compact set K. By the lemma, we can choose D; C U; a
compact cover of K and g; supported in U; with g; > 1 on D;, and h = Zj g;- Then h >1
on C'and put k = hV1 > 1. So 1/k exists and we can put f; = g;/k, to force 3 f; =1. O

Definition 1.48. A content is a function defined on sets into [0, 00| which is monotone,
countably subadditive, and finitely additive, and which carries compact sets to [0,00). A
content p is said to be inner regular if for every open set U,

p(U) = sup p(V).
VCU
Vopen
Vcompact
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Fix a positive Radon measure ¢, and define an inner-regular content p on the topology

T on X by

p: T —[0,00]

U~ sup o(f).
fec.(U)
0<f<1

Given a content v, we can extend v to an outer measure v* on the power set P by

*(A) = inf :
v*(A) = inf v(U)
veT
In turn, then, v* restricts to a measure, also called v, on its measurable o-algebra, by the

Caratheodory construction. So, in particular, p gives rise to a measure.

Definition 1.49. Let v be a Borel measure. We say that v is outer reqular if for every Borel
set F,

p(E) = inf p(U)
UET

and inner reqular if for every open set U,

p(U) = sup p(V).
VCU
Vopen
Vcompact

We state the main result.

Theorem 1.50 (Riesz-Markov representation theorem). pu is a positive Borel measure which
is both inner and outer regular, and ¢ is the unique functional such that for every f € C.(X),

e(f) =/f dp.

The proof of the Riesz-Markov representation theorem is quite long, so we only sketch it.

Proof sketch. Let v* be an outer measure which is finitely additive and inner regular on the
topology of X, and let U be open. Then Caratheodory’s criterion holds for U and v* on
open sets. Approximating any subset of X by an open set, Caratheodory’s criterion holds
on the power set for U and v*. So U is v*-measurable, and v* restricts to a Borel measure
v. In particular, p is a Borel measure.

If fe CuX), and f > 1 on an open set U, ¢(f) > p*(U). Approximating any set A
by an open set, we see that o(f) > p*(A) whenever f > 1 on A. On the other hand, if
f < 1 on A, a monotone convergence argument shows that p*(A) > ¢(f). Since C.(X)
is a Banach lattice, we can replace f with f* and by decomposing X into a chain of sets
Xo{z € X : f(z) > ne} and summing the f|x, \ f|x, , we prove

n—1

o(f) = / f du.
19



Since p was inner and outer regular as a content, approximation by open sets implies
regularity on Borel sets. Moreover, if 1 is a positive Radon measure, define a content v by

v(U) = sup /f dv.
I<xu
FEC(U)

If v = p it follows that ¢ = . [l

Notice that on the other hand, a complex measure v on C.(X) gives rise to a functional

¥ by
_/fdy.

The positive part of v is in fact the positive part of v.
Now if S is a locally compact semigroup, we let M(S) be the set of all finite Radon
measures on S. This is a convolution algebra, with

pxw(f) = / [ 1) dnte) duty).

1.7 Baire categories

Now we look at a topological analogue of “measure zero.”

Definition 1.51. Let X be a topological space. A set S C X is nowhere dense if for every
open set U, SN U is not dense in U. A set T' C X is meager or of the first category if T is
the countable union of nowhere dense sets. A set W C X is of the second category if it is
not of the first category, or comeager if it is the complement of a meager set.

Lemma 1.52. For a topological space, the following are equivalent:
1. Every countable union of closed sets with empty interior has empty interior.
2. Every countable intersection of open dense sets is dense.
3. Every nonempty open set is of the second category.
This is basically obvious.

Definition 1.53. A topological space is a Baire space if one (and all) of the above criteria
hold.

Theorem 1.54 (Baire category theorem). Every completely pseudometrizable or locally
compact Hausdorff space is Baire.

For example, a Banach space is Baire.
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Proof. Let U, be a sequence of open dense sets, and let W be open, in the space X. Then
W N U; is nonempty and open, say v1 € W N U;. If X is pseudometrizable, then there is
a 1 € (0,1) such that the open ball V; = B(zy,¢;) satisfies K; = B(xy,61) € W N Uy; if
X is locally compact Hausdorff, then there is a compact set with nonempty interior V; C
Ky C W NU,. Iterate using the denseness of the U, and the axiom of choice to construct a
sequence x, € V,, C K, CV,_1 NU,. If X is pseudometrizable, then we can always choose
e, < 1/n, so the z, are a Cauchy sequence. Otherwise, (), K,, is nonempty anyways by
the finite intersection property. Either way, we can find an z € (), K, C (), U, such that

xeW. So ), U, is dense. O

Actually, we didn’t use the full axiom of choice. The Baire category theorem is equivalent
over ZF to the following axiom.

Axiom 1.55 (Axiom of dependent choice). Let X be a nonempty set and R be a binary
relation. If, for every a € X, there is a b € X such that aRx, then there is a sequence of x,
such that x, Rr,.1.

The axiom of dependent choice is not strong enough to prove the existence of nonmeasur-
able sets, for example. Moreover, if X is assumed to be separable, then the Baire category
theorem just follows from induction, without even dependent choice.

Theorem 1.56 (uniform boundedness principle). Let X be a Banach space and Y a normed
space, and I’ be a set of linear mappings X — Y. If for every z € X,

sup ||Tz|| < oo,
TeF

then
sup ||Tz|| = sup |[T'|.
TEF TEeR
[|lz]]=1

The uniform boundedness principle is also called the Banach-Steinhaus theorem. The
proof is a standard application of the Baire category theorem: construct a chain of closed
sets whose union is the entire space, which implies that one is not meager.

Proof. Let
X, ={zx € X :sup||Tz|| < n}.
TeF

Then the X, are a closed chain whose union is X. So by the Baire category theorem, there
isan z € X, m >0, and € > 0 such that B(z,e) C X,,,. Soif ||u|]| <1 and T € F,

1Tul| = e |T(x + eu) = Ta|| < e7H|T (2 + eu)|| + 7| Ta|] < 2?-
Taking the sup over u of both sides,

m
sup [|T]| < 2— < 0.
TEF €
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Theorem 1.57 (open mapping theorem). If A : X — Y is a surjective continuous linear
mapping between Banach spaces, then A is open.

The open mapping theorem is also called the Banach-Schauder theorem.

Proof. We must show that if U is the open unit ball of X, then A(U) is open. Since
X =U,kU, Y =, A(kU). By the Baire category theorem, there is a k > 0, ¢ > 0, and

y € Y such that B(y,e) C A(kU). If V is the unit ball of Y, v € V', y + ev € A(kU) so

ev € A(kU) + A(kU) C A(2kU).

Soif L =2k/e, V C A(LU).

In other words, for every y € Y and € > 0 there is an # € X such that ||z|| < L||y||
and ||y — Az|| < e. In particular, given y € V' we can choose z; such that ||z1|| < L and
||z — Azy]| < 1/2. Choose ||z,41|| < L27" such that

ly — A(zy + -+ 2) — Axpq|| <2771,

by induction and the axiom of (dependent) choice. The sequence of partial sums is therefore
Cauchy, so we can put x = ) x,, and Az =y by the above estimates. Also

||x||:n11i£1O Zxk §an<2L.
k<n n=1
So y € A(2LU). Therefore V- C A(2LU) which was to be shown. O

Theorem 1.58 (closed graph theorem). Let A : X — Y be a linear mapping between
Banach spaces. If the graph of A is closed in X @Y, then A is continuous.

Notice that while there isn’t a canonical norm for X @& Y, any ¢’ norm will do; since
X @Y is a finite direct sum, all /7 norms are equivalent. In particular, X &Y is a Banach
space.

Proof. Let I be the graph of A, which is equipped with a natural (linear, bijective) projection
mx : ' = X. Since
1Pz, Az)|| = [|=]| < [|(z, Az)|],

||P|]| <1 < oo. So by the open mapping theorem,

1Tz]] < [P~ el + []al] < [l
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Chapter 2

Complex analysis

Throughout, we identify R? = C and write z = x + iy, dz = dz +idy, so that dz = dx — idy.
Then
dz N\ dz = 2idx N dy = 2idA.

We thus write 20f = 0, f — 10, f and 2f =0, f + 10, f, so that
df = 0f dz+ 0f dz.

We let K be a compact set in an 2-precompact open set w, where €2 is open in C. So we

have inclusions
KcwcwcQcCcC.

We will always assume that Ow is a positively oriented, piecewise-C! Jordan curve.

2.1 Cauchy-Green formula

Making the change of variable dA — dz A dZ in Green’s formula, we arrive at the following
generalization of the Cauchy integal formula.

Theorem 2.1 (Cauchy-Green). Let f € C*(w). For each ¢ € w,

f(C)—%( awj(_z)cdw//jff(zg dzAdz).

Definition 2.2. The Cauchy-Riemann equation is the equation

of =0.

If f € C'(w) solves the Cauchy-Riemann equation, we say that f is a holomorphic function,
written f € A(w).

So in case f is holomorphic, we recover the classical Cauchy integral formula from the
Cauchy-Green theorem.
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Theorem 2.3. Let i be a finite Borel measure on C with compact support K. Let

u(C) :/CZH_(Z().

Then u is holomorphic on K¢ If ¢ € C*(w) and 2mip = ¢ dz A dz, then u € C*(w) and
u = ¢ on w. In particular, if p solves the Cauchy-Riemann equation in the distributional
sense, then p is holomorphic.

Corollary 2.4 (Cauchy). If u € A(Q2) then
107l |0 () S5 Ul -

Proof. Differentiate under the integral sign in the Cauchy-Green formula, and then use the
triangle inequality. O

Corollary 2.5. If we are given a sequence of u,, € A() which converges locally uniformly
to u, then u € A(Q).

Proof. This is obvious for uniform convergence, but holomorphy is a local property. O]

Corollary 2.6 (Montel). If we are given a sequence in A(2) which is locally bounded, then
there is a locally uniformly convergent subsequence, whose limit is in particular holomorphic.

Proof. Use Arzela-Ascoli on Cauchy’s inequality. Then use locally uniform convergence. []
Corollary 2.7 (root test). If u(z) = 3", a,z", then u is analytic on D(0, lim sup,, |a,|"/™).

Corollary 2.8 (Taylor). If u € A(D(0, R)), then u € C*°(D(0, R)) and for z € D(0, R) we
have

= 0"u(0) n

u(z) = .y
n=0 ’

Proof. Differentiate under the integral sign in the Cauchy-Green formula, then use the root
test. [

Corollary 2.9. If Q is connected and u € A(f2), and there is a z € € such that for all j,
du(z) =0, then u = 0.

Proof. Taylor series propagate to connected components. O]

Corollary 2.10 (Weierstrass preparation theorem). If u € A(£2), 0 € Q, u # 0, and u(0) = 0
with order k, then there is a v € A(Q) so that u(z) = 2*v(2).

Proof. Factor the z* out of the Taylor series. n

Corollary 2.11. If u € A(w) N C(w) then

||u||L°°(w) = ||u||L°°(8w)-
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2.2 Conformal mappings

Definition 2.12. A function between open sets f : U — V is biholomorphic, conformal,
angle-preserving, or a complex diffeomorphism if f is a bijection and f and f~! are both
holomorphic.

If such a conformal map exists then U and V' are conformally equivalent or conformal.

Lemma 2.13. Let F : D — D be conformal and F(0) = 0. Then Jw € S* such that for
each z € D,
F(z) = wz.

Proof. Apply Schwarz to F and F~! so that
2| < [F(2)] < |z].
]

Theorem 2.14. F': D — D is conformal if and only if there exist unique a € D and w € S*

such that
zZ—a

F(z) = )
<Z) wl —az

Moreover, a can be chosen so that F'(a) = 0, and

-1 zZ+a

Fl(z) = :
(Z) v 1+az

Proof. Suppose that F' is conformal and let G : D — I be given by

Z—a

G(2)

T 1-az

Then since |az| < 1, G o F~! is conformal and G(a) = 0, thus G o F~1(0) = 0. So by 2.13,
G o F7!(z) = wz for some w € S'. Existence of w is immediate (how could one rotate the
disk at two different speeds?) and since a is determined by the preimage of 0, a is unique as

well.

On the other hand, if
F(z)=w S

1—az’
then since |az| < 1, F is holomorphic, as is its inverse (that it actually is an inverse is
immediate). O

Theorem 2.15 (Riemann mapping theorem). If U C C is open and simply connected, then
U is conformal with D or C.

Lemma 2.16. Suppose that U # C is simply connected and zy € U. Then the space
F ={f:U — D] f is holomorphic and injective, and f(z9) = 0}

is a nonempty normal family.
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Proof. For convenience, let V' be the strip
V={2€C:|Imz| <~}

Let a ¢ U and observe that z —a # 0. Since exp has a period of 27, exp is a conformal
map V — C\ {0}. In particular, its inverse log is conformal C \ {0} — V. Now let
((z) =log(z — a); ¢ is holomorphic and injective.

Suppose that there does not exist o > 0 such that for each z € U,

|0(z) — €(z0) — 2mi| < 0.

Then there is a sequence z, in U such that ¢(z,) — €(z) + 2mi. By continuity of exp,
Zn = 20€*™ = 29. S0 U(2,) = €(20) # €(z0) + 27, which is a contradiction, so § exists.

Let
1

Sl ey o e

Then g is clearly injective and holomorphic and |g| < 7%, so g is bounded, and

42— g(z0)
1) = 5 g0

satisfies f € F. Thus F is nonempty.
Moreover, each f € F satisfies |f| < 1, so F is uniformly bounded by 1; therefore F is
normal by Montel’s theorem. O]

Lemma 2.17. With F and 2, as in 2.16, there exists a conformal F' € F and if

A =sup|[f'(z)]
feF

then |F'(z)| = .

F is precompact in O, but this doesn’t mean that F is compact! So, while we want to
use compactness to prove the existence of a function F' that satisfies the desired hypotheses,
we’ll have to prove that in fact F' € F rather than F' € 0F.

Proof of 2.17. Since elements of F are injective, their derivatives are nonzero by the argu-
ment principle, so A > 0, and there is a sequence f, such that |f/(z9)] — A. By Montel’s
theorem, it has a convergent subsequence with a limit F' € O, such that F(z;) = 0 and
F'(z9) = X by Weierstrass’ theorem. Moreover, |F| < 1. F' is nonconstant since A > 0, so
by the open mapping theorem, |F'| < 1, and by Hurwitz’ theorem, F'is injective. Therefore
FeF.

Moreover, if F' is not surjective, then there exists w € D\ F(U). Let

w—z

vlz) = 1 —wz’
By 2.14, 9 is an automorphism of D, ¢)(w) = 0 and |¢) o F| > 0. Now define

o ((22UEDY

9(z) = 5
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Then ¢(zp) = v/w. By 2.14 again,
~ w—z
SR il
1 —Vwz

is also an automorphism of I and (y/w) =0. Let G = Y og. Then G € F.
Now let s(z) = 22 and ¢ = ¢ oso ™', Then ¢(0) = 0 so by Schwarz |¢(2)| < |z|.
Moreover, ¢ is not injective anywhere, so |¢'| < 1. But F' = ¢ o G so

A= 1F'(z0)] = [¢/(0)G (20)] < |G(20)] < X

which is a contradiction.
So F'is surjective. Therefore the inverse function theorem implies that F'is conformal. [

Clearly this lemma implies the Riemann mapping theorem.

2.3 Approximation by polynomials

Let K C © C C be compact. If K is the compactification of a disc, then it is easy to
uniformly approximate holomorphic functions on K by polynomials, just by truncating the
Taylor series.

Example 2.18. Let K be the compactification of an annulus and assume u has a pole in
the center of K. If p; — u on K and the p; are entire functions, then in particular p; — u
on 0K, so they are a Cauchy sequence in A(K), so on a disk containing K, and in particular
the pole of u. Therefore p; — p, an entire function, even though u has a pole. Notice that
we can still approximate u by meromorphic functions, though.

Theorem 2.19 (Runge approximation theorem). The following are equivalent.

1. If w is holomorphic near K, then there are functions u; € A(f2) such that u; — u
uniformly on K.

2. The complement 2\ K has no Q-precompact connected components.

3. For each z € Q\ K there is an f € A(Q) such that

[F > (] 2o x0)-

Proof. Let us first prove that not-2 implies not-3 and not-1.
If not-2, then there is a K-precompact component O of Q\ K, so 00 C K. If f € A(Q),
then
11|z 0) = [1f1l=@0) < [1Fllzoe )
by the maximum principle, implying not-3. Moreover, if 1 were true, then for every f
holomorphic near K, we could approximate f by f; € A(€2) uniformly. We have

1S5 = fell oy < f5 = Fillee )
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so the f; form a Cauchy sequence in L*°(K’), which converge to a holomorphic function
F € A(O). But if f has a pole in O, then f # O, a contradiction, so we have not-1.

Now we show 1 and 2 imply 3. Let L = K U D(z,¢) where € < d(z, K). Then every
component of L is either a component of K or else D(z,¢), and L satisfies the hypotheses
of 2, so in particular satisfies the hypotheses of 1. Let u € A(L) be given by u = 1 near z
and v on K. By 1, u is uniformly approximable in A(Q2). Assume f € A(Q) is such that
||f — u||Le(z) < & for 0 small enough; then f witnesses 3.

Finally we show 2 implies 1. Let X5 be the set of restrictions of holomorphic functions
to K, and let X; be the set of restrictions of holomorphic functions on €2 to K. Then
X, C Xy C C(K), and 1 holds iff X; = X,. So we must show X, C X;. By the Hanh-
Banach and Riesz-Markov theorems, this is equivalent to showing that for every finite Borel
measure p with support in K and every f € A(Q), [ f du = 0. In particular, we can prove
this with the addition assumption that f is only holomorphic near K. So fix such a f, u

Let ¢ be the holomorphic function given by u. Since ¢ = 0 on C\ Q, ¢ = 0 on any
component of C\ K. Moreover,

o0
=S
j=0

whenever the sum converges, i.e. for |(| large enough. Therefore

for |(] large enough. By 2, Q\ K has no Q-precompact components, so every component of
0\ K touches 99 or is unbounded. Therefore ¢ =0 on C\ K.
Let 9 be a cutoff which is 1 whenever f is holomorphic. Then, taking w = C, we have

QWZ//CC— d¢ A dc.

() (<)
(—z

is smooth since ( ¢ K. So we are entitled to use Fubini’s theorem to prove

/fdu /wfdu—m///@ <— ) & A d¢ du(z)
2m//f OIW(C /(:C()dmdg_o

This proves 1. O

For each z € K, the function

(—

Corollary 2.20. Let K C C be compact, such that C\ K is connected. Every function
which is holomorphic near K can be approximated by polynomials uniformly on K.
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Definition 2.21. The holomorphically convex hull of K in €2, written K, is the set of z € Q
such that for every f € A(Q),

[F < [ 2o x0)-
If K =K, we say that K is holomorphically convex.

Example 2.22. Let K be as in the previous example; then K is the outer disc in the
definition of K as an annulus.

It is easy to check that X
d(K,C\ Q) =d(K,C\ Q).

Recall that ch K denotes the convex hull of K. If K is convex, then K is topologically

D(0,1), which is clearly holomorphically convex by Runge’s approximation theorem. But
the connection between convexity and holomorphic convexity is stronger than that.

Proposition 2.23. For any K, K CchK.

Proof. 1t is easy to check that ch K is the intersection of half-planes
H,.={z € C:Re(az) < c}.

Fix a € C, ¢ € R; we will show K C H,.. Let z € K. Then [e| < maxyex [¢*|. So
Re e® < max,ew Re [e™], implying

Reaz < maxaw < c.
weK

Therefore z € K. O

Moreover, K is the union of K with all O, for each C-precompact connected component

O of O\ K.

Definition 2.24. The polynomially convex hull of a compact set K is the set

K={zeC:|p(2)] < max |p(w)|for every polynomialp}.
we

If K = K, then K is polynomially convex.

2.4 Sheaves

Let X be a topological space. By Open(X) we will denote the posetal category of open sets
in X; that is, objects are open sets in X and morphisms are inclusions.

Definition 2.25. A presheaf on X is a functor Open(X)? — C for some concrete category

C.
If U C X is an open set, and F : Open(X)” — C a presheaf on X, then elements of
F(U) are called sections of F at U. Sections of F at X are called global sections.
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To motivate this terminology, let us assume that we are given a fiber bundle 7 : £ — X
(the most trivial case of this is when E' = X x Y for some space Y, and 7 is projection onto
the first factor; as with any notion of bundle, the point is that E is locally a product space.)
Then the sections of 7, i.e. the sets 771(U), are exactly a sheaf (to be defined later), and
thus a presheaf, Open(X)® — Set.

Now notice that every morphism in Open(X)® is epic, so it makes sense to define the
restriction maps f — f|y for sections f € F(U) and V C U.

Definition 2.26. Let F : Open(X)® — C be a presheaf on X. Assume that for every
open set U € Open(X) and every open cover {U;} of U we have the following conditions:

1. For every pair of sections f,g € F(U), if we have f|y, = g|y, for every i, then f = g.

2. If for every ¢ we have a section f; € F(U;) such that on intersections, f;
then there is a section f € F(U) such that for every i, f|y, = fi.

UiﬂUj = fj UJTUj?

Then we say that F is a sheaf on X.

Proposition 2.27. Let F be a sheaf which is only defined on an open base, but otherwise
satisfying all the conditions. Then F uniquely determines a sheaf on the entire topology.

We now put sheaves into a category.

Definition 2.28. Let F,G : Open(X)” — C be presheaves. A morphism of presheaves
over X is a natural transformation ¢ : F — G. If F and G are sheaves, then v is a morphism
of sheaves.

That is, a morphism of sheaves v : F — G consists of, for each open set U C X, a
morphism ¢(U) € Hom(F(U),G(U)) such that if U C V for some open set V' C X, then the
diagram

commutes.
In several complex variables, we are interested in holomorphic germs. The following
family of definitions allows us to talk about germs algebraically.

Definition 2.29. Let C be a category such that for every directed set D in C, a colimit
exists at D, and let z € X. Let F : Open(X)” — C be a sheaf. The stalk of F at x is the
colimit

UeD,
where D, is the directed set of all open sets U 5 x. An element of F, is called a germ of F
at x.
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2.5 Subharmonicity

Definition 2.30. Let X be a topological space. An upper-semicontinuous function on X is
a function u : X — [—00,00) such that for each s € R, the preimage of the ray [—oo, s) is
open in X.

Notice that there is a dual notion of lower-semicontinuity, by considering the rays (s, 0o].
A function which is both upper- and lower-semicontinuous is just continuous, since open rays
form a base of the topology of R.

Definition 2.31. Let €2 C R"™ be an open set. A subharmonic function on € is a upper-
semicontinuous function u : 2 — [—00, 00) such that for every compact set K C 2 and every
continuous function A : K — R which is harmonic in K, if A < u on 0K, then h < wu on K.

This definition makes just as much sense in C", or even on a Riemannian manifold; one
just needs a Laplace-Beltrami operator A, so that we have a notion of harmonicity A,h = 0.
By the maximum modulus principle, a harmonic function is already subharmonic (since it
cannot attain its maximum on the boundary of a compact set).

Let u be subharmonic. Then if ¢ > 0, cu is subharmonic (simply by replacing h with
ch for each h in the definition of subharmonicity). Moreover, if A is a set of subharmonic
functions and u = sup A, then u is subharmonic provided that « is upper-semicontinuous
(simply by considering the h such that v < h for every v € A, which exist since u is upper-
semicontinuous and so finite).

Proposition 2.32. Let uy,... be a decreasing sequence of subharmonic functions. Then
u = lim; u; is subharmonic.

Proof. Note that

{z €Q:u(z) <s}:U{z€Q:uj(s)}

is open so wu is upper-semicontinuous. If h, K are as in the definition of subharmonicity and
€ > 0 then the set
{z € 0K :uj(z) > h(z) + ¢}

is compact and decreasing as j — oo. The intersection of nonempty compact sets is
nonempty, but the intersection is empty by definition of H, so there the sequence is eventually
empty. Therefore u; < h + ¢ for j large enough. So u < h. [

Now we consider equivalent definitions of subharmonicity.

Proposition 2.33. Let u be an upper-semicontinuous function on 2 C C. Let 6 > 0 and
let Qs = {2 € Q:d(2,9Q° > §}. The following are equivalent:

1. w is subharmonic.

2. If D C Q) is a compact disk, and f is a polynomial such that v < f on 9D, then u < f
in D.
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3. For each z € Qy,
2w
2mu(z) < / u(z +re®) db.
0

4. For each positive measure p on [0, 0] and each z € Qs,

27p([0, 0])u / / u(z +re) do du(r). (2.1)

5. For each z € Qs there is a positive measure p on [0, d], such that Equation 2.1 holds
and such that u((0,6]) >0

Proof. Obviously 1 implies 2 and 3 implies 4 implies 5.

Assume 2. To prove 3, let z € Qs and r < §. Let D be the disk of all { such that
IC— 2] <. If p(0) = >, are™™ is a trigonometric polynomial such that u(z + re®) < ¢(6)
for every 6 € [0,27], then f(¢) = ap+ 2> o, ax(¢ — 2)¥/r* has w < Re f on 9D, so on D

since f is a polynomial. Plugging in § = 0, we have

1 2

u(z) <ag=—

5 | wl0)db. (2.2)

Since the trigonometric polynomials are an algebra, they are dense in the space of continuous
functions. Therefore Equation 2.2 holds for any continuous (. This proves 3.

Assume 5 and let h, K be as in the definition of subharmonicity. If M = supu —h > 0
then uw —h = M on some nonempty compact set K, by semicontinuity of u — h. Let zy € K.
Then

27 1
/ / (u — h)(z0 + 7€) du(r) df < 27(u — h)(20)u([0, ).
o Jo
This is a contradiction of 5, so u is subharmonic. O

It follows that the class of subharmonic functions is closed under addition, and subhar-
monicity is a local property. Moreover, if f is holomorphic on €, it follows that log|f| is
subharmonic: by the maximum modulus principle, |f| does not attain its maximum on a
compact disk D.

Theorem 2.34. Assume 2 C C is open and connected and u is subharmonic on 2 is not
identically —oo. Then u € L;,(Q) and for any v € C2, (Q), v > 0, (u,Av) > 0. If
u € C?(2), then Au > 0.

Theorem 2.35. Suppose u € L}, (Q) and for every v € C2(Q), v > 0, (u, Av) > 0. Then,

comp
up to a null set, u is subharmonic. In particular, the mollification of u is subharmonic.

From the above theorem we see that for v € L}
Awu > 0 in the weak sense.

I, then u is subharmonic exactly when
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2.6 Operator theory

Theorem 2.36 (Schur). Let X be a o-finite measure space and let K be an integral operator.
If there is a p : X — [0,00) and a A > 0 such that

/X K (2,9)lp(y) dy < Apla)
and
/X K (2, )|p() dx < Ap(y)

then
[|K||p2sp2 < A

Proof. Let u be an integrable simple function. By the Cauchy-Schwarz inequality and Fu-

bini’s theorem,
1/2 1/2 lu(y)|
/Kmy dy dw ‘//XQ (@, 9)[""p(y) ()ml

< /X ([ 1xlpto) dy [ PO ) a

M x u(y)[? x
gA/Xp(y)uf( W)lul)? dy d

< Nu(y))? dy = N||ul|72.

1 Kull72 =

Since ISF is dense in L? we're done. O

As a corollary we can easily compute the £2 norm of a matrix, since every matrix is an
integral operator for counting measure on {1,2,...,n}.

Theorem 2.37. Let A be a self-adjoint operator and
Ra(A) = (A=)~

its resolvent. Then we have 1
Notice the utility of this theorem: we do not assume that A is a bounded linear operator,
so we cannot use the spectral radius theorem.

[1Ra(M| =

Proof. Since A is in the resolvent set, d(A,o(A)) > 0. We can assume A is unbounded;
therefore R4 is bounded, and its spectrum consists of 0 and the set of all 1/(u — X), for
w € o(A). By the spectral radius theorem,

I(A=XN)7H = sup [A—pl™

pea(A)

which proves the claim. O
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Part 11

Dynamical systems
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Chapter 3

Elementary dynamical systems

Definition 3.1. By a discrete dynamical system we mean a transformation 7" : X — X.
We think of 7"(X) as the state of X at time n.

Definition 3.2. By a continuous dynamical system we mean a family of transformations
vy X — X satisfying the homomorphism assumption ¢;, s = ;.

We can always build a continuous system from a discrete one and vice versa. Because
discrete systems are much easier to study, we usually try to reduce the study of dynamical
systems to the study of discrete dynamical systems.

3.1 Types of dynamical systems

Definition 3.3. A periodic point of a dynamical system 7' is a x such that there is a ¢t with
T(x) = .

In dynamical systems, we want to know how many periodic points are there in a dynam-
ical system. This is too specific so it is also common to look for recurrence: if a trajectory
x starts at zy, how often does x,, approximate zy?

Definition 3.4. An invariant set Y C X of a dynamical system T : X — X is a set such
that T-1(A) = A.

Definition 3.5. An invariant measure pu (defined on a o-algebra ) is one such that for
every measurable set A € ¥, T71(A) € ¥ and (T (A)) = u(A).

In dynamical systems, we want to study invariant sets and invariant measures. The reason
why we study the pullback in the definition of invariant measure is that A — p(T71(A))
is always a measure, but if X = {0,1}, T(0) = T(1) = 0, x counting measure, then A —
1(T(A)) is not a measure.

We also will study structural stability, i.e. when a small perturbation of T" preserves the
properties of T'.

Example 3.6. KAM theory implies that the solar system is at least approximately struc-
turally stable. Therefore the solar system will not collapse in our lifetimes.
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Definition 3.7. Let 7" : X — X and S : Y — Y be dynamical systems. Then S is
semiconjugate to T, or that T is a factor of S) if there is a surjective w : Y — X such that
Tomwm=molS. If wis actually invertible, then S and T" are conjugate.

As far as set theory is concerned, conjugacy means that S and T are identical. If we
may assume that 7 is measure-preserving, smooth, etc., then it will follow that S and T" are
identical in the appropriate categories.

Example 3.8. Let T : S* — S! be the dynamical system which rotates the circle by 2ma
for some o € R. Let S : R*\ 0 — R?\ 0 to be the rotation of the punctured plane by 2ma.
Then T is a factor of S, witnessed by the transformation 7 : R?\ 0 — S! which sends a point
to its projection onto the circle.

We are mainly interested in 7" when « is irrational (in which case T is called the irrational
rotation), in which case T has no periodic points. We will show that there are no interesting
examples of invariant sets for 7', and in fact if we restrict to Borel measures, there is exactly
one invariant measure of T', namely the Lebesgue measure. There is no structural stability
because the rational numbers are dense in R.

We branch off into different subfields. Let T : X — X be a transformation. If X is
a metric space and T is continuous, then we are studying topological dynamics. If X is a
smooth manifold and T is smooth, then we are studying smooth dynamics. In this case, we
have an auxiliary dynamical system defined by the differential form df : T X — T'X which
sends T, X — Ty, X. Finally, if X is a measure space and j is an invariant measure, then
we are studying ergodic theory. Ergodic theory will be one of the main themes of this course.

One can also study holomorphic dynamics, where T : C — C is a holomorphic function.
One can “generalize” this to the study of rational functions from a variety to itself.

We now introduce Hamiltonian systems.

Definition 3.9. Let X be a smooth manifold and let w be a nondegenerate 2-form such
that dw = 0. Then we say that (X,w) is a symplectic manifold.

Definition 3.10. Let X be a symplectic manifold. For a function f : X — R, let Hy be the
vector field defined by the relation w(-, Hf) = df. Then we define the Hamiltonian dynamical
system on X by the ordinal differential equation

pt) = Hy(p(t))
where p(0) is given.
In this case, the measure w™/n! is an invariant measure of w.

Example 3.11. Let X be the cotangent space of R" and let w =} d{; Adx;. Then (X,w)
is a symplectic manifold and
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Example 3.12. We show that the irrational rotation is a Hamiltonian system. Let (R?, dz A
dy) be our symplectic manifold, so

of of

Hy = 8:708 ay@.

Now let ) S
Tty —

o= L

so & =—0,f and y = 0, f. Then S = ¢_szq.
The irrational rotation is an especially useful example because it is simultaneously a
topological, smooth, holomorphic, ergodic-theoretic and Hamiltonian system.

3.2 Properties of the irrational rotation

Let T be the irrational rotation. For every f :S' — R, let

Swf(6) = Z FT )

Let
_ 1 27 d
f—% . f(SO) 2
Theorem 3.13. One has
lim Syf = f,

pointwise if f € C(S') and in L? if f € L*(S).

Proof. By the Stone-Weierstrass theorem, trigonometric polynomials are dense in C'(S?) (in
the L™ topology), so to prove pointwise convergence we just need to check on trigonometric
polynomials. It then suffices to check for the trigonometric basis f(#) = e*?. If £ = 0 then
this is obvious. If £ # 0,

1 N- 642 ) i@@ 1— ei€27rNo¢
S - — M) = Z_ 2~
Nf N Z:(; N 1— €z€27roz

Since « is irrational, the denominator is never 0, hence is bounded from below. The numer-
ator is clearly bounded from above, so as N — 0o, Sy f — 0 uniformly. Meanwhile, f =0
since f is periodic of period 27¢. This proves the pointwise claim.

One can prove L2-convergence by taking the Fourier series

f=> fee
l
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where e‘(0) = €. Then fo = f. We have (Sy(e’), Sn(e¥)) = 0 whenever k # ¢ by
orthogonality.

) 2

H%SN (Z fzeé) —fo|| < Z %SN(QE)
4 L2 [e|<k L2

2

fé ¢
+ ON(E) = f
and
? 2
S o] = |[esnen)| < X 1ap

0]>k 0]>k L2 >k

L2
and for any € > 0 we may choose k so that the sum over |¢| > k is at most €. The sum over
|¢| <k can also be chosen less than ¢ by taking N big enough so we're done. [

Corollary 3.14. (27na),ey is dense in S*.

Proof. We have for every f € C(S?),

=

1 -1 1 2
N f(2mna) = o /. f(p) de.

S
Il
o

Suppose the claim fails. Then there is a open U C S* such that for every n € N, na ¢ U. Let
f be zero outside of U, such that [ f # 0. Then the left-hand side is 0 while the right-hand

side is nonzero. O

Corollary 3.15. The only invariant Borel probability measure of the irrational rotation is
Lebesgue measure.

Proof. Suppose that p is an invariant measure. Then

. f(x + 2mna) dp(z) = . f(@) dp(x)

but the 2mna are dense, so in fact we have

. flz+y) du(z) = . f(x) du(z)

whence p is rotation-invariance, hence the Lebesgue measure. O]

Definition 3.16. A dynamical system 7" with fixed o-algebra X is uniquely ergodic if there
is a unique 7T-invariant probability measure on X.

So we have just proven that the irrational rotation is uniquely ergodic for the Borel
o-algebra. This is a very unusual property.
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Corollary 3.17. Modulo null sets, there are no invariant proper subsets of the irrational
rotation.

Proof. Let A be an invariant set and let f =14, g =1— f. Then

2m 2m
(Snfrg)= [ Snf(0)g(0) do = [ [(0)g(0) df =0
0 0
but also
(f,9) = |Al(2m — |A])
so by the equality we have |A|(27 — |A]) = 0. O
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Chapter 4

Ergodic theory

4.1 The mean ergodic theorem

We now extend the above results on the irrational rotation to general dynamical systems.
Let (X, i) be a probability space, and for a measurable function f and measure-preserving
transformation 7', let

n—

Snf(x) = Zf(Tj(x))-

1
=0

<

be n times the the time average of f. For example if f is an indicator function for a set A
then S, f counts the number of times that we visit f. Let

?z/deu

be the space average of f. So if f is an indicator function then f is the probability of A.
For the irrational rotation we proved that S, /nf — f pointwise and in L?. This is a special
case of the ergodic theorems.

Lemma 4.1. If g > 0 is an integrable function then

/gonu:/gdu.
X X

Proof. For indicator functions this is obvious. By taking sums we extend to simple functions
and then use monotone convergence. O

Definition 4.2. Let Uf = f o T, the Koopman operator of T.

By the lemma, U is an isometry on L? and we have

5,7(2) = Y U'S(@).
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Theorem 4.3. Let H be a Hilbert space and U € B(H) is an operator such that ||U]| < 1.
Let
Inww={feH:Uf=f}

Let P: H — Inv be the orthogonal projection. Then for every f € H,
n—1
SuS v ps
1 j=0
in L2
The proof of this theorem uses the Banach-Alaoglu theorem and the following lemma:
Lemma 4.4. Ug =g ift U'g = g.

Proof. Since the adjoint is an involution we just need to check one direction. Suppose
Ug=g. Then

0=[|U"g = glI> = IU"gl* + llg]I* — 2Re(U"g, 9) = [|U"gII* = llgl* < [1Ug]I* - llglI* = 0.
O

Proof of theorem. It suffices to prove the claim when f € Inv', in which case Pf = 0. We
expand

n—1
Suf =) Uf
§=0

as
1Suf /nll* = (f, S5 Suf /1)

and

1 n—1 .
18uf/nll < =3 U7 FIL < II£1]
j=0

which is bounded. Now f € Inv® and g, = S:S,f/n? is a bounded sequence, so g, has a
weak limit. Suppose that g is a weak limit; we claim that g € Inv, so (f,g) = 0. But

n—1

(103 = - S0 - oy = ETL
§=0
whose operator norm is bounded by 2/n, so
(1-U"g, — 0.
This implies that (1 — U*)g = 0, so by the lemma Ug = g and g € Inv. O
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Corollary 4.5 (von Neumann mean ergodic theorem). Let (X, i1, T') be a measure-preserving
system and f € L?(u). Let Inv(T) be the space of Koopman-invariant functions for p and
let P: L*(11) — Inv(T') be the orthogonal projection. Then

n—1

N T - P

=0
in L?(p).

Note that the mean ergodic theorem does not assume that p is a probability measure.
However, when one applies the mean ergodic theorem he usually wants to assume that
indicator functions are in L?, which is only possible when p is a finite measure.

Lemma 4.6. For every g € Inv and f € L2,

| Pngau=[ sodn

(Pf.g)=(f,Pg) =(f, Pg)=(f,9)-

Proof.

Corollary 4.7. If A is an invariant set and p(A) < oo then for every f € L2,

[rr=]r

Corollary 4.8. P is a positive-semidefinite operator.
Proof. Suppose f > 0. Then P f(x) is the average of the Koopman iterates f(77(x)) > 0. [

Corollary 4.9. If i is a probability measure then

APﬁW:LfW

Corollary 4.10. If x4 is a probability measure and f > 0 a.e. then Pf > 0 a.e.

Proof. Note that (Pf)~1(0) is invariant since Pf € Inv, and has finite measure, so

/ f= Pf=0.
(PF)~1(0) (PF)~1(0)

Since f is nonnegative this implies that Pf = 0 implies f = 0. O

Example 4.11. Applying the mean ergodic theorem to the irrational rotation we have

Pf=f.
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Example 4.12. Let X' be the Cantor space of infinite sequences in the alphabet {0, ..., m—
1}. Define the shift map
T(x1xomg -+ ) = ToT3Ty -+ .

The dynamical system (X7, T') has many invariant measures. If y is a word in {0, ..., m—1},
let C), denote the cylinder of all sequences which begin with y. A Borel measure is defined
uniquely (assuming it is well-defined at all) by assigning measures to each of the C,,. In fact
choose a probability vector p, i.e. p = (po,...,pm-1) with p; € [0,1] such that 3, p; =1,

and let
1p(Cy) = prj'
J

Then p, is a Borel probability measure on ¥, and

Mp(T_1<Cy)) = Hp (U Cj*y) = Zﬂp(cjy) = ,up(cy)‘

Therefore 11, is an invariant measure. As we will prove, this gives an ergodic system that is
not uniquely ergodic. In case p = (1/10,...,1/10), and m = 10, this gives a construction of
Lebesgue measure, which can be used to prove that almost every number is normal.

We now prove a recurrence theorem of Caratheodory, which confusingly is not named
after Caratheodory.

Theorem 4.13 (Poincare recurrence). Suppose that (X, u) is a probability space, T : X —
X measure-preserving, and B is measurable. Then for pu-a.e. z € B, there are infinitely
many n € N such that T"x € B.

Proof. Let f = 1p. By the mean ergodic theorem,

n—1

1 )
= f(T(x)) =2 Pf(z) >0
n =
a.e. in B. By the Riesz-Weyl theorem, there is a subsequence (ny); € N such that

ng—1
1

=N H(T(@)) e PS().

N =0
The claimed property is true a.e. for the ny. O

Example 4.14. Suppose we have two chambers connected, and a gas only in one chamber.
By the second law of thermodynamics, the gas will spread throughout the two chambers.
But by Poincare recurrence, the gas will almost surely return to the first chamber. However,
the recurrence time of such a phenomenon may exceed the lifespan of the universe.

There is also a combinatorial proof of Poincare recurrence.
Proof of Poincare recurrence. If there were only finitely many such n we would be able to
assume wlog that there were only zero such n, by time-translation. Then for every z € B and
n e N, T"(z) ¢ B. Soifn # m,andz € T-"(B)NT~™(B), then T"""(T™(z)) = T"(x) € B,
a contradiction. Therefore the T~"(B) are disjoint and have positive measure, yet there are
infinitely many of them and g is a probability measure, a contradiction. O
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4.2 Pointwise ergodic theorem

To introduce the pointwise ergodic theorem, we need to define conditional expectation.

Definition 4.15. Let (X, X, u) be a probability space and J C ¥ a o-algebra. Given f a
Y-measurable function, A € ¥, let

ni)= [ £ dn
A
Then define the conditional expectation

d(pyls)
d(p]s) ’

the Radon-Nikodym derivative of uy with respect to u when restricted to the o-algebra J.

E(fJ) =

Example 4.16. If J is the trivial o-algebra then F(f|J) is the constant function given by
the mean E(f).

Example 4.17. Let (X, %, 1) be [0,1] and J be the og-algebra generated by [0,1/2]. Then
E(f|J)(x) is the average of f on [0,1/2] if x < 1/2 or is the average of f on (1/2,1] for
x>1/2.

We actually have an equivalent definition of conditional expetation which uses the or-
thogonal projector from the mean ergodic theorem.

Lemma 4.18. Assume that P is a probability measure. Let P be the orthogonal projection
L*(p) — InvT. Then ||P||ziz1 <1, s0 P extends uniquely to a projection L*(u) — InvT.

Proof. Note that for any f € L*(u), {x € X : Pf(x) > 0} its complement are T-invariant
sets. So

/X Pil= /Pf>0 Pr= Pf<0 Pr= Pf>0 f= Pf<0f = /Pf>0 U /Pf<0 7= ||f||L1(u)'

Since p is a probability measure, L?(1) is a dense subspace of L'(u), whence the claim. [

Corollary 4.19. Let J be the o-algebra of T-invariant sets. Then for any f € L'(u),
E(f]J)=Pf.

Theorem 4.20 (Birkhoff pointwise ergodic theorem). Suppose that (X, 3, i) is a probability

space, T': X — X measure-preserving, and f € L*(u). Then for a.e. v € X,

o1
lim —
n—oo M,

S H(T () = E(f1))()

where J is the o-algebra of invariant sets,

J={AeX :T'(A) = A}
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Corollary 4.21. Let J, u be as in the pointwise ergodic theorem, and P as in the mean
ergodic theorem. If f € L*(u) then E(f|J) = Pf.

Note that for any open set of reals U, E(f|J)"(U) € Jiff E(f|J)oT = E(f]J). In fact,

for any invariant set A,
[ By du= [ 1
A A

Lemma 4.22. The limit in the pointwise ergodic theorem exists p-a.e.

Proof. Let

) = timsup 3 57 (a)

n—oo

and similarly for f and liminf. Clearly f > J and it suffices to show that f= [, prae. In

fact it suffices to show that
/TWS/fWS/jW
X X X

Replacing f with —f we see that in fact the seemingly weaker statement

/TWS/fW
X X
is sufficient.

Fix M > 0, and let f,, = min(f, M). Then f,, < M.
Lemma 4.23. f,, > —00, pi-a.e.
Proof of sublemma. For any function g, g > —|g|. So

1
_ 1 .
f d,uz/limsup— —|foT?| dpu.
[ Farduz [ imsup S0

n—oo ]:0

By Fatou’s lemma,

_ 1 [ .
[ T dnztimsu [ ST -ipom == [ 5] du> o
X nJx 5 X

n—oo

since T' is measure-preserving. O
Fix ¢ > 0. If f(x) < oo then there is an n such that

n—1

LS ) 2 Fa)

J=0
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Let n(z) be the smallest such n witnessing this. If f(z) = co then there is a n such that

1 n—1

=Y AT ) = M

so we may let n(z) be the smallest such witness. Then

n—1

1

7)< n(x)

f(T

=0

.

For each R > 0, let
Ar ={z € X :n(z) > R}.

Then the Ap form a chain: if " > R then Ap C Agr. Moreover, (g Ar = 0 and p is
a probability measure, so u(Ag) — 0 as R — oo. Since p is a probability measure, the
constants are in L'(u) so

lim/ (If| + M) dy = 0.
R—o AR

Fix R > 1. Let n;(z) be defined inductively. Let ng(z) = 0. If 7% (z) ¢ Ag, let
nig1(z) = ni(z) + n(T"@ (x)).
Otherwise, T%®) (z) € A and let n;y1(x) = n;(z) + 1, and we have
1<n;1—n; <R
Suppose T (x) ¢ Agr. Then

n(T7() (z))

m(T Q@D @) < Y ST @) + (T (@)e

Clearly the constants are invariant functions and f is invariant under T". So

nz(at)—i-l

(niy1 —ng)(x Z f(T(z (niy1 —ny)(z)e.

j=n;(z)
On the other hand, if T™(®)(x) € Ag, then we use the estimate f,,(z) < M and n; 1 (z)—

n(x) =1 to see that _
(i1 —na)(x) fy(z) < M

Let ~
fru =1+ ([ fI+M)la.

Then in both cases,

(nisy = na)(2) fur (@) < u (T (2)) + (ni1 — n)()e.



Fix some large N; then for any z there is k such that ng(x) < N < ngyq(z). Then the
series in question telescope and

ng(x)—1

NTule) < 3 Tl (@) + (N = nela)) Fas(o) + muo)e
<3 @)= S ulli(w) + RM + Ne
Jj=0 J=ni(x)
< S FuT ()~ S [F(T) + RM + Ne
=0 j=N-R

We integrate both sides dyu(z). Then since p(Ag) < u(X) =1,

_ - R RM
dp < — —d
/XfM M_/XfM+N/X|f|+5+N Iz
RM

R
< [ gdut [ 01+ i oy + 2+ T
X Ag

Taking N — oo, we have

/)(7Mdu§/)(fdu+[4R(|f\+M) dp+ €.

/X?MdMS/deu-

Let g = far — fo. Since the f,, are an increasing sequence, gy, > 0 and the gy, form an
increasing sequence. Moreover, we already proved that

/70 dp > —oo.
X

Since f, <0, f, € L'(1). So the monotone convergence theorem implies that gy, — f — f,

in L'(p). This implies that
/7—70§/ f‘?o dp
X X

as desired. ]

Taking R — oo and € — 0,

We are finally ready to prove the pointwise ergodic theorem.
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Proof of pointwise ergodic theorem. It remains to show that the limit is £(f|J). This follows
from the mean ergodic theorem if f € L?(u), since then E(f|J) = Pf. Otherwise, f ¢ L?(u)
but there is a g € L*(u) such that S,g/n — Pg a.e. and ||f — g|| < e. Moreover, we can
find an n such that

[Snf/n — Pflli < |[Su(f = g)/nllL + ||Sng/n — Pglly + ||Pf — Pgll
< ||f = glli + |[Sng/n — Pgll2 < [|f = gl|1 < 3e.

Therefore S, f/n — Pf = E(f|J). O

Example 4.24. We apply the pointwise ergodic theorem to the shift map. Fix a probability
vector p. As a black box, we will assume that the shift map is ergodic; i.e. if A C XF is
a Borel set and T7'(A) = A then u,(A)(1 — up(A)) = 0. Let £ be a letter and f = 1g,
the indicator function of its cylinder. Then the Birkhoff ergodic average for n iterates on a
sequence x is 1/n times the number of j such that x; = ¢, for j < n, since

Tj(l‘) =Tjp1Lj42 " -

By the pointwise ergodic theorem, the Birkhoff average converges to py, 11,-a.e. As a corollary,
we have proven the law of large numbers.

4.3 Ergodic systems

Definition 4.25. Let (X, X, u) be a measure space and 7' : X — X a p-invariant transfor-
mation. We say that T is an ergodic transformation for u, or that p is an ergodic measure
for T, if for every A € InvT', u(A) =0 or p(A°) = 0.

Definition 4.26. Let (X, u,T,d) be an ergodic system equipped with a metric d and
assume that X is the Borel o-algebra for d. We say that 1" is uniquely ergodic if the choice
of p is unique on 3.

We have already proven that the irrational rotation is uniquely ergodic, and since we
have multiple choices of probability vector, the shift is not uniquely ergodic but is ergodic.

Example 4.27. We consider the multiplication map by m on the circle, namely, 7" : St — S1
has T'(z) = ma mod 1 for some m > 0. Then T is ergodic for Lebesgue measure y, in a
particularly strong form, namely that

lim p(ANT™(B)) = u(A)u(B).

n—oo

If we put B = A° this obviously implies that pu is a T-ergodic measure. To prove this claim
we use this lemma.

Lemma 4.28. Let T be the multiplication map, f,g € L*(u). Then

[ rorwawar= [ [
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Proof. Tt suffices to check on an orthonormal basis of L?(u1), namely e,(z) = €™, Then

1 1
/“WOT%m%@o¢x:/"&medeﬂ
0 0

As n — oo and either £ # 0 or k # 0 then this integral goes to 0. Otherwise, if £ = k =0,
the integral is 1. This proves the lemma on an orthonormal basis. O]

The multiplication map has many invariant measures. In fact, 7" has many periodic points
and fixed points. The fixed points are intersections of the graph of T with the identity map,
of which there are a positive but finite set, which grows as m — oo. Replacing T" with T™
replaces m with m™ which clearly — oo as n does. Fixed points of T™ are periodic points,
so the periodic points are dense.

Example 4.29. We show that the shift map on X are ergodic. We identify = € X
with the number = € [0,1] of which T is a m-ary expansion. The map 7(Z) = x is not
injective because m-ary expansions are not unique. If we let p = (1/m,...,1/m) then mu,
is Lebesgue measure and T is conjugate up to a null set to the multiplication map by m. If
m =3 and p = (1/2,0,1/2) then . p, is supported on the standard null Cantor set, which
is its Hausdorff measure (the Cantor-Lebesque measure).

For any cylinder C, generated by the word y,

m—1 m—1 m—1
MP(T_I(Cy)) = Hp U Coy = Z 1p(Cey) = prpy = 1p(Cy).
=0 £=0 =0

So p, is T-invariant. Moreover, if N > ¢ > 1 then

Up(TiN(Cy NC)) = pp U Cay N Ce = iy U Coay = 1p(C2)pp(Cy)

|lz|=N |z|=N—¢

where |z| denotes the length of the word x. This proves that p, is an ergodic measure,
and since p is very far from unique, we have lots of ergodic measures for 7. Thus ., is
an ergodic measure for the multiplication map. In fact these measures are often mutually
singular:

Lemma 4.30. Let p,p’ be probability vectors. Then i, L f1,.
Proof. We prove this in the case m = 2. Let p= (P,1 — P) and p/ = (P',1 — P’). For any
P, let
d i = . ), <
Fp—{zext: lim i =0:isn}
n—o00 n

Then if P # P', Fp N Fp: is empty. Let f(x) = 1if 21 = 0 and f(z) = 0 otherwise. Then
the ergodic theorem implies that

card{r; :i <n}  S,f(z) B
-2 [r-r

- P},

n
pp-a.e. Therefore p,(Fp) = p,(X+) = 1. So pp(Fpr) = 0 whence g, L pi,. O
This is very shocking because in the weakstar topology, 1, can be approximated arbi-

trarily well by the p, as p’ — p.
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4.4 Properties of ergodic transformations

Theorem 4.31. For (X, i) a measure space, T': X — X is ergodic iff for every measurable
f: X =R, foT = f ae. implies that f is constant a.e.

Proof. Let ¢; be the supremum of all ¢ such that pu(f~!((—o0,t))) = 0 and ¢, the infimum
of all ¢ such that u(f~'([t,o0])) = 0. Then the union of these two preimages is X so ¢; = ¢y,
and f = c; a.e. O]

We now restrict to the case that X is a compact metric space.

Definition 4.32. Let X be a compact metric space. Let M(X) denote the set of all Borel
probability measures on X. If 7': X — X is continuous, let M(X,T) be the set of all T-
invariant Borel probability measures and M. (X, T') the set of ergodic measures in M(X,T).

Example 4.33. Ergodic transformations are not dense in a typical topology for mappings
X — X. In fact, if it was, then a slight perturbation of the solar system would make the
orbit of the earth dense in the solar system, which would be quite bad.

Theorem 4.34 (Krylov-Bogolibabov). The set M(X,T) is nonempty.

That is, every transformation has an invariant measure. In fact, this measure can be
taken to be a Radon measure.

Proof. Let S, f(x) = Z?;Ol f(T?(x)) be the ergodic average of f, as usual. Since X is

compact, C(X) is separable and we may choose (¢,), to witness this. Fix (z,m) and

consider S, (¢™(x))/m. This sequence is bounded in R, so has a congergent subsequence,

and by Cantor’s diagonal argument we may choose the subsequence to converge for every

m, say to J(om). Then [J(pm)] < |l¢™||w, and J is a positive functional, so J extends to a

Radon probability measure p on X. Moreover,
S S

O (T(w)) = S () 4 T )
N Mg T

which as the subsequence n; — oo converges to
J(pmoT) = J(om)+0
whence p is T-invariant. O

It is easy to see that M (X, T) is weakstar closed, and that it is convex. Since M(X) is
bounded, the Banach-Alaoglu theorem implies that M (X, T) is actually weakstar compact.

Theorem 4.35. The set M.(X,T) is the set of extreme points of M(X,T).

Proof. Assume p is not ergodic. Then there is an invariant set A such that 0 < u(A) < 1.
Let p|B denote the restriction of u to the measurable set B. We have

_ pA ¢
o= M(A)m + (A%)
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Then u|A/pu(A) and pu|A¢/u(A€) are invariant Borel probability measures; so p is not an
extreme point.

Now suppose pu is ergodic and suppose p = tu; + (1 —t)us and 0 < t < 1, where gy, o
are invariant measures. We claim p; = uo, which implies that p is an extreme point. In fact,
1, pi2 are absolutely p-continuous. Let p; € L'(u) be the Radon-Nikodym derivative of j;
with respect to p. Then p; > 0. Let F'= {z € X : py(z) < 1}. Then pu(T'F) = u(F) and
some set-theoretic computations prove

W(F\T'F) = y(T'F\ F).

Suppose u(F \ T-'F) is nonzero. Then

W(F\TF) > /

p1 duz/ prdu > p(T™'F\ F)
F\T-1F T-1F\F

which is a contradiction. Therefore u(F \ T7'F) =0, so F is almost T-invariant.
Since p is ergodic, either u(F) =0 or u(F) = 1. If u(F) =1 then

L= ()= [ prdu<u(P)=1

which is a contradiction. Therefore F' is p-null. Something similar happens on the set of x
such that p;(z) > 1. Therefore p; = 1 in L'(u). So p = py. O
Corollary 4.36. Every transformation has an ergodic measure.
Proof. Use the Krein-Milman theorem. m
Corollary 4.37. If pu,v € M (X,T) then either p=v or p L v.
Proof. By the Radon-Nikodym-Lebesgue decomposition, we can write

p=tr+ (1 —1t)

where vy, 5 € M(X,T), 1 is v-a.c. and v, L v. It follows that ¢ = 0. O

4.5 Mixing transformations

Definition 4.38. Let (X, i) be a probability space. We say T : X — X is mizing if for
every measurable sets A, B,

lim p(ANT"B) = u(A)u(B).

n—oo

Lemma 4.39. A mixing transformation is ergodic.

Proof. For any invariant set A,

0= lim p(ANT "(A%)) = u(A)u(A°)

n—o0

so p(A) =0 or u(A°) = 0. O
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Example 4.40. Let X = {0,1} and p({0}) = u({1}) = 1/2. Let T be the only nontrivial
bijection X — X. Then the invariant sets are X, () so (X, u,T') is ergodic. But then

p(T"({0}) N{0})
oscillates between 1/2 and 0 so the system is not mixing. Here the problem is periodicity.

Lemma 4.41. A system (X, p,T) is mixing iff there is a D C L?*(u) such that the span of
D is dense in L*(u1) and for every f,g € D,

i [ FT"@)(o) dute) = [ 7 [ g an

n—oo X
Proof. The set of all indicator functions is an example of such a D. O]

In other words, any two random variables become “approximately independent” as time
goes on.

Example 4.42. The multiplication map is mixing; here D is the standard basis of the
trigonometric polynomials.

Example 4.43. The irrational rotation is not mixing. Again this can be checked on the
standard basis of trigonometric polynomials. This is because the irrational rotation is ap-
proximable arbitrarily well by rational rotations, which are periodic.

Let M € GL(n,Z). Since M extends to an element of GL(n,R) which preserves Z", M
drops to an automorphism of the torus T". Moreover, Lebesgue measure drops to a measure
on T", so T™ is a probability space.

Theorem 4.44. Let M € GL(n,Z) viewed as an automorphism of T". If det M # 0 then
M is measure-preserving. Moreover, if Spec M does not contain any roots of unity, then M
is mixing.

Proof. We note that M is measure-preserving if and only if for every f € L?(T"),
foM=| f

and in fact it suffices to check this on a dense subset D of L?(T"). In fact we let D = {e; :
¢ € Z"} where

6((1‘) _ e27ri<€,;v) ]

Then D is dense in L?(T") because every function in L?(T") has a multivariate Fourier series.
Moreover,

/ eqo M = 627”(MI,Z> dr :/ e2m’(m,Mf’Z> dzr.
" T n

Since det Mt # 0, M0 # 0 if £ # 0 and M'0 = 0. But then

/ 2mife, M) da::/ ey.
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For mixing, note that

/ ego MVNe; = / 2mile, (MM Uk g

In fact the integral is zero unless (M) — k = 0, in which case the integral is 1. If £ # 0 or
k # 0 then the integral is 0 unless (M®™)* = k. Therefore the limit is nonzero if there are
N; < Ny such that (MM)1¢ = (M™2)!¢ = k. Solving for k this happens iff (MN2=N)t¢ = ¢.
But this means that there is an eigenvalue \ such that A2~ = 1, which contradicts our
hypothesis. O]

2 1
11
mixing and invertible. In particular M is ergodic for Lebesgue measure.

We show that M is not uniquely ergodic by looking for periodic points, i.e. x such that
there exists n with M"x = xz. For n = 1, 0 is periodic (i.e. a fixed point). In fact it is
the unique fixed point. Thus we let v be the point mass centered at 0. Clearly v is a Borel
measure which is invariant, and in fact ergodic.

Stronger, periodic points are dense in T?, namely rational points are periodic. We count
the number of points of period n. Let Fix(n) = {x € T? : M"x = z}. Viewing [0,1)? as the
fundamental domain of T? we have

Example 4.45. Suppose M = { . Then det M = 1 and M sends T? to itself, in fact is

Fix(n) = {z € [0,1)* : (M" — 1)z € Z*}.

We compute the integer points in the parallogram (M™—1)[0, 1)? using Pick’s theorem. This
is the area of (M™ —1)[0,1)?, i.e

det(M"—=1)=(A"=1)(A™"=1)= A"+ A" =2
where ) is the largest eigenvalue of M (so A7! is its smallest eigenvalue.) Thus
cardFix(n) = A" + A7" — 2

In particular, M is far from uniquely ergodic.
We now introduce the Artin-Mazur zeta function defined by

C(2) = exp (Z Z" cariFix(n)) .

n=1

For any C'*° diffeomorphism of a compact manifold this zeta function has a positive radius
of convergence. We check this for M. In fact

- (Z (A" + A — )z”) - (i (A:;)" . ()\_;z)” - 2%1>

n=1
and since .
Zn
log(l —2) = — —
w1 =)= -3
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it follows that
(1-2)°

(1—=X2)(1=X"12)
This is a rational function whose smallest pole is —A~!. This is related to the fact that the
rate of growth of Fix(n) is asymptotically A™.

C(2) =

Theorem 4.46. Suppose that M = F viewed as an automorphism of T2. Then there

1
1 1]’
is a € > 0 such that for every g = M + &g, where dg : T? — T? satisfies ||dg||c1 < ¢, there is
a homeomorphism h : T? — T? such that hog= M o h.

To prove this we need to use Neumann series; namely, if ||A|| < 1 is a linear operator
then

(1—-A)1= iA’“.

Proof. We construct h to be of the form h = id +dh where ||0h||c1 is small. If this is to hold
then
(id +dh) o (M + 6g) = M o (id +0h)

which simplifies to
M~ o (id46h) o (M + dg) = id +dh

1.e.

M~ todg+ M1 obhoh=46h.
Thus 6h is a fixed point of the mapping
freM'todg+M'ofog.

Unfortunately we cannot use the contraction fixed point theorem because M ~! is not con-
tracting (since A > 1).
Let {ey,e_} be the normalized eigenbasis of M. Decompose dh as

5h/ = h+€+ + h_e_
and similarly for dg. Then the fixed-point equation is

Algr + A hyog = hy,
ANg_+Ah_og=h_.
Let X =C(T? 5 R). Let F'.f =X 'gy + X fgand F.f = —g_og ' + X fog™l.
Then Fy, F_ send X to itself. Since ||M — g||cr = ||0g||ct is small and M is invertible, g is
invertible by the inverse function theorem.

Then F'y, F_ are contractions in L*°, so by the contraction fixed point theorem, there are
h+ which are fixed points of F... So

h = ld +h+€+ —+ hfef
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is the desired function. But h may not be a homeomorphism. To fix this, we construct
h =id +5h such that 6k is periodic and [|0h||c1 is small such that g o h = h o M. Then
ht=h.

Note that the fixed point f of the contraction fixed-point theorem in a Banach space is
given by the telescoping sum

:f0+z.fn+1_fn

where fj is the initial datum of the iteration and fni1 = F'f,, F the given contraction. We
assume that fo = 0 and @ is the constant of contraction for F'| then

|| fll.

171 S Sl = fll < T2
n=0

In this case,
1
h oo <— oo
1Atz < = llg+llz

and

Il < sl llo~
Now h has the required properties iff
6ho M — M — 5h = dg o (id +6h).
So we define a linear operator L by
Lf=foM—Mof.
We now write A in the eigenbasis {e_, e, }, so
L(h_e_+hiey)=e_h_oM+e hyoM—h_Xte_ —hle,.
The equation decouples so we have
Lihs = hyo M — \hy.
We invert the operators L using a Neumann series. In fact,
L h_=(h_ =X h_oM™YYoM

Therefore .
L'H = Z AN"Ho ML,
n=0

One can then show -

LV'H=-) XN'""HoM"

n=0
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Then
L' (Hyey +H e )=L'Hie, + L_'H_e_.

So it suffices to construct 6h such that
6h = L™ (6g o (id +6h)).
Let G(f) = L™'(dg o (id+f)). We must show G is a contraction. In fact,

IG(fi = f2)llco < |7 H|cocollg]|en || f1 = folloo < el|L7H ool | f1 = fol|co.

So if ||L7!|co,co > 1/e it follows that G is a contraction of C°.

Therefore h exists so o
hogoh=hoM

whence M commutes with h o h = id+f for some periodic function f. In particular f
commutes with M, and writing f in the eigenbasis,

Mrer + A7 e = (froM)ey +(f- o M)e_.

Decoupling again,
fo= AT f M

and iterating fi sends it to 0, so fi = 0. m

We consider when the above stability properties generalize. Let S € C*(T? — T?) be a
diffeomorphism and consider the mapping of the tangent space

dS(l’) : TITZ — Ts(x)TQ.
Suppose that each tangent space splits
T,T?> = E,(x) ® E_(z)

where dS(x) sends Fi(x) to EL(S(z)) and z — E.(z) is a continuous mapping into the
Grassmannian. In the above proof we used the existence of a 6 € (0, 1) such that

[T ()ol| < COM|[v]]

where || - || is the norm on T,T? induced by the Riemannian metric of T? and if v € F_(x)
then the inequality ranges over n > 0, if v € E, (z) then n < 0. Such a diffeomorphism is
called an Anosov diffeomorphism. Very few compact Riemannian manifolds admit Anosov
diffeomorphisms, and they have quite remarkable properties. For example, if S is Anosov and
measure-preserving then S is mixing, but it is not even known if an Anosov diffeomorphism
is necessarily measure-preserving.

More concretely, let T : T? — T? be the action of a matrix M € SL(2,Z). Suppose M
has eigenvalues A*! and m = X + A~! is the trace of M, so m € Z. If m? > 4 then we say
that M is a hyperbolic matriz and in this case T acts just like the cat map, and in fact is
mixing. If m? = 4 then M is said to be a parabolic matriz, is conjugate to a shear matrix,
and T is known as a Dehn twist. If m* < 4 then m = 0 (in which case A = +4) or m? =1
(in which case A\ = +e"/3). Either way the matrix is idempotent and hence is a rational
rotation. We say that M is an elliptic matriz, and note that T is not ergodic.
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4.6 The Hopf argument

We introduce a technique to show that certain transformations of Riemannian manifolds are
ergodic.

Definition 4.47. Let X be a metric space and T : X — X be continuous. The stable
manifold of © € X is the set W?*(x) of y € X such that

lim d(T"(x),T"(y)) = 0.

n—oo

If T'is a homeomorphism then we also define the unstable manifold W*(zx) to be the stable
manifold for 7.

That is, W¥(z) is the set of y such that forward orbits of = and y approach each other.

Example 4.48. Suppose T is the cat acting on T?. (Henceforth we consider the action of any
hyperbolic matrix to be a cat map, since by a number-theoretic argument the eigenvalues of
a hyperbolic matrix cannot be rational.) Then W*(z) = z + e_R. Since e_ is not a rational
point, e_R is dense in T? for the same reason that orbits of the irrational rotation are dense.
So W#(z) is dense in T?, as is W¥(x) = x + e, R.

Theorem 4.49 (Banach-Saks). Let H be a Hilbert space and suppose that f,, — f in the
weakstar topology of H. Then there is a subsequence (f,, ) such that the averages

1 N
k=1

N—oo N

in the norm of H.

Proof. Replacing f,, with f,, — f we may assume that f = 0. We will choose the subsequence

SO
S W fus Fu)] < 2.
i<j
This is proven by induction. Let n; = 1, and suppose we have chosen nq,...,n; so that
whenever @ < j < k,

[{fois fui)] < 277

To choose ny.1, we use the fact that for every fixed i < k,
n—oo

by definition of the weakstar topology. Therefore there is a ny; such that

1
|<fni7fnk+1>| < k41"

This completes the induction, and

ST fu f)l 305277 <2,
=1

i<j j=
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Thus

HMW

=0
Z (fuer f,)|

1 , 4 B
< ESQPanH t5= O(n™")

k=1

1
n?
k
2
_2

since the f,, — 0 weakly and hence are bounded. O]

Definition 4.50. Let (X, d, i) be a metric Borel probability space, T': X — X measurable.
A function f: X — C is W¥-invariant if there is a Xy such that u(Xy) = 1 and for every
z,y € Xo, such that y € W*(z), f(z) = f(y).

Theorem 4.51. Let (X,d,u) be a metric Radon probability space and f € L?(u). If
T : X — X is continuous then every weakstar accumulation point of {f o T}, is W*-
invariant. If 7" is also invertible then every weakstar accumulation point is W"-invariant.

We use the fact that p is a Radon probability measure to apply the below lemma.

Lemma 4.52. If ;4 is a Radon probability measure then the Lipschitz functions are dense
in L2(u).

Proof. We need only to show that the indicator functions can be approximated by Lipschitz
functions (here we are using that p is a probability measure). If A is measurable then there
is an open set U such that A C U, u(U \ A) < ¢, and in particular

114 = 1u|| < Ve.
Therefore we only need to approximate 1y by Lipschitz functions. Let
ug(z) = min(1, kd(z, X \ U)).
Then the u are Lipschitz and tend to 1y as k — oo. O

Proof of Theorem 4.51. Suppose g is a weakstar accumulation point of {f o T"},; passing
to a subsequence we may assume that lim,, f o 7™ = ¢ in the weakstar topology.

If f is Lipschitz (and M its Lipschitz seminorm) then by applying the Banach-Saks
theorem and passing to a subsequence we may assume that

lim ¥, ( 1 ™ =
Ji ()= Jim > fo T =
in the norm topology, where ¥, is the avergae of the first n terms. By the Riesz-Fisher

theorem and passing to a subsequence again, we may assume that ¥,, — ¢ a.e. Since f is
Lipschitz,

~|

W) = W) < - S If o THw) = F o TH(y) S%Z ) < e

k=1
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if ¢ is large and y € W*(z). But ||g(x) — g(y)| — |Ve(z) — Ye(y)|| < € if £ is large so g is
Wi-invariant.

By Lemma 4.52, if f € L?*(u), we can find a Lipschitz function f’ such that ||f — f/|| < e
and then ||f'oT"||z2 < ||f]|z2 +& whence we can pass to a subsequence and assume f'oT™ —
g’ for some ¢’. Then

lg— g/ll < liminf|[(f — f) 0TIz < |If — £l < =

Taking ¢ = 1/k we let g}, be the given ¢’. Then g} — ¢ in L? and by the Riesz-Fischer
theorem again we may again pass to a subsequence and assume g;, — ¢ a.e., which implies
that ¢ is W*-invariant.

Now let I be the space of functions in L?(y) which are W*invariant. Then I is L*-closed,
since any sequence in [ has an a.e. convergent subsequence by the Riesz-Fischer theorem,
and the limit of such a subsequence is W"-invariant. In addition the Koopman operator of
T preserves I.

We will prove that if f € It then f o T"™ — 0 in the weakstar topology. Applying the
above argument to 7! that if foT™™ — g, in the weakstar topology then gy is W“-invariant.
Suppose f oT"™ — g in the weakstar topology. Since T is measure-preserving we have

/X(f oT)g du = /Xf(T(fU))g(T(T_l(x))) du(z) = /f(l‘)g(T_l(x)) du(x)
whence T* = T~'. Therefore
{9,9) = lim (foT",g) = lim (f,goT™") = (f,go) = 0

since go € I and f € I*+.

So if f is just any function in L?(u), write f = fi + fo where f; € I and f, € I+, If
foT™ — g in the weakstar topology then we want to show that g is W"-invariant. Now
f2oT" — 0 weakly, so we just need to check this for f;. Since f; € I it follows that
fioT™ el andso g€ I. O]

Note that we have proven something stronger. If f is Lipschitz, then we do not need to
assume that p is a probability measure. However, the Hopf argument for ergodicity requires
that f be an arbitrary L? function, since we must consider simple functions (which are far
from Lipschitz) so this technique for proving that 7" is ergodic does not work in infinite
measure.

Theorem 4.53 (Hopf argument). Let (X,d, ) be a metric Radon probability space and
feL*u). If f=foT then f is Wé-invariant.

Proof. Every weak accumulation point of { fo7™},, is just f, which is hence W*-invariant. []

Now suppose T is invertible and f = foT. Then f is W*-invariant and also W"-invariant.
Modulo measure zero, we expect that f is simply constant, since we can propagate any value
of f along the stable and unstable manifolds of 7. Since f was arbitrary it should follow
that T is ergodic. However, this argument does not work in general; if X is a Riemannian
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manifold, for example, we need to show that the stable and unstable manifolds form a
coordinate system for X, and that Lebesgue measure disintegrates into a tensor product of
measures on the stable and unstable manifolds.

As an example we prove the following theorem again.

Definition 4.54. A hyperbolic matriz is a matrix M such that Spec M does not meet the
unit circle.

Theorem 4.55. Let M € SL(n,Z) be a hyperbolic matrix and 7" the action of M on T".
Then T' is mixing.

We already proved this already using Fourier analysis. But we can also prove this using
the Hopf argument, a version of the Jordan canonical form, and a Fubini disintegration
lemma.

Lemma 4.56. For every M € C"*" there are projections P; : C* — C", eigenvalues \; € C,
and nilpotent matrices N;, such that P,P; = 0] P;, MP; = P;M, Zj P; =1, and

J
M = ZAJrN

7=1
To prove this form of the Jordan form we note that we can write the resolvent as
M)

(M=)~ ~ det(M — \)’

o (M — X1 is a rational function which has poles at zeroes of det(M — X). This uses the
fact that A is a zero of det(M — \) iff A is an eigenvalue. Each pole is surrounded by a small
disc D; containing no other poles, and we let

1 -1
P =— (AN=M)"" dA.
211 aD;
This decomposes M into generalized eigenspaces using residue calculus.
As a consequence of this Jordan form, we note that if n; is the least power such that

N;jzo and L > n; for all j, then

J
L o _
L L L L—nj+1 rmnji—1
:ZAj+LAj1Nj+---+(nj_1)Aj NP,
j=1
so, if M is a hyperbolic matrix, we let
-3

|/\j‘<1

and P, =1 — P,, and then P,M~* — 0 and P,M"* — 0 as L — co.

If M is real, then every eigenvalue of M is either real or has a complex conjugate which
is also an eigenvalue. In particular, P,C" and P;C" admit real bases, and so restrict to
subspaces of R", say F, and FE..
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Lemma 4.57. Let (W, \) and (Y,v) be probability spaces. If g € L?*(A ® v) and there is a
Z C W x Y such that A @ v(Z) = 1, and there are measurable functions ¢y : W — R and
vy : Y — R such that for every (w, y) € Z, g(w,y) = ¢1(w) and g(w,y) = pa(y), then g is
constant a.e.

Proof. By Fubini’s theorem,

1=\ //1Zwydl/)d/\()

Therefore there is a wg € W and Yy C Y such that v(Yy) = 1 and {we} x Yy C Z. Suppose
(w,y) € ZN (W xYy), which is true for almost every (w,y) € W x Y. Since (wp,y) € Z it
follows that

p1(wo) = g(wo,y) = wa(y) = g(w,y).
0

Proof that T is mizing. Let E, be the span of eigenvectors whose eigenvalues A satisfy |A| >
1 and E; the span of eigenvectors whose eigenvalues are |A| < 1. This is possible as a
consequence of our discussion of the Jordan form of M, and in particular £, ® F, = R".

We will prove that W*(z) is the projection of z + E,, into the torus and similarly for .
In fact, E;, is M-invariant; E is contracted by M and FE,, is expanded by M.

If U is a small open neighborhood of xy € T", and using the manifold structure to
view U as a subset of R”, then locally it is true that W, = R™ and W, = R"s, where
ny +ns = n. Thus for z € U we have a decomposition x = t+s, t € R™ and s € R". Then
W*(to, so) NU 2 {(tg,s) : s € R™} N U, and similarly for W*.

We now use the Hopf argument. Suppose g is a weakstar limit of a subsequence of foT™,
for some f € L?(T™). Then g is W-invariant and W*invariant. After normalization we see
that U can be viewed as a subset of R™ x R, but then the Fubini disintegration lemma
implies that g is constant a.e. in U.

So g is locally constant a.e., hence constant a.e. In fact, g = [, f. So if h € L*(T"),

lim foT™h / / fh= / f
k—roo 11‘” nxTn n T"

We are also interested in mixing time, i.e. how many times we need to mix before two
random variables f,h become “within € of being independent.” If we want this to happen
at an exponential rate, we will need to assume f,h € C®(T"), or at least some amount
of Sobolev or Hoelder regularity. In particular, indicator functions are rarely exponentially
mixing.

O
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Chapter 5

Flows on manifolds

Definition 5.1. A flow on a metric space X is a continuous action of R on X.
By a continuous action we mean that the map R — C'(X — X) is continuous.
Example 5.2. Let © = Mx by an ODE on R*, M € R™"™. The solution of this flow is of

course

oi(x) = eMa.
M .

We say that this flow is hyperbolic if Spec M does not meet the imaginary axis, i.e. e is a
hyperbolic matrix.

This readily generalizes to when f : R™ — R" is a bounded Lipschitz function, in which
case the Picard-Lindelof theorem guarantees that © = f(x) has a solution.

Now let p be a Borel measure on X. Then p is p-invariant if for all A,
plpi(A)) = pu(A)

like usual. This is of course equivalent to the assumption that for every f € L*(u),

/Xfosotduz/xfdu-

Example 5.3. Let & = Mz like usual and suppose M is traceless. Then the action of M
preserves Lebesgue measure. Similarly, & = f(x) is measure-preserving iff Vf = 0.

5.1 Ergodic theorems for flows

We now generalize the ergodic theorem to actions of R.

Theorem 5.4. Let (X, i) be a probability space, ¢ an action of R on X, and p is ¢-invariant.
Then if f € L'(p),

T—oo 1’

lim - / F(i(x)) dt = B(f1)(x)
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where J is the o-algebra generated by the ¢-invariant measurable sets. In fact, if f € L*(u),
then

T—oo 1’

1T
fim 7 [ fedw) dt = Pi(o)
0
where P : L*(1) — Inv T is the orthogonal projection.

Proof. By reduction to the discrete ergodic theorems we just need to show that the limit of
those integrals exists. Let Q = R%, and define I : X — Q by

vy = [ o) .

Now let T": © — Q be the shift (Tw); =w;+1. Then oy =T o1
Define ji(A) = u(y~*(A)). This is defined for some o-algebra in 2, and is a measure since
[ = Y«pt. Moreover (2, i, T) is a measure-preserving system:

T A) = p(P o T71A) = plpr o T7HA) = p(T7HA) = fu(A).

Now apply Birkhoff’s ergodic theorem to the function

F(w) = Wop.
Then
1 n—1 4 1 n—1
- J B ,
nZF(T (w)) nz%.
Jj=0 j=0
So

n—1

. .1 :
f{w : nh—glo - ij exists} = 1.
=0
But on the other hand this is
p{x : lim / foi(x) dt exists} = 1.
n—oo 0

Up to a small error term we may replace a large n in this limit by any sufficiently large
positive real number. O

5.2 Geodesic flows in hyperbolic space

Let H? be the upper-half plane, viewed as a Riemann surface. We define a Hermitian metric
on H2. This means that for every tangent vector a + ib € T, H? we assign a length

N

b —
la + b s
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If we were to translate the vector a+ib along a curve 7 then a+ b becomes longer as Im (s)

decreases. In fact the distance element is given by
s — dx? —i;dyQ;
Y

i.e. the length of a curve v is given by

o= [ o= | ol a5 = [ 290

We also have an area form

dx dy
Y2
or in other words, the area of a set € is given by

- [ 2

SL(2,R)
+1
Then PSL(2,R) acts on P§ by linear fractional transformations; in fact
a b az+0b
z =
c d cz+d

dA =

Now consider the group

PSL(2,R) =

and it is easy to check that this action preserves R and orientation, so restricts to an action

on H?; namely,
az +b Im z

cz+d lcz +d|?

Im

The action of PSL(2,R) is transitive; i.e. the orbit of every element is H2. It suffices to
check this on a single point, say ¢; clearly any element in the upper-half plane can be written
in terms of 7.

Note that the stabilizer of 7 is the set of matrices such that

ai+b .
ci+d

i.e. those matrices such that a = d, ¢ = —b, a* + b*> = 1, or in other words the rotation
matrices. Thus the stabilizer of ¢ is isomorphic to Pg, and so the action of PSL(2,R) on H?
is not free.

Since the action of PSL(2, R) has no poles in H? and it has nonzero derivatives, PSL(2, R)
is a subgroup of the group of conformal automorphisms of H2. Thus PSL(2,R) also acts on
the tangent bundle TH?; namely, if f € PSL(2,R), (z,£) € TH?, then

f(z,6) = (f(2), ['(2)§).

a b

Moreover, if f = [c d] then f/(z) = (cz + d)*.
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Lemma 5.5. The action of PSL(2,R) preserves the lengths of tangent vectors in TH?2.
Proof. Let & € T,H?*; we must show

§

f(z)

where f = [i d

b} Now €] Tm 2 = [¢] so

_ &
(cz+d)?
az+b
cz+d

&
(cz 4 d)?

f Im
| 1€l 2
cz+d
= TIme |£|Z
|cz+d|?

]

Thus PSL(2,R) acts on H? by isometries. In particular, PSL(2,R) preserves the area
element dA.

Thus to study PSL(2,R) we do not actually need to consider the entire tangent bundle
TH? but rather the unit sphere bundle

SH? = {(2,6) € TH? : [¢], = 1}.

Thus PSL(2,R) preserves SH?. Having carried out all this setup, we are now interested
in dynamical systems with phase space SH?. This is a 3-dimensional real manifold with
parametrization ‘
(2,y,0) = (z + iy, ye”)

and so is diffeomorphic to R x (0,00) x T'. Moreover SH? has an invariant metric

da? + dy?

Wty e
Y

In fact we have
d((z,v), (2, 0") = d(g(z,v),9(z',v"))
where g € PSL(2,R). So it has a volume form
dx dy db
v
The volume form dV is left-invariant and right-invariant for the action of PSL(2, R). There-
fore dV is the Haar measure on the unimodular group PSL(2, R).

dv =

Lemma 5.6. The map
® : PSL(2,R) — SH?

a b . ai + b 1
c d ci+d’ (ci+ d)?
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Proof. 1t suffices to show that this map is a bijection. In fact, the stabilizer of 7 is sent to

—sinf@ cosf

[ cosf sm@] s (i, %),

So the first two variables of the parametrization of SH? are controlled by PSL(2, R) modulo

the stabilizer and the final variable is controlled by the stabilizer. O]

We now introduce a very important flow on SH? = PSL(2,R). To do this, we note that
we want to define a distance function H? by

d(z,w) = ir71f I‘Z;EZE) ds

where the inf is taken over all curves v from z to w. Now we can find a group element
g € PSL(2,R) and a a > 0 such that z = ¢(i) and w = g(ai). Thus

d(z,w) = d(i,at)
and so we are only interested in curves
(s) = 2(s) +iy(s)
=0, y(0) =1 and y(0) = a. We have

z(1) =0,
/1 vV

such that z(0) =

TGP, o [, | [ )
o sz [z | [0
= |(log y(s))s=o| = |logal
and so
d(z,w) = |logal

and the curve which witnesses this is the image of the curve which witnesses that d(i,ai) =
|log a|. In fact this curve 7 is a curve on the imaginary axis, which is sent by PSL(2,R) to
a circle on which g o~y is an arc. Moreover, i was the tangent vector to v at v(0) = 4, so
i/(ci + d)? is the tangent vector to g o~y at goy(0) = g(7).

We now introduce the geodesic flow which carries (z, &) along its respective great circle.
Namely,

0i(i,1) = (€', e')

and if g(i,7) = ®(g) is an element of SH? then it we define

ei(g(i, 1)) = glei(i, i) = g(e', e'i).
t/2

In other words, if G; = [e 0

6_(1/2] then we have
Pi(®(9)) = 2(gGh)-
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Now G; € PSL(2,R) so dV is left invariant by the geodesic flow. So in fact ¢ is a measure-
preserving action of R on (SH?, V).
Note that there is a standard linear fractional transformation H? — D given by

C—i
C+i

¢ —

This gives all of the above structure to D and hence SD. In this space a geodesic is not a
great circle, but a circle which is perpendicular to the unit circle. So in fact an annulus in
D centered at the origin is preserved by ¢ so ¢ is not an ergodic flow.

We are interested in the stable and unstable manifolds of . We have

W) = {(w.Q) € SH: lim d(gy(w,0).1(=.0)) = 0}
and similarly for W*. Using the action of PSL(2,R) it suffices to compute W#(i, ), and
We(i,1) = {(i +t,4) : t € R}.

This consists of the horizontal line through ¢, which is being translated upwards. As the
imaginary part increases the distances will vanish. It is reasonable to view W?*(i,i) as the
action of the 1-parameter group h{ : t € R on (i,7) where

.1t
[

Wh(i,i) ={—(i+t)" " i(i +t)*:t € R}

which is the action of the 1-parameter group A} : ¢ € R on (i,4) where

L, 1o
ht:[t 1}.

The actions of h{ and hy are called the horocycle flows determined by the geodesic flow on

SH?, and we have

Similarly

@10 hg = hge—t 0
and similarly
@10 by = Dy 0 pr.

Henceforth we change notation to W for the stable manifold and W~ for the unstable,
and identify ® with the identity map. We write H for the horocycle flow and G for the
geodesic flow Thus

W*(g9) = {¢ € PSL(2,R) : tginoo d(9Gy, g'Gy) = 0}.

t/2
Then H} is the matrix {1 X (1)] , and Gy = {60 6—2/2} .

e 1
0 J and H_ is its inverse L
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Unfortunately SH? = PSL(2, R) is not a compact Lie group; in fact, it has infinite volume.
So we cannot hope to use the ergodicity theory to study the horocycle flow. Therefore we
fix a discrete subgroup I' C PSL(2,R). For example, the modular group I' = PSL(2,Z)

1 11
1 ’ 1
normal subgroup so the set of left cosets I'\ H? = {T'z : z € H?} is not a group. But it does
have a Riemannian manifold structure and so it makes sense to talk about the unit tangent
bundle

is sufficient. Famously, PSL(2,7Z) is generated by [_ } Now I'" may not be a

S(I'\H*) = {I'g: g€ PSL(2,R)}.

In fact the standard fundamental domain M of the modular surface I\ H? is contained
in the complex projective line P!. It is H? modulo the action of z + 2z + 1 and z
—1/z. The modular surface is a Riemann surface, and the volume of the unit sphere bundle

'\ PSL(2,R) = S(I'\ H?) is

dr du db 27 1/2 % J
V(F\PSL(Q,R)):// e g/ / / Y dw b < .
MxS1 Y 0 —1/2J1/2 Y

Renormalizing we assume V(I" \ PSL(2,R)) = 1 as necessary. Then the geodesic flow and
the horocycle flows drop to an action on I' \ PSL(2, R).

Having discussed the motivating example of PSL(2,R) we consider discrete subgroups I'
more generally. Notice that I' is discrete iff there is a g € PSL(2,R) such that

d(g,Tg\{g}) > 0.

As another example, suppose that we have an 8-gon in the Poincare disk model of hyperbolic
space (so H? is mapped into the unit disk by the Cayley transform). By identifying sides
we end up with a compact genus-2 Riemann surface. In particular it is a probability space.
We are interested in when the 8-gon is the fundamental domain of T'.

So suppose that I' is a discrete subgroup of PSL(2,R) such that

S(I'\ H?) =T\ PSL(2,R)

is a probability space. Then
¢i(Lg) = T'(9Gy)

is the action of the geodesic flow on S(T'\ H?). Similarly we have horocycle flows
hy (Tg) = T(gHY).
These parametrize the stable and unstable manifolds as
W=(p) = {hi(p) : s € R}.
We have the commutation relation

;O h;t = h;tﬁt 0 V4.
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We now prove ergodicity of the geodesic flow on I' \ PSL(2, R) using the Hopf argument.
We consider the space of weakstar limits of {f o¢; : t € R} whenever f € L*(I"\ PSL(2,R)).
If foyp, = f, we will show that f is invariant under the horocycle flows. Therefore f will be
constant. In fact, we will then show that the horocycle flows are ergodic, which implies that

lim (f oy, 9) = E(f)E(9)

t—=+o0
so the geodesic flow is mixing. Let w be the invariant volume form

_dx dy df

W y2

Example 5.7. In zero curvature all this theory is kind of trivial. Let T? be the flat torus
and let ¢ be the geodesic flow on T?, so

oi(z,v) = (x + tv,v).

Then W*(x,v) = {(z,v)}. This corresponds to T? being flat, so that there is “no gravity”,
i.e. no two points are attracted to each other.

Theorem 5.8. Suppose that I' \ PSL(2,R) has finite volume. Then the geodesic flow on
[\ PSL(2,R) is ergodic.

Proof. We have
hyohiopy=hjopyoh,

where v/ = u(1 —efsu)™, s’ = s(1 —e'su), and ' = ¢t — 2log(1 — e'su). This is true whenver
u, s,t are close to 0.
Fix g € I'\ PSL(2,R) and define local coordinates
(s, t,u) = hoy o h: o ©i(9)-
Then V¥ is a diffeomorphism close to 0. Let U = g be open. If g € U then
UNnW=(g) ={¥(s,1,£)}
where £ € R is sufficiently close to the u € R such that ¥(s,t,u) = g. In fact,

W(g) = {hy (@) :n € R} = {hyy, 0 b 0 eulg) 1 m € RY,

at least when s, t,u,n are close to 0.
We now prove that

UnlUWHer(@) = {¥(o,7,u)}
T
where (o, 7) is sufficiently close to (s,t). In fact, this is the set of all

h;“, owppoh, o h: o (g)
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or in other words the set of
oy 0 bt o hf o pau o bt o ¢y(g)

or in other words
o © B g1 © Prit(9)
or in other words
V(o +se T, t+T,u)

or in other words
u(l — e (e s+ o)u) L

This proves the claim.

Therefore we have written the space as a product of a two-dimensional space {(s,?)} and
one-dimensional space {u}, and can easily split w into forms on each of these two space, and
can therefore use the Hopf argument. m
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Chapter 6

Topological dynamics

6.1 Recurrence in topological dynamics

Definition 6.1. Let X be a topological space, T : X — X. We say that T is topologically
transitive if for every pair of nonempty open sets U,V C X, there is a sequence of n; — 0o
such that T-™U NV is nonempty.

In other words, there is a x € U such that T"x € V for infinitely many n.

Definition 6.2. Let X be a topological space, T': X — X. We say that T is topologically
mixing if for every pair of nonempty open sets U,V C X and every n large enough, T7"UNV
is nonempty.

Example 6.3. Consider rotations of T! by «. If « is rational then T is not transitive. But
if o is irrational then 7' is transitive. But 7" is not mixing because if U,V are tiny intervals,
then they cannot be trapped in each other since 7" is an isometry.

We now show that transitive maps are analogously to ergodic maps.

Theorem 6.4. If T is a Borel map and preserves an ergodic probability measure p with
full support, then 7T is topologically transitive. In fact, if (X, 7, u) is mixing, then 7T is
topologically mixing.

Proof. Let U,V be given. For almost every x € U the fraction of the time that the forward
orbit of x lands in V' is p(V'). Since p has full support it follows that (V') > 0. Therefore
T is transitive.

If (X, T, ) is mixing, then lim, u(T-"UNV) = pu(U)u(V) > 0, so for large enough n,
pw(T"UnNvV)>D0. O

Definition 6.5. For any x € X, let w(z) be the set of accumulation points of 7"z as n — 0.
Thus w(x) is closed, and is the set of all subsequential limits of 7"z as n — oc.

Theorem 6.6. Let (X, u,T) be an ergodic system, X a metric space, and p a probability
measure. For almost every z € X, supp p C w(x).
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Proof. Note that supp p is separable, since p is a Borel probability measure. Let {z;};
be a dense subset of suppp and let » € Q. By ergodicity there is a set €);, such that
w1(§2,) = 1 and for every z € €, ,, there are infinitely many n such that 7"z € B(z;,r). If
T € ﬂm €2, which is a set of full measure, then for every ¢,r there are infinitely many n
such that 7"z € B(x;,7). Then z; € w(x), so {z; : 1 € N} C w(x). Since w(z) is closed,
supp st C w(x). O

Corollary 6.7. Let (X,u,T) be an ergodic system, X a metric space, pu a probability
measure, and suppose supp g = X. Then for almost every x € X, supp u C w(z).

Definition 6.8. A topological space X is topologically complete if X admits a complete
metric. If X additionally is separable, then we say that X is a Polish space.

Every Polish space admits a countable basis. The Baire category theorem also holds in
Polish spaces (even topologically complete spaces); namely, a countable intersection of open
dense sets is still dense.

Theorem 6.9. If X is a Polish space and T : X — X is continuous, then the following are
equivalent:

1. T is transitive.
2. The set of z € X such that w(z) = X is dense in X.
3. There is an z € X such that w(z) = X.

Proof. Assume that w(z) = x and let U,V be given. Then the forward orbit of = hits U,V
infinitely many times. Suppose T"x € U; then T"x meets V infinitely many times, so T is
transitive.

If T is transitive, let Y = {z € X : w(z) = X}. Then

Here the first intersection is taken over nonempty open sets. Since X is Polish we can replace
the first intersection with an intersection over a countable basis for the topology of X. Since
T is transitive, |J, 77 "U is dense, and is open since 7" is continuous. So Y is a countable
intersection of open dense sets, so is dense by the Baire category theorem. O]

Definition 6.10. A point x € X is recurrent if z € w(zx).

If X is a metric space then the set of recurrent points is equal to

ﬂ ﬂ U{xGX:d(x,T”x) < %}

k>0 N>0n>N

Theorem 6.11. Let (X, u,T) be a measure-preserving system, X a metrizable space, and
1 a probability measure. Then almost every x € supp p is recurrent.
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Proof. Let D be a countable basis for the topology of supp . Then by Poincare recurrence,
for every U € D, the set U’ of x such that x ¢ U or there are infinitely many k such
that 7%z € U has full measure. Now (\;cp U’ has full measure, and consists of recurrent
points. ]

Definition 6.12. A point z € X is nonwandering if for every open U > z, there are infinitely
many n such that T7"U # U is nonempty. If z is nonwandering then we write x € ().

If z € X then w(z) C Q. In particular, if x is recurrent, then x is nonwandering. The
converse is not true.

Example 6.13. Let T : T?> — T? be the cat map. Let E°® be the stable eigenline of T'. If
x € E* then x approaches 0 exponentially fast. Therefore x is not recurrent.

But if v has rational coefficients, then v is recurrent, and we can approximate any point
on T? arbitrarily well by such v. Therefore T" has no wandering points.

Theorem 6.14. Let X be a metric space, T : X — X continuous. Then z € X is a
wandering point iff there is an open U > z such that for all n, T7"U N U is empty.

Proof. One direction is clear. For the converse, suppose x wanders, so there is an open U > x
such that for all n large enough, T7"U N U is empty. We need to remove the clause “large
enough.” Let N be the minimal n. Now x is not periodic, so there is an open V' > x such
that for every i < N, T~V NV is empty and TV C U. Therefore for every i, T=*V NV is
empty. O
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Chapter 7

Completely integrable systems

Ergodic systems are intended to be understood as “chaotic”; therefore they can often be not
useful in practice. We now consider more predictable dynamical systems.

7.1 Symplectic geometry

Definition 7.1. Let S be a (finite-dimensional, real) vector space. Then a symplectic form
on S is an antisymmetric, nondegenerate bilinear form. A symplectic space is a vector space
equipped with a symplectic form.

Example 7.2. The canonical example of a symplectic space is R*", which it will be conve-
nient to view as T*R", the cotangent bundle of R™. Let I denote the identity matrix on R"

and let J = {_O[ é} Then o(z,w) = (Jz,w) is the standard symplectic form on R*". In
fact, if (x1,...,Zn, &1, ..., &) are coordinates on R?", and w = Zj §jdxj, then o = dw. So o

is a closed (hence exact) 2-form.

Since symplectic spaces are vector spaces, we may always view them as having the stan-
dard differential structure of R?". In particular, it makes sense to ask for the linearization
of a Cl-map k : S; — Sy, say Ok, and then if w is a multilinear form on S5, we can define
the pullback x of w, a multilinear form on S;, by

K'w(vy, .., vp) = w(0K(v1), ..., Ok(vy,)).

Definition 7.3. Let (S1,01) and (S, 09) be symplectic spaces. A symplectomorphism is a
map k : S; — S such that o1 = k*0».

Example 7.4. Let x : R*™ — R?" be a linear map, and let o, J be standard. Let x(x,§) =
(Az + B, Cx + DE); then k*o = o iff the matrix M = [é g} satisfies M*JM = J. This
example motivates the definition of a symplectic matrix.

Definition 7.5. Let J be standard for R*"; a symplectic matriz is a matrix M € R0
such that M'JM = J. The symplectic group is the group of all symplectic matrices.
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Example 7.6. There exist nonlinear symplectomorphisms. Let ¢ : R*® — R be a smooth
function such that the Hessian determinant of ¢ at (xg,yo) does not vanish, i.e.

det 8may90(x07 yO) 7é 0.

For example, let A € R™" be an invertible matrix, and consider the bilinear form ¢ defined
by A.

Let & = 0,¢(o, Yo) and 19 = —0y (o, yo). Then the implicit function theorem defines
a mapping close to (g, &) € T*R" by

Ii(l’, 827@(36, y)) = (y7 —8yg0(x, y))
To see that k is a symplectomorphism, we note that

K (dn A dy) = d(—dyp) Ndy = (—0¢ dy) A dy + (—0,0,¢ dx) A dy
= =00, dx Ndy = 0,0, dy N\ dx = d§ A dx.

Therefore k defines a symplectomorphism from a neighborhood of (z, &) to a neighborhood
of (Yo, 10)-

Theorem 7.7. Let (S, 0) be a symplectic space. Then there is an invertible linear symplec-
tomorphism S — R?".

Proof. We prove this by the induction on the dimension 2n of S. Since ¢ is antisymmetric
and nondegenerate, 2n > 2. Assume 2n = 2. Then there are e, f € S such that o(e, f) = 1,
and {e, f} is a basis of S. Define a linear map x by x(e) = (0,1) and x(f) = (1,0); then
is an invertible symplectomorphism.

Now if 2n > 2, there are ey, f1, linearly independent, such that o(ey, f1) = 1. Let Sy be
the span of {ey, f1}, and let Sy be the sum of the kernels of o(-,w) for w € S;. Then the
codimension of Sy is 2, and if z = ze; +yf1 € S, 0 = 0(z,e1) = —y and 0 = o(z2, f1) = =z,
so z = 0. Therefore S; N Sy = 0. Therefore Sy @ 51 = S. For every z € Sy, if 0(z,5)) =0
then o(z,5) = 0 so z = 0. Therefore o|g, is nondegenerate. So by the inductive hypothesis,
we have an invertible linear symplectomorphism kg : Sy — R?"72. Let x : S — R?" extend
ko by sending ey, f; to R*"/R?"~2 as in the base case. O

We now consider manifolds whose tangent bundles are bundles of symplectic spaces.

Definition 7.8. Let S be a 2n-dimensional manifold equipped with a closed, nondegenerate
2-form o. Then (S, 0) is called a symplectic manifold.

In other words, on every tangent space, o defines an antisymmetric nondegenerate bilinear
form which varies smoothly, and do = 0.

Example 7.9. Let H? be the hyperbolic plane; then its tangent bundle TH? can be turned
into a symplectic manifold by setting coordinates (x + iy, & +in), y > 0, and letting

o=dé Ndx +dn A dy.

In fact the tangent bundle of TH? is diffeomorphic to the half-space of R*, on which o is the
standard symplectic form.
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We now consider differential forms on symplectic manifolds. For x a symplectomorphism
and X a vector field, let x,X denote the pushforward of X along k. That is, kK, X = 0k o X.
Recall that the pullback * is defined dually to the pushfoward, i.e. if n is a 1-form and X
is a vector field, we have

K(X) = (k. X).

We extend this definition to m-forms by declaring that x* preserves A.
Definition 7.10. If n is an m + 1-form and X is a vector field, define for vector fields

Yy, ..., Y,
(XJT])(Yi,,Ym) :n(valyaYm)

In particular, X n is a m-form. One can check that if v is a k-form and 7 is an m-form
then
Xa(vAn) = (Xw)An+ (=D A (Xn).

None of the above used that x was a symplectomorphism but we will mainly be interested
in the case that  is a symplectomorphism.

Example 7.11. Let g : R® — R" be a diffeomorphism and w is a smooth function. Then

k@, €) = (9(x), (9g(2)") (€ + Vw(z)))

is a symplectomorphism of R?" and these are the only symplectomorphisms which lift from
g.

7.2 Hamiltonian flows on symplectic spaces

We treat Hamiltonian flows first on symplectic spaces, revisiting symplectic manifolds later.
So fix a symplectic space (S, 0) and coordinates (x,&) so that o = d§ A dx.

Definition 7.12. For any function f € C*°(S), we let H, the Hamiltonian vector field of
f, be defined by the relation o(-, Hy) = df.

In other words,

of of
H: = E _ R Y
! P (’3§] al,ﬂ 81’]- 85]

where {0z;,0¢;} define a basis for the tangent space.
Any vector field X determines a flow by the ODE -x = X (z). This can also be expressed
by writing
(t) = exp(tX)(x(0)).
Thus ¢ — exp(tX) is a one-parameter group and a diffeomorphism. So in particular we have
defined a Hamiltonian flow.
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Example 7.13. The notion of a symplectic manifold, and of a Hamiltonian flow, is motivated
by classical mechanics. View x as the position and £ as the momentum of a particle; let
V(z) be its potential energy and m its mass. Then the energy of the particle is given by

_ P

2m

f(z,8) + V().

The Hamiltonian vector field is given by

Hy (€,0z) = (VV(2), ).

1
T m
Therefore the particle moves with velocity £/m, and its change in momentum is given by
—VV(x). In particular, its acceleration A satisfies Newton’s second law of motion,

mA+ VV(z) = 0.
To continue further we will need to introduce a Lie algebra structure on the space C*(S).

Definition 7.14. The Poisson bracket is defined by

{f.9} =a(Vf Vy).
Thus the Poisson bracket also satisfies {f, g} = Hyg and

of dg  Of dg

{f,9} = j o, 0x, 0w, 06,

Since vector fields act on functions as linear maps, it makes sense to talk about the commu-
tator of vector fields, and then we have

Hiypgy = [Hy, Hyl.

One can check also that we have the Jacobi identity {f, {g, h}}+{g, {h, f}}+{h,{f,g}} =0,
so {-,-} is a Lie bracket. Moreover, the flow

Pt = eXp(tHf)

is a symplectomorphism.
While we defined the Poisson bracket on functions, it will be useful to talk about a Lie
algebra structure on any symplectic space (S, 0), so given vectors v, w € S, let

{v,w} =0o(v,w).

We first prove the linear case of Darboux’s theorem. To motivate this theorem, note that
if {e1,...,en, f1,..., fu} is a basis of (S,0), it is useful that {e;,e;} =0, {f;, f;} = 0, and
{e;, fj} = 0;;. This is a similar condition to requiring that a basis of a Hilbert space is
orthonormal. We say that such a basis is a symplectic basis. Darboux’s theorem says that a
symplectic linearly indepdendent set can always be extended to a symplectic basis.
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Theorem 7.15 (linear Darboux theorem). Let S be a symplectic space of dimension 2n and
A B C{l,...,n}. Let {e;}jca and {fi}icp be linearly independent sets and suppose that
{eie;} =0, {fi, f;} =0, and {e;, f;} = 0;;. Then there are {e;};¢a and {f;}i¢p such that
{eie;} =0, {fi, f;} =0, and {e;, f;} = 0
Proof. We first show that we may assume that A = B. In fact, suppose that the symmetric
difference of these two sets is nonempty, say J € B\ A. Then there is an e; such that for
every j € A, {es,e;} =0 and every k € B, {ey, fr} = 05x. Here we used nondegeneracy of
o and the linear independence hypothesis. One can check that e is linearly independent of
e; and fi, so we can add J to A without contradicting the hypothesis.

Suppose that A = B # {1,...,n}, and let S’ be the span of {e;},;ca and {f;};ea. Let So
be the symplectic complement of S’, i.e. the set of z € S such that for every vector w € S’
we have o(z,w) = 0 Then (Sp, o) is a symplectic space. Choose a symplectic basis for Sp;
then S = Sy @ S’ and we're done. O

7.3 Hamiltonian flows on symplectic manifolds

We now revisit Hamiltonian flows but for symplectic manifolds (S,0). If f € C®(S) we
define the Hamiltonian vector field H; for every (p,z) € T'S by

Up(zv Hf) = dfp('z)'
Here, if dxy, ..., dx,, d&y, . .., d&, is a basis for TS, the differential df, is the covector
— Of of
A =D 5 W) day + 5=(p) d;:
J

Writing 0y, ..., 0y, for the dual basis of T),S, 2 = >, ¢;0,; + d;0,, we have dx;(Jg,) = dj
and similarly for ;, so
of

4y(0n) = 55-0)

and similarly for ;. We then define {f, g} = Hg as before, so

Hy = Z . ¢, On; — 3—5’57
The notion of Poisson bracket still makes sense, as does the Jacobi identity. The proof of
the Jacobi identity uses do = 0.
Definition 7.16. The Hamiltonian flow is defined by
o = exp(tHy).

The Hamiltonian flow is again a symplectomorphism, ¢;o = o. In the classical mechanics
interpretation of symplectic geometry, f(z,€) is the energy of a particle with position z and
momentum &, and is known as the Hamiltonian observable of the dynamical system (S, o, ).
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Example 7.17. Take f(z,&) = €* — 2. This is the Hamiltonian of the system -z = 4£3 and
-£ = 423. This can be solved as

z(0)
V1 —8tx(0)?

which blows up in finite time. So we need a Hamiltonian which meets the hypotheses of
Picard’s theorem to be able to solve for the Hamiltonian flow. Here the problem is that
energy is not conserved.

x(t) =

In fact, if |02 f| < C then ¢; exists for all time, by Picard’s theorem. This is in particular
true if f is smooth and M is compact.

It is useful to know that Hamiltonian flows are always measure-preserving where the
measure is given by the symplectic form. So we can use the tools of ergodic theory to study
Hamiltonian flows.

7.4 Complete integrability

Definition 7.18. Let D be a symplectic manifold of dimension 2n and f € C*°(D). Then
Hy is said to be a completely integrable flow if there are fi,..., f,, known as integrals of
motion, such that dfi, ..., df, are linearly independent, {f, f;} = 0 and {f;, f;} = 0.

Note that the Hamiltonian f is an integral of motion; i.e. Hyf = 0, or in other words
©if = f. An integrable flow is one with maximally many independent integrals of motion.
Intuitively an integral of motion is a conserved quantity. It should not be a surprise that
energy is conserved.

Example 7.19. Take f to only depend on momentum, and let f;(z,£) = ;. Then H; =
>0, f(€)0:; and Hy, = 9,; so { [, f;} = 0. In fact,

Thus this is a completely integrable system.

Completely integrable systems are in some sense the opposite of ergodic systems: they
have as many invariant sets as they possibly can!

For example, let L be a set where all the integrals of motion f; are constant. Since the df;
are independent, L is an n-dimensional submanifold. This follows from the implicit function
theorem. Moreover the Hy, are a basis for the tangent space of L.

Recall the following result.

Theorem 7.20. A vector field X is tangent to a submanifold L = {g1 = go = -+ = g, = 0}

Example 7.21 (uncoupled harmonic oscillators). Let (¢,p) € R?*" be a coordinate system
and let o = dp A dg. Let w; > 0 be constants and put

1
fla:p) =5 > Pl +wiq
J
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be the Hamiltonian of a family of n uncoupled harmonic oscillators. Let
_ lz 2 20
5 2P T Wil
J

be the Hamiltonian of the jth oscillator. Then the f;s are uncoupled so {f;, fi} = 0. Let D
be the open submanifold f; > 0. We need to restrict to D because on the tangent spaces of
¢; = 0 or p; = 0, the df; are not linearly independent. We have

Hy = ij — 74 Op, -

Moreover

(q5(), 23 () = (g;(0) cos(w;t) + p;(0)w; " sin(wjt), p; (0) cos(wjt) — w;g;(0) sin(w;t)).

Interestingly, if we choose coordinates (z,&) € T" x R”! where

qj = | /wij cos(z;)

and p; = —/28w;sin(z;), then f(g,p) = >_;cos(§;) and dp A dg = d§ A dx. So the state
space of this harmonic oscillator is identical to the positive tangent space of a torus. In these
coordinates,

Qot(x7€> = (JI + twvé)'

7.5 The Liouville-Arnold-Jost theorem

Example 7.22. Take M = H? x R? and let

flxy.&m) = (E+ 7).

Then f; = f and fy = £ are integrals of motion. We should look for coordinates on which the
flow is linear. Doing this is far from obvious, but a theorem guarantees that such coordinates
exist for any completely integrable system.

Theorem 7.23 (Liouville-Arnold-Jost). Suppose that f = (fi,..., f,) are such that the df;
are linearly independent, {f;, f;} = 0. Let N = f~1(0). If N is compact and connected,
then N is diffeomorphic to T", and there is an open neighborhood U of N which admits
coordinates (z, &) € T"x Dy, where 0 € D; C R" is open, given by amap ¢ : T"x D! —— U,
and a local diffeomorphism p near 0 of R™ such that

ofou(€) =¢

and v is a symplectomorphism.
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In the coordinates (z,€), the action of the Hamiltonian is linear. Unfortunately the
construction of (x,¢) is far from easy in general; the Liouville-Arnold-Jost theorem is far
from constructive.

Corollary 7.24. If Hy is completely integrable then there are coordinates (z, &) such that
the Hamiltonian f only depends on &.

In particular, if the Hessian of f is nondegenerate in (x, ) then we can solve for £ using
the implicit function theorem, say V¢f = w. In this case there is a vector j orthogonal to
w, and quotienting out by the lattice generated by j, we end up with an irrational rotation.

We first prove a weak form of the Liouville-Arnold-Jost theorem, which intuitively says
that symplectic geometry is locally trivial.

Theorem 7.25 (Darboux). Let (M, o) be a 2n-dimensional symplectic manifold. Let A, B C
{1,...,n}. Let gj,pr € C® near py € M, j € A, k € B, and {¢;,q;} = 0, {pk,pe}
0, {pk,q;} = Orj. Assume that the dpy,dq; are linearly independent. Then there is a
symplectomorphism & from a neighborhood of 0 € R?" to a neighborhood of py, such that

* * _
K*'q; = 5, K"pr = &

To prove Darboux’s theorem we need another theorem of differential geometry.

Theorem 7.26 (Frobenius). Let Vi,...,V, be vector fields on R" and r < n. Suppose that
the V;(0) are linearly independent and [V}, Vi] = >, ¢reVi, where the ¢ji € C°° near 0.

If S is a submanifold of R" of codimension r such that 7S + span V;(0) = R™, then the
system of equations

Viu = f;

uls = ug

has a unique solution near 0 iff

Vifi =Vifi = cijifr

k

In addition, there are local coordinates (yi,...,y,) near 0 and a r X r invertible matrix
B = (bi;) of smooth functions near 0 such that

Oy =Y bV
j=1

Proof. We first show that the third paragraph implies the second paragraph. The condition
Vifi = Vifj = D> i Cijifr is invariant under linear combinations so it suffices to check when
Vi = 0, where S is given by (v1,...,2,) = h(2,41,...,2,). In this case the ¢;j = 0 and
we are being asked to check

8$ifj - a’L"JfZ =0

or in other words w = Z§:1 fj dzj is a closed form. Locally then it is exact, say du = w.
Then u solves the system of equations.
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We prove the third paragraph using induction on the dimension, say m. If m = 1 let
Vi = a(x)d, so a(0) # 0. Change coordinates to y so that dy = dz/a(x) and y(0) = 0.

Now if m > 2, we may change variables so that V} = 0,,. This is always possible for any
nonvanishing vector field. Without loss of generality we may assume that if j > 2,

Vj = Z bjfaﬁw
(=2

by subtracting off b;1V; from V. Let ' = (x,...,2,,) and change variables in 2’ using
induction so that if z; = 0,

V= bjda,.
=2

Thus we have discarded (Z,41, ..., 2,). Then
abjg r r
= V1Vj$z = [Vh Ve]ﬂfé = chjkvkﬂfz = chjkbk€~
Oy k=2 k=2
By uniqueness of ODE, it follows that b;,(x) = 0 for ¢ > r. O

Proof of Darboux’s theorem. We can assume py = 0. Set z; = ¢; and &, = p, where j € A
and k € B. By the linear Darboux theorem, we can extend (z, &) to a full set of coordinates
such that at 0, {z;,z;} = {&,§;} = 0 and {&, v¢} = 6re. In particular, Hy,(0) = —0, and
Hpk (0) = aﬂﬂk

Suppose J ¢ A (the case for B is similar). We must find ¢; such that {g;,¢;} = 0 and
{qs,px} = 9. We thus try to solve the equation

H,q; =0, Hpq =0k, q(x,&) =uxy,

when §; = 0 and z;, = 0. The solution to this equation exists by Frobenius’ theorem. O
An important special case to Darboux’s theorem is when A = () and B = {1,...,n},
i.e. we are given coordinates &1, ..., &, € C° such that d¢;(po) are linearly independent and

{&,&;} = 0. One then can find coordinates x1,...,z, such that ). d¢; A dz; is indistin-
guishable from the standard system of symplectic coordinates in R?".

Proof of the Liouville-Arnold-Jost theorem. Let ® : R*/T" — f~1(0) be our torus diffeomor-
phism, and 1y be a local diffeomorphism from close to 0 to close to p € f~1(0), such that
Yo f; = & and ¥§o is the standard symplectic form. Let ®; be the Hamiltonian flow.

If |¢] is small,

(I)t © ¢U(Ia g) = ¢0(JZ +1, 5)

We want to use this relation to define ¢, an extension of 1y. That would mean that for all
R there is a neighborhood of 0, Dy(R), such that ®,(1(0,€)) is well-defined for ¢t € B(0, R)
and £ € Dy(R). If not then there is an R such that for all r, there are |t| < R, and |¢] <7,
such that ®;(¢(0,¢)) is not well-defined. Then ®,(1y(0,&)) ¢ M which is impossible.

Let «; be the generators of I'.
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Lemma 7.27. The map 0 : B(0, R) X Do(R) — M, 6(z,&) = ®,(4(0,¢)) satisfies
' =Y dé; Ada;.
J

Proof of lemma. If (x,€) is small,

9(1’,5) = ®x(¢0(07€)) = Q/JO(IL',f)

and the claim follows from the fact that 1)y is a symplectomorphism.
Now put O4(z, &) = 0(x — s,£), which is defined on B(s, R) x Do(R). Then
0o = (Ps005)0c =0 Dio=0"0

—S S

SO

0°c =) d&; A (dx; — ds;)
J

but the standard symplectic form is invariant under translation. O

We want to find ~;(§) such that

This mimics the fact that 0(v;,0) = 6(0,0).
Now 9 (0(,0)) = (0,0) so if (y,7) is small, the definition

p(y,n) = vy (0(v +y,m))

makes sense (we put p(0) = 0). Then

&= fi(x, &) = ;00w +y,m) = fi(Wo(y,n) = n;

but p = ;"o 0., and 1, 0,, are symplectomorphisms, so p is a symplectomorphism. Then
prY A& Aduy = dn; A dy;.
J J

This follows by the lemma. So

for some function () such that

OQy _
a_n<0’0) = 0.

In particular if we put (z,£) = p(y,n) we have £ = n. Therefore, since 1), is injective,
Yo(y + 0cQr(§), &) = 10(0,€)
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implies that we have the differential equation

OQy,
+——=0.
) ¢
Thus y is determined by &. This uniquely determines the function ;. Now, by the group
property of ®,, we can translate 7 for all times, using the periodicity

Thus 6 : R™ x Dy — M is well-defined.
Now forget that k& was the index used to describe the generators of the lattice I', and use

it as a sequential index.
If we define I'(§) = {>_;m;7;(§)}, then we have a map

. R™ -1
O © — [ nNU.

Now this map is surjective, but to check that it is injective, we notice that we just need to
check when & is close to 0. If (2, &) and (2}, &) are sequences of points (necessarily not in
I') such that v — 0, zp — 2}, & I'(&), and 0(zk, &) = 0(x),&),). Passing to a subsequence,
we choose x, 2’ such that z;, — = and z}, — 2’. Then 6(z,0) = 0(2’,0), so z — 2’ € I'(0), so
there is a vy, € I'(&), such that d(xp — 2}, v) is small, but since I is discrete it follows that
vk is a constant sequence. Translating by v we have zj, — 2}, = 0. Thus close to any point
f¢ is injective, hence 6 is injective.

Finally we must “normalize periods”, i.e. find symplectomorphisms to replace I'(§) with
I'. This is accomplished by a map ¢ such that

oty dg Ndzy = dn; Ady;.
J J

7.6 The Toda lattice

We now consider the first example of a completely integrable system which is important in
practice.
Suppose we have n particles in RY, interacting according to the Hamiltonian

n

2
p B
H(q,p) = o+ > Vislai — 4p)-
j=1 J i<j
Here ¢; is the position of the ith particle and p; is its momentum.

Example 7.28. The planetary system is given by

Cii
Vile) =1
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for some ¢;; = ¢(m;, m;). Here

. m;
45 = E
and
Pj = —8qu(q)
where

—04,U(q) = m;g;.
Trying to understand this system (using 7th-order perturbation theory by hand) lead to the
discovery of Neptune.

Definition 7.29. Let W;(x) = e* be the potential, and N = 1. Here

n n—1
1 .
H(q,p) =§§ Py el
P

where the particles are lined up so —oco = qp < ¢1 < -+ < ¢ < @ny1 = 00. This system is
called the Toda lattice.

We observe that the total momentum
P=> p
J

of the Toda lattice is conserved. Since {P, H} = 0, the Toda lattice is completely integrable
when n = 2. But a miracle happens, and the Toda lattice is actually completely integrable
for all n. But the state space of the Toda lattice is not compact so we cannot use the
Liouville-Arnold-Jost theorem.

Theorem 7.30. There are integrals of motion F} for the Toda lattice, which are polynomials
in py and e% " %k+1,

To see this, we introduce Flaschka’s coordinates. Here

elai—gj+1)/2
where 7 < n and

where 7 < n. Then
aj = a;(bjr1 — b;)
and ‘
by =2(a —a;_)).
Now this is missing a dimension but note that s — (¢+(s,...,s),p) is an action of R on R?"

which preserves the system, namely translating all the ¢; by ¢, so we just need coordinates
on R#"~1 = R*"/R.
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Now let L be the matrix with b; on the diagonal and a; on the subdiagonal and super-
diagonal. Let B be the matrix with a; on the superdiagonal and —a; on the subdiagonal.

Then p
— =|B, L
dt B, L]

if and only if (¢, p) is a solution of the Hamiltonian flow.

Definition 7.31. A pair of matrices (B, L) such that dL = [B, L] dt if and only if the entries
of B, L satisfy a Hamiltonian flow H are called a Lax pair for H.

The fact that (B, L) is a Lax pair for the Toda lattice is a “miracle.” It completely
trivializes the study of the Toda lattice.

Example 7.32. The KdV equation is a PDE
Up = 6UUy — Uggy

which admits a Lax pair. Here L = —92 + u and B = —407 + 6ud, + 3u, are operators
acting on C'*°.

Note that L is symmetric, so it is diagonalizable and its eigenvalues are real. The a; >
0 since they are exponentials, and a computation shows that every eigenvalue has a 1-
dimensional eigenspace. In fact, if ¢ is an eigenvector for the eigenvalue A\ and we normalize
SO o, = 1, ag_1pk—1 + bxr = Ak, so ¢ is uniquely defined by the normalization and a
backwards recursion. Therefore L only has simple eigenvalues. Therefore \;(a,b), the jth
eigenvalue of L(a,b), determines a smooth function on Ri‘l x R™. This can be proven by
using the implicit function theorem on the characteristic polynomial of L when (a, b) is close
to 0.

In fact A; is constant on any flow.

Definition 7.33. Two matrices are isospectral if their spectra are identical.

We must show that the L(a(t), b(t)) are isospectral in ¢. To see this we solve the equation
AU (t) = B(a(t),b(t)U(1)

where U(0) = 1. This is a system of ODE, so U exists. Now U(t) is an orthogonal matrix,
since U(0) is and
d
dt
so U)TU(t) = U(0)TU(0) = 1. In other words, we have unitary of Schrodinger propagation.
We also can show that L(t)U(t) = U(t)L(0). By unitarity it suffices to show that
d

EU(t)TL(t)U(t) =0

and this follows by a straight computation:

(U@®)'UE) =0

UTLU + UTLU +UTLU = UTBTLU = UTLBU = U"[B, LU
=U"[L,BlU + UT[B, L)U = 0.
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Therefore L(a(t),b(t)) is isospectral. So

Fi(q,p) = tr(L(a,b)")

is a preserved quantity. In fact F} = tr L = —P/2, while Fy, = tr L? = H/2.
As we require, the dF}, are linearly independent. It suffices to show that the determinant

OF),

and we have Fj =3 AF.So

1 1
oF N N
k 2 2
det (8_>\]> =nl| N . A; :n!H)\j—Ai
: 1<)
Dt Ll

by Vandermonde’s determinant formula, which is nonzero since the eigenvalues are simple.
We must show that {F}, Fj,} = 0 and it suffices to show {\;, \;} = 0. Let A = \;, p = A,
Lo = Ap, and Ly = purp. Assume ||p|| = |[¢|| =1 and (¢, ) = 0. If f, g are smooth then

and the pushforward is along the change-of-coordinates ¥ : (p,q) — (a,b). So we just want
to show

{A\ ute=0.
Theorem 7.34 (Feynman-Hellman). Suppose L is a differentiable one-parameter family of
operators, and Ly = A\p, where \ is a simple eigenvalue. If ||¢|| = 1 then
A= (L), @)

Proof. Differentiating Ly using the Leibniz rule we have

(Le)' = (M) + A~ .
Now take the inner product with ¢ on both sides and use the fact that (||¢]|)’ = 1. O
We have

(91)].[4 = €j ® €;
Oo; L =€ @eji1 + e @¢j.

so by the Feynman-Hellman theorem,

81)],)\ = (p?
Ou; A = 204105
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Moreover
A b =Y (0500, A = @100, M) 0oyt — (00,0 — @510, ,1)O5, A
J
and plugging in the Feynman-Hellman computation,
_ 2 2
2{\ phi = Z(%%’%’H — ajpj-195)Y; — (a1 — apj-19;)¢;
J
We take the convention ag = a,, = 0. We introduce the Wronskian,
Wj = a;j(pj+1¢; — 0i¥j41)-

Here we are thinking of the v, ¢ as functions on finite sets, and viewing W; — W;_; as the
“derivative” of W;. In this sense W; is the Wronskian of ¢, 1.
In fact,

Wi = Wit = (A = p)pii;.
This can be verified by computing
Lipj = Apjv);
Lpj = papjp;

and subtracting the two lines.
It follows that

W2 —W2 = (A= p)(a051105 — aj_195-19;)07 — A)

where A is the same as the previous term but with ¢ replaced with ). Then
1 _
2{\ phe = AT,u ZW]'2 - Wj2—l = (A=) (Wy = Wg)
J

since the Wronskians telescope, and by our convention we have W,, = Wy = 0. So {\, u}. =
0.
Now define

z; = [(@j, en)l.
We will study the evolution of x. Let

f(z)={((z—=L)"en, en)

J

Since the a; > 0 it is no loss of information to replace a; with a?. Define

X:R™I X R 5 R x {z € R : ||z]| = 1}
((1,2,[)) — ()\,CU)

If we can invert x we will know how (a,b) and hence (g, p) evolves explicitly in terms of the
eigenvalues A\ and scalars x.
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Lemma 7.35. We have

X A
Moreover, this flow preserves the set {z € R, : ||z|| = 1}.
Proof. To see that ||z|| = 1 is preserved, we simply expand out the definition of ||z||,

differentiate it, and notice that ||z||" = 0. Moreover, if a; = logx;, then ¢ is Lipschitz and
so exists for all time by a Picard-type theorem.
As for the main claim,

S0

wi(t) = U(t)er(0).
Since -U = BU,

“pi(t) = Bt)er(t).
Then

(-0k(t), en) = an-1(pn, €n—1) + bpxk

S0

T = —A\pTg + by
Since ||z|| = 1, (]|z||)’ = 0, so differentiating,

0=—> N} + by
k

The system given by the lemma is easy to solve. Set

yi(t) = y;(0)e™"

and set "
j
T = .
Tl
Using this normalization,
T (t)2 e~ 2t

1,00 S an(0)e N
We can therefore view z as a linear dynamical system. Thus, if we can invert y, we will

explicitly have solved the system (g, p).
We can view the situation as a commutative diagram

(4(0),p(0)) —— L(0) —— (A, z(0))

| |

(q(2), p(2)) < L(t) < (A, z(t))




We are looking for the arrow (A, z(t)) — L(t).
Put

x
f(z) =((z = L) "en, ) = Z ’
Theorem 7.36 (Stjeltes). We have

f(z) = ;
Z_bn_ 2

b Pn—2
Z=0n—-1— Z—bp_o—--

Proof. Let L; be the matrix containing the first j rows and columns of L. Let A;(z) =
det(z — L;). By Cramer’s rule,

CEs=cy
Moreover,
Aj(z) = (z = b)) A 1(2) — a; 11 Ay o(2)

by the recurrence definition of the determinant. Here we take Ag = A_; = 0.
Let Pi = A]’/A]’_l, SO

a
() = 2 — b, — 21
10] (Z) z J pj -1
Here we take p1(2) = z — b;. Then p, = f~! gives the continued fraction expansion. O
Now f = P, 1/Q, where
n—1
P, 4(z) = Zx? Hz -\
i=1 i

and

7j=1
A straight computation gives
Qn(Z) = — 6 _ Qn*2(z)
Pnfl(z) Pn71<z)
Thus 1
f(z) =
B =5 ag(z)

where g = Q,_2/P,_1 and «, § are uniquely determined by z, A, and g is of the same form
as f, say




so o; is the residue of ;1; at z. Thus

1
0j = — > 0.
! af (1)
We now show that the Toda lattice admits scattering, i.e. we can determine its behavior
at t = 400 from its behavior at ¢t = —o0.

Theorem 7.37. There is a § > 0 such that ¢;(t) = ot + 8} + O(e™*") as t — 400 and
q(t) =a;t+B; + O(e%) as t — —o0, where \; < \iy1, of = —=2X\,_j41, and o = —2);.

Proof. a;j(t)* and b;(t) are rational functions of e=**. Thus they have asymptotic expansions

£onft o EonFt oo = =N i
cremt 4 cfemt + as t — oo and ;- = >, mj; A; where mj, € Z.

Now .
2
/ @ — a2 | = by(ty) — by(t)
t1

telescopes, and since 2 ) ; b? +4>° ; a? is a conserved quantity a sum of b; must be bounded.
Therefore a? € L'(dt). Since a; has an asymptotic expansion in exponentials, it follows that
a; — 0. Thus L(t) — L(%o0) which is a diagonal matrix. Solving a;/a; = bj+1 —b; we have
bj(+00) = Ay—j1 and b_;(—o00) = A;. O

So the velocities are not just permuted, but are reversed in order.

7.7 The QR algorithm

We now apply the theory of completely integrable systems to study a diagonalization algo-
rithm from numerical linear algebra. It was voted among the top ten algorithms of the last
century, along with the fast Fourier transform, which confusingly was discovered by Gauss
long before the last century.

Theorem 7.38. For every invertible real matrix A there is a unique factorization A = QR
such that R; > 0, @ is orthogonal, R is upper triangular.

Proof. Let A= [a;---a,]. Since A is invertible the a; are linearly independent, so apply the
Gram-Schmidt algorithm to A to obtain an orthogonal matrix (). Let

(er,a1) (e1,aa)

R = 0 (e2,az)

then A = QR. If Q1R; = Q2Ry then Q;'Qy = RyR;' so RyR;* is an upper triangular
matrix which is positive on the diagonal and yet has determinant 1, so Ry = R;. [

Given A = QR, let T(A) = RQ. Note that
T(A) = Q"QRQ = Q™' AQ.

Thus T(A) and A are isospectral, and T preserves the space By, of self-adjoint matrices.
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Theorem 7.39 (Kublanovskya-Francis, 1961). If A is positive-definite and self-adjoint with
simple eigenvalues then
lim 7T"(A) = diag(\;)

n—oo

where \; are the eigenvalues of A, \; > \;y1.

That is, T is a discrete isospectral system which converges to the diagonalization. This is
analogous to the Toda lattice, where we had a continuous isospectral system which converged
to the diagonalization. We proved that the convergence of L is exponential, namely that

[1L(t) — L{co)|| = O(exp(—2t min(A; — Aj—1))).

Let J be the space of tridiagonal matrices such that the subdiagonal and superdiagonal
are positive and identical. An algebraic computation shows that 7" sends J to tridiagonal
matrices. Recall from Toda lattice theory that there is a diffeomorphism x : J — {(\, z)}
where \; > X411 > 0, A is the spectrum of the preimage L, x; > 0, and ||z|| = 1. Here z is
defined by the property that if L = UAU* then x = U*e;.

Lemma 7.40. Let
(A 2*) = x(T*(x (A, m0))).
Then
[[AR20||2F = AF2O.

Proof. 1t suffices to check this when £ = 1. This can be checked by noting that the unitary
matrix U; obtained by diagonalizing T'(A) is given by the Gram-Schmidt algorithm. O

Recall that the Toda flow is given by

At
0
(1) = QMA
[le2z(0)]]
Similarly we here have
k_ et (0)
|l (0)]]
where A = log A. Thus in the coordinates (z,A) the QR algorithm is a discretized Toda
flow, provided that our initial conditions were tridiagonal.

We now construct a discrete Lax pair for the QR algorithm. For any matrix A, we may
uniquely decompose

A=ngA+m A

where mgA is anti-self-adjoint and m A is lower triangular. In fact, mgA is given by taking
the part of A above the diagonal and reflecting it over the diagonal. Given a continuous
function G : R, — R we extend it to self-adjoint matrices L by

G(L) = UG(A)U*

where LU = UA is the diagonalization of L given by the spectral theorem and G acts on
diagonal matrices pointwise. This is a functional calculus for self-adjoint operators. Let
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Bg = ms o G. Then the map L — [Bg(L), L] preserves tridiagonality. This can be easily
checked for G()\) = A\* and then may use a variant of the Stone-Weierstrass theorem. One
may then check that if we define

then -L = [Bg(L), L]. For appropriate G this gives a Lax pair for the QR algorithm.
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Chapter 8

Complex dynamics

8.1 Siegel’s KAM theorem

Let U,V be neighborhoods of 0 in C. Assume f : U — V is holomorphic, f(0) = 0,
f'(0) = ¥ where 6 is an irrational angle. We would like to find a conformal transformation
¢ defined locally near 0 which conjugates f to rotation by e?™. If this is the case, we will
have lots of invariant sets for f, namely the p-image of circles centered around 0. Whether
this is possible depends strongly on number-theoretic properties of 6.

One can view the rotation 2™ as a simple Copernican model of the solar system; then the
real solar system is a slight perturbation, and we would like to know that it is quasiperiodic.
That is, a slight perturbation of f preserves the dynamics.

Theorem 8.1 (Siegel). Suppose that 6 is diophantine in the sense that there is a C' > 0
and p large enough that for all p,q € Q,
¢

e

q

Then there is a conformal transformation ¢ such that

flo(2)) = (™).

We first show that there are diophantine numbers. Let u > 2. Let E be the set of all 8
such that for infinitely many p,q, |0 — p/q| < ¢~*. Then for every n,

Ec|JUb/a—a" p/a+a"

q>n p=0

SO

Bl <)) 2 =0mn*")

gzn p=1

so F has measure 0, hence most numbers are diophantine.
So fix a diophantine number 0 and let A = ™.
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We now observe that if

flp(2)) = p(Az),
then ¢ is automatically injective, hence conformal by the inverse function theorem. In fact
if p(z) = ¢(w) then

p(Az) = f(e(2)) = f(e(w)) = p(hw)

and iterating we see that

p(A"z) = p(X"w)
but the A"z are a set with an accumulation point, and if two holomorphic functions agree
on a set with an accumulation point then they agree everywhere.

Lemma 8.2. There is a ¢ iff there is a § > 0 such that f"(z) is a bounded sequence if
2| <.

Proof. 1f ¢ exists then
['(2) = e\ (2))

which is obviously bounded.
Conversely, assume a bound M exists and let

miz) = L3 )

be the ergodic average. By assumption |h,(z)] < M. By the Cauchy estimate for the disc
|z| < /2,
2M
|h;(z)| < T

so by the Ascoli theorem, we can pass to a Cauchy subsequence and assume lim,, h,, = h in
C°. By Morera’s theorem h is holomorphic, and

n—1

1 —m\ym
h;(O):EE:)\ A" =1

m=0

so h'(0) = 1 and by the inverse function theorem A has a conformal inverse (. O
We now show that some hypothesis on 6 is necessary.

Theorem 8.3 (Pfeiffer). There is a 6 such that for any polynomial f of degree > 2, no ¢
exists.

Proof. Assume
f(z) =2+ + Az

Assume ¢ exists and is defined if |z| < 0. Let z1,...,24_1 be the nonzero fixed points of
f™, which exist since f’(0) = A # 0. Then they are nonzero zeroes of

ffz)—z=2"+- +(A\" = 1)z
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By assumption, |z;| > ¢; since |z| < § is conjugated to rotation. Thus

0" < s" < T Nl = A" =11,

J

The last equality is true because the z; are zeroes of a polynomial whose constant term is
A" — 1. So we must find a # such that for every d,d we can find an n such that

57 > A — 1.

For some sequence ¢ € N, to be determined, let

o0

0= 22—%.

k=1

Then

|1 _ )\2‘1k| ~ DIk k41
Assume 6% < |\ — 1], so

5d2qk _ O(QQk_Qk-&-l)'

Thus
qk+1 = Oé(dz%)-
Now let
log g1 > ke
which is a contradiction. ]

We now prove Siegel’s theorem. Siegel used an extremely complicated number-theoretic
proof, but we will give Moser’s proof, which easily follows from KAM theory.

Proof of Siegel’s theorem. Our goal is to construct ¢ with the desired properties, which in
particular imply
o(z) = 24+ O(z2).

Thus we define ¢(z) = z + 3(2) so ¢(z) = O(22), and write f(z) = Az+ f(2). As in the case
of the cat map, we want to solve the equation

A~

P(Az) = Ap(2) = f(z + &(2))
for ¢. Unfortunately the cat map was hyperbolic, while the dynamics here are rotational.
Let -
f(z) = Z b 2"
n=2

Linearize the equation we want to solve, we get a function

W)= e

n=2
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such that

Solving the Taylor series we have

Cp =

A — )\
Since 0 is diophantine, there are C, u such that
M”—H1<O—<
1!

Moreover | f/(z)| < 8 if |z] < e for some ¢ > 0.
In fact, Cauchy estimates give us

J

bl < =

Assume 1 < 1/5 and 7 is much smaller than . Then if |z| < (1 — n)e,

b~ Jby i - = S
|¢|§Z;|)\j_])\|gj L1 — ) Z G+ (G+p—1)(1—n) 1:77#+1
]: :

where we used the Newton binomial formula. Thus if C'§ < n#*2, which is possible if € and
hence ¢ are small enough, if |z| < (1 — n)e then

[0'(2) <
Thus o carries D(0,e(1 — 41)) — D(0, (1 — 37)) and similarly if |2] = £(1 — 1),
[(2)] = |2+ ()] > e(1 - 2n).
Assume |w| < e(1 — 27) and |2| = £(1 — 7). Then
lwl = |(z) = (U(z) —w)| < [¢(2)]-

By Rouche’s theorem, ¢ and ¢ — w have the same number of zeroes in D(0,(1 —7)). Then
1 is a bijection D(0,e(1 —n)) — D(0,e(1 — 2n)). We thus have a diagram
D0, (1 — 4)) — D(0,2(1 — 3n)) —L— D(0,2(1 — 2)) = D(0,(1 — 7).

Let ¢po g = f o1, so g carries D(0,e(1 —4n)) — D(0,e(1 —n)).
We now estimate g, where g(z) = Az + g(z). We have ¢ o g = f o 4. Thus

Therefore



Since f(2) = h(Az) — M (2),

~ ~

9(2) = ¥(A2) = bz + §(2) + f(z +1(2)) — f(2).
Let
O = ey 9
Then

C < sup [¢'|C + sup | /| sup || < Cy + §sup |4)).
We apply Schwarz’ lemma to V' to see

02|

[ (2)] < T e

Integrating both sides, we bound || and see that

2

Co
C<Cn+ 277u+1<1 —n)e.
Solving for C,
ax [g] < ol” “Hle
max —_—
D(0,(1—4n)e) 9= 2 g
By a Cauchy estimate,
1 cp0?
) < 5

if |z| < (1 —5n)e.
We now iterate: let go = f, and let 1,11 © Gni1 = Gn © Uny1. Let m = a¥ny, o < 1, and

R=c[J1-5m>0.
k

Then |§| < 8, <7+ — 0. So g, — X and

f O ¥n = Pndn-

A calculation using a Cauchy estimate shows that |11 — ¢n| < 0,C — 0, so the ¢, are a
Cauchy sequence, say ¢, — ¢, and fop =@o . ]
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Chapter 9

Entropy and information theory

We now consider a way to measure the complexity of a dynamical system. Though this was
originally motivated by thermodynamics and statistical mechanics, it did not come to full
form until work of Shannon in 1948.

9.1 Shannon’s axioms of entropy

Fix a probability space (X, X, ) and a partition P = (F;); of X (so P, N P; is empty and
U; P = X). Let p; = u(P,), so p; is the “probability of finding a particle in P;.” Entropy is
supposed to measure the “uncertainty” of the box P; that we find the particle in.

Equivalently, we seek motivation from ergodic theory. Let (X, 3, ;,7;); be a family
of measure-preserving systems. Recall that (X;,77), (X2, 75) are isomorphic if there is an
isomorphism of measurable spaces ¢ : X; — X5 such that ¢ o T} = T; o . (Note that ¢ is
not assumed to be an isomorphism of measure spaces.) We want an invariant which allows
us to distinguish two measure-preserving systems. (This is analogous to algebraic topology.)

We want a function H defined on probability vectors p € A, where p; = u(FP;) is
obtained from the partition P, and A,, is the n-simplex, and H : A,, — R. In this case, we
let H(P) = H(p). We want H(p,0) = H(p) (so adding an empty set to the partition does
not affect the complexity) and k — H(1/k,...,1/k) is increasing (so complexity increases
as the partition gets finer).

If Q is also a partition, we let PV Q be the set of all intersections of entries in P and in
Q. We will demand

H(PVQ)=H(P)+ H(QIP)

W@NP) QN P)
H(QIP) = ) (P ()

is the “conditional complexity” of Q given that we know P. These conditions on H are
known as Shannon’s axioms.

where

Theorem 9.1 (Shannon 1948). Suppose H satisfies Shannon’s axioms; then there is a

constant K > 0 such that
H(p)=-KY pjlogp;.
J
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Notice that this implies that H is (up to a choice of Boltzmann constant, which amounts
to a choice of physical units) the thermodynamic entropy, where j ranges over a set of
microstates, as defined by Boltzmann.

Proof. Define
h(n)=H(1/n,...,1/n).

Assume n = kl, say p; = 1/k, ¢; = 1/{, where p, ¢ arise from partitions P, Q respectively.
Then

h(n) = h(kl) = H(PV Q)= H(P)+ H(Q|P) = h(k) + % Z h(€) = h(k) + h({).

i=1

Therefore h is a multiplicative-to-additive isomorphism. The only such isomorphism defined
on integers which is increasing is log. In fact, we can use the monotonicity to show that for
any n, if £ >/,

b -

Then if 7 is a rational point in A, one can use this to show that H(p) = czj p; logp;.
Continuity extends this to all of A,,. m

Definition 9.2. If p is the probability vector corresponding to the partition P of a fixed
measure space, we define the Shannon entropy by

H(P) = H(p) = —ij log p;.

9.2 Conditional entropy

We now give a more abstract setup for Shannon entropy. Given { = {4;}, a partition of
(X, X, p), let {(x) = A; where x € A;. Then the join V/, &; is defined by

(v@>uw=ﬂau>
Definition 9.3. The information function I1(§) of £ is defined by

I(§,z) = —log pu(&(x)).
Then entropy satisfies

mozémgwwmy

Indeed, I(€,-) is constant on any A;, so it follows that

[ 16) duto) = - S g,
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Definition 9.4. Let A C ¥ be a sub-c-algebra. The conditional entropy of £ with respect
to A is defined by

H(E|A) = Z / (4,1 4) log(E(A,].4)) dj

Here

E(AJA) = E(14]A)
is the conditional expectation. If A is generated by a partition 7,

1

E(f|A)(x) = 1((@)) oy

[ du,

and we write E(f|n) = E(f|A). In particular,

p(A N (x))
p(n(r))

Unravelling the definitions, H(£|n) agrees with the previous definition for conditional entropy
that we gave.

We think of H({|n) as the entropy given that we know everything about 7. In particular,
H(&|X) = 0 (where X is the o-algebra). To see this, note that E(f|¥) is constant for any
f, so E(AJA) € {0,1} and hence E(A|A)log E(A]A) = 0. On the other hand, H(§) =
H(£1{0,X}). More generally if A C B then

E(Aln)(z) =

H(&) = H(E|A) = H(¢|B) = 0
If T is measure-preserving then
H(¢[A) = H(T [T A).

In particular H(§) = H(7'€). We also have H(¢ V) < H(E) + H(n).

9.3 The entropy of a group action

Let (X, %, u, T') be a measure-preserving system.

Lemma 9.5. For any partition &, the limit

N-1
]&513)0— (\/ T Jg) _i%fH(\/OT‘jg) > —00.

=H (j&/ﬂlT—j{) .
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Since H({ V) < H(E) + H(n), we have
0 <anym < an +anr,

Therefore

. an . an
lim — = inf — > —o0.
N—oo N N—oo N

Definition 9.6. Let
. N-1
— 1; . —J
WT.§ p) = lim —H (\/OT 5) :
J:
Then we may define the entropy of the transformation T" by

T, p) = Sup h(T,¢&, ),

¢ ranging over all finite partitions of (X, X, 1) into measurable sets.

We have h(T,n) < h(T,§) + H(n|§). Moreover,
WT.€) = lim H(g|\/ T™%).
i<N

Trivially, the o-algebra generated by 71/ <k T ~J¢ is contained in the o-algebra generated
by T—! Vi< T—¢, so if we let

by = HEIT™\/ T7¢)
i<k

then the b, form a decreasing sequence, and is bounded from below, so say b, — b. In
particular, by converges in Cesaro mean to b, so

lim H(\/T7¢) = Jim H(|T \/ T7¢).

N—oo
i<k i<k

Example 9.7. Take the partition &, Ay = {z : x > 0}, A; = {z : x < 0} of the circle
St ={(z,y) : 2* +y* = 1}. Let T be the irrational rotation, so at each stae \/,_, T~/¢ has
2 more sets than the previous stage. Thus

N-1
H\/ T7¢ <log2N

j=0
and dividing both sides by N and taking N — oo we see that
(T, &) = 0.

On the other hand, for any transformation, h(7T?) = qh(T), so if T is a rational rotation
of denominator ¢, 77 = 1 and h(1) = 0. Therefore h(7) = 0. More generally, this implies
that any periodic transformation has 0 entropy.
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The definition of h(T') is slightly useless because one cannot easily take a supremum
over partitions. However, Sinai, a student of Kolmogorov, found a less useless equivalent
definition.

Definition 9.8. Let (X, X, u,T) be a measure-preserving system. A partition & is said to
be a one-sided generator of 3 if ¥ is the o-algebra generated by

{A:3j(AcT¢)}
modulo p-null sets.

Theorem 9.9 (Sinai-Kolmogorov theorem). If (X, %, p, T') is a measure-preserving system
and ¢ is a one-sided generator of 3, then A(T, &) = h(T).

Example 9.10. For (S',%, 4, T) an irrational rotation and ¢ the above partition, £ is a
one-sided generator, so h(T,&) = 0.

Theorem 9.11 (martingale convergence theorem). Let {£,,} be a sequence of o-algebra such
that &,41(z) C &,(x). Let A the o-algebra generated by |, &,. Then for any event A,

lim E(A[E,) = E(AJA)
in L2,
We take this as a black box.
Proof of Sinai-Kolmogorov theorem. By the martingale convergence theorem,
WT€) = lim H(T )

if &, refine to &. In fact, if € is a one-sided generator and we put

n

&=\T7
j=1
this means
WMT,&) = H(EIT'S).
Now take .
&=\ T7¢
§=0

which actually generates all of ¥. Thus for any partition 7,
lim H(n|¢,) = H(n|X) = 0.

Also
h(T,n) < h(T,&,) + H(nlén)

so taking the limit,
hT,n) < MT,¢)

and taking the supremum of both sides over 1 we get the claim. O
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Corollary 9.12. Suppose that we are in the situation of the Sinai-Kolmogorov theorem but

n

V e

j=-n
generates Y, instead of \/;Z:0 T3¢ Then (T, &) = h(T).
Proof. The proof is the same. m

Example 9.13. Kolmogorov formulated the definition of entropy to try to understand a
question of von Neumann: which asked if there was a measure-theoretic sense in which
rolling a die is more complex than flipping a coin. In fact their entropies are not the same,
and so as measure-preserving systems they are not isomorphic.

To see this, take the one-sided Bernoulli shift 7" on k letters with probability vector p. Let
C, be the cylinder set of Cantor space k* generated by the string o. Let ¢ be the partition
generated by all C,s where ¢ has length 1.

Then

1 1
= == 1 -_ _n+1 = i —_— DY DY
WT) = hT,¢) = lim —H(T™""¢) = lim — | E_ Poo *** Doy 108 Doy * Do,

Thus
1 n
hT) = — lim — Zpgj log po, .
7j=1

n—oo N 4

Thus if we have uniform probability vectors (1/n,...,1/n) of length n then h(T) = logn.

Example 9.14. The entropy of the cat with eigenvalue X is log A\. This is a tedious compu-
tation that we omit.

Example 9.15. Let E,,(z) = = mod 1 be the circle multiplication map with winding
number m € (0,1). Let

E={{/m,L+1/m): (}
be a partition, then
T7¢={(¢/m™ 0+ 1/m’*1) - £}

which clearly generates the Borel o-algebra > as n — oo. Then

m’—1
1 1 1
— — 1 —ntley g —
h(T)_h(T’S)_,}gI;OﬁH(T §)—nlggloﬁ ;:0 W—logm.

9.4 Topological entropy

We now relate the entropy defined above (which we now call metric entropy) to topological
entropy defined in the sense of metric spaces (confusingly enough.)

Fix a compact metrizable space X and a continuous transformation 7 : X — X. Any
compact, second-countable Hausdorff space will do, by the Urysohn metrization theorem.
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Definition 9.16. Given an open cover U of X, we define the covering entropy
HU) =log mvin card V

where V ranges over all finite subcovers of U.

So an extremely complicated cover with lots of barely overlapping parts has very high
entropy.

Definition 9.17. The topological entropy of (X, T) is

n—1
1 )
hiop(T,U) = lim —H(\/ T7U).
n—oo 1 j:()
We define
htop(T> - Slzf-{p htop (Tu u)

The entropy hi,(T) is supposed to measure the exponential growth of the orbits of 7'
In fact we can give counting laws for the number of periodic points in terms of hy,,. But we
will not do that today.

Henceforth let M(T') be the space of T-invariant Borel probability measures on X.
We proved previously the Krylov-Bogolibabov theorem, which guarantees that M(T) is
nonempty, convex, and compact, and its extreme points are the ergodic measures of T'.

Theorem 9.18. We have
T)= :
hiop(T') nax h(p)
Here the maximum is achieved because M(T) is compact.

Example 9.19. The Cantor space m® is metrizable as witnessed by
d(z,y) = g™

where 6 € (0,1) is fixed. This is actually an ultrametric; i.e. all triangles are isoceles.
The topological entropy of any shift is

hiop(T) = logm,

and this is attained by the cover by open cylinders; any other cover would add inefficiency.
We were interested in Bernoulli probability measures on m* and they had metric entropy
log m if the probability was distributed correctly. So topological and metric entropies agree
here.

Proof that h < hy,,. Given a Borel partition £ and a Borel measure p we will find a cover U
such that
h(T,€) < higy(T,U) + 1 + log 2

and hence
hu(T*,€) < hiop(TF,U) + 1 + log 2
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which implies

1+ log?2
hM(T7 5) S htop(Tau) + Tg

and taking the limit as £ — oo the claim follows.
Let £ = {Ay,..., Ax} be a Borel partition. Since p is Borel, there are C; so that p(A; \
C;) < 1/k. This gives a new partition

n=A{C,...,Cr, X \I_, C;
by closed sets, plus an open set, such that
hM(Ta 5) S hM(T: 77) + 1

Let
1#]
then the U; form an open cover U of X.
Since £ was a partition, for any U; there is an € U; such that x ¢ U; if i # j. In
particular, U is a coarse cover in the sense that it has no proper subcover, and

H(U) =logcardU = log k.
Moreover,
n—1 n—1
card \/ T’jn < 2™ card \/ TU.
j=0 §=0

Here we are using the inequality
(k+1)" <2"Ek",

the fact that cardnp = k + 1, that U is coarse, and that cardU = k.

Thus . .
H(\/ T7n) <exp H(\/ T7U) + log2,
§=0 7=0

SO
hu(T,€) < hu(T,n) + 1 < hygp(U) + 1 4 log 2.

For the converse, we need to use the metric properties of X.

Definition 9.20. The Bowen distance of T is given by

dn(2,y) = max d(T’ (), T (y))-

The Bowen ball is defined by

B(z,e,n) ={y € X : d,(z,y) < e}.
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If d,(x,y) < e, then until time n, the orbits of x and y must remain within ¢ of each
other. For hyperbolic systems with positive Lyapunov exponent, this requires that either n
be very small, or d(z,y) be very small.

Definition 9.21. We say that A C X is (n,¢)-spanning if
U B(a,e,n) = X.
acA

The spanning number of (n,e) is

Span(n,e) = mjn card A

where A ranges over (n,€)-spanning sets.
Such sets must exist since X is compact.

Definition 9.22. The separating number of (n,¢e) is

Sep(n,e) = max card B

where B ranges over sets such that whenever z,y € B either x = y or d,(z,y) > . The
covering number of (n,e) is
Cov(n,e) = ngn cardU

where U/ is an open cover by sets whose Bowen n-diameter is at most ¢.

Then
Cov(n,2¢) < Span(n,e) < Sep(n,e) < Cov(n,¢).

Definition 9.23. The Bowen entropy is defined by

|
HL(T) = Jim 20800V (:€)
n—o0 n
Lemma 9.24. We have
htop(T) = sup He(T)

e>0

Proof. Fix U. Let § be the Lebesgue number of ¢. Then

n—1
exp H(\/ TU) < Span(n, §/2)
§=0
SO
hiop(T') > sup Ho(T').
e>0
Conversely, if the diameter of every set in U is < € then
n—1
Sep(n,e) < exp H(\/ T-U)
5=0
which proves the converse. O
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Proof that ht < sup, h,,. For every n choose E, C X to be (n,¢)-separated and maximal.
Let v, be the uniform probability measure on FE,, which extends to an atomic measure on
X (just put delta functions at each point in E,,).

Let

where S, denotes pushforward by S. Here the set F,, = U?;& T'E, is (0, ¢)-separated and
4y 18 a uniform measure on Fj,.

Then | iE
og card F,
H.(T) = limsup g—’
n—oo n
and we pass to a subsequence where this sequence converges. We then pass to a subsequence
again, using compactness of M(T'), to find a limit point u of the .
We then construct a Borel partition { = {Ay, ..., Ay_1} of X such that u(A4;) < € and

1(0A;) = 0. Then

n—1 n—1
; —Jj¢e)y — —Jj
5=0 §=0
as a computation will check, and so
1 1 v 1
lim —1 dE, = lim —H(v,, \/ T77¢) < =H(u, \/ T
lim —log car Jim = H (v, \/ T7¢) < ~Hu V1)
Jj=0 j=0
and we now take ¢ — oo. O
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Part 111

Operator algebras
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Chapter 10

Banach algebras

Definition 10.1. A Banach algebra is a Banach space equipped with a bilinear, associative
multiplication such that

[lzyll < [yl

If * is a linear involution on A such that (zy)* = y*z* and 1* = 1 if A is unital. then we say
that A is a *-algebra.

Definition 10.2. Let A be a x-algebra. If one has the C*-identity
lo* ]| = |,
then we say that A is a C*-algebra.

For example, if H is a Hilbert space, then B(H) is a C*-algebra. Later we will learn that
sub-k-algebras of B(H) are the only examples of C*-algebras.
Often the norm topology is too strong, so we introduce a new topology which is weaker

on B(H).

Definition 10.3. The strong operator topology is the locally convex topology on B(H) de-
fined by the seminorms
Pe(T) = [[T¢]|.

In other words, a sequence converges in the strong operator topology 7,, — T iff for each
e H, ||(T, —T)YE|| — 0. So the strong operator topology is the topology of pointwise
convergence.

Definition 10.4. A von Neumann algebra A is a sub-kx-algebra of B(H) which is closed in
the strong operator topology.
10.1 The spectrum

Fix a Banach algebra A.

Definition 10.5. Let a € A. The spectrum o(a) is the set of z € C such that o(a) — 2 is
not invertible. The resolvent p(a) is the complement of o(a).
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Lemma 10.6. Let a € A. If ||a|]| < 1 then 1 — a is invertible with inverse

o0

(1—a)'= Za".

n=0

Proof. The partial sums converge since ||a|| < 1. Therefore

o n n
(1—a) Oa":(1—a)nli_>nc}ogak:nli_>ngo§ak—ak1:1
n= = =
since the summands telescope. O

In particular, if ||1 — a|| < 1 then a is invertible.

Definition 10.7. The general linear group of A is GL(A), the group of invertible elements
of A.

By the above lemma, there is a ball B around 1 contained in GL(A). By continuity of
translation, we can carry B to be centered at any point of GL(A). Therefore GL(A) is an
open set.

Proposition 10.8. The function z + (2 — a)~! is holomorphic on p(a) U oco.

In this case, holomorphy is indicated by local existence of a convergent power series.

Proof. We have

o0
(a—2)7" =3 (a—2) "z - z)"
n=0
for each zo € p(a) and z close enough to zy that the power series converges. To see that the
function is still holomorphic at oo, notice that

(a—z)t=21—-az)™

which vanishes as z — 0. Replacing z by 27!, we see that the function is bounded close to

infinity, and continuous, so holomorphic there. ]

We now observe that the usual proofs of Cauchy’s integral formula and its friends such as
Cauchy’s estimate and Liouville’s theorem go through even in case of holomorphic functions
U— A, U C C open.

We now come to the famous Gelfand-Mazur theorem, which can be thought of as a
“restatement of the fundamental theorem of algebra” for our purposes. For the notation,
recall that the map z — z1 is an embedding of C in any Banach algebra.

Theorem 10.9 (Gelfand-Mazur). If A = GL(A) U0, then A = C.

Proof. Let a € GL(A) and assume towards contradiction that a ¢ C. Then the resolvent
2+ (a—2z)7! is a holomorphic function defined on the Riemann sphere, so constant. Taking
z = o0, the resolvent is identically 0, but also identically a~' (taking z = 0). This is a
contradiction. O

Notice that this fails over R, as witnessed by C as well as the quaternions H. This is why
we study Banach algebras over C.
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10.2 Ideals

Let I be an ideal of A. It is immediate that the norm-closure I is an ideal. Moreover,
since GL(A) > 1 is open, if I is a proper ideal, then I does not meet GL(A) and so I does
not contain 1, so - preserves propriety. Therefore maximal ideals are closed. Moreover, for
continuous morphisms, kernels are closed, so we might as well only study closed ideals.
If I is a (left, right) ideal then A/I is a (left, right) module over A, equipped with the
seminorm
lall = infla — |

In case [ is closed, this seminorm is actually a norm, and complete since A is complete. So
we end up with a Banach space.

Definition 10.10. A Banach module over A is an A-module M which is a Banach space,
such that
llam|[ar < [lal[allm|]ar-

It is not very hard to check that M = A/I is a Banach module. In fact, for b,c € I, we
have
lam||ar < [[(a = c)(m — d)|[a < [la —c[[allm — d]]a.

Taking the inf over ¢, d of both sides, we have
[lam||ar < [lallallm]|as-

In case [ is two-sided, M is a Banach (A, A)-bimodule, or in other words, a Banach algebra.
In what follows we use Hom(A, B) to mean the K-algebra of morphisms of K-algebras
A — B over some field K (which is usually C).
If I is a maximal ideal, therefore, A/l is a field, and so A/l = C by the Gelfand-Mazur
theorem. But a maximal ideal gives a epimorphism A — C, and conversely, the kernel of

a such an epimorphism is a maximal ideal. This gives a bijection between the maximal
spectrum of A and Hom(A, C) \ 0, which we call A.

Lemma 10.11. Let K be a field and A a unital K-algebra. Let ¢ € Hom(A, K). Then if
a€ A pla) €ola).

Proof. We have p(a — ¢(a)) = 0. O
Lemma 10.12. If ¢ : A — C is a nonzero morphism, then ||p|| < 1.
Proof. p(a) € a(a) so [|p(a)]] < la]] N

Therefore A is contained in the unit ball Aj of the dual A’. Since nets in A act con-
tinuously on A, their pointwise convergence preserves operations of A. So A is closed. In
particular, the Banach-Alaoglu theorem implies that A is a weakstar compact Hausdorft
space.

Definition 10.13. Let a € A. The Gelfand transform a is the function

a(p) = ¢(a),
for ¢ € A.
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A

Notice that [[@[| ~4) < [lalla and a(A) C oa(a). Conversely, let A € oa(a). Then
a — X is not invertible, so there is a maximal ideal I/ O (a — A) and an epimorphism ¢
such that kerp = I. Thus A € a(A). Therefore A = g 4(a), but the proof of this is highly
nonconstructive.

Example 10.14. Recall that ¢y(N), the set of x € ¢*°(N) such that x,, — 0 as n — o0, is
a closed ideal of A = ¢*°(N). Therefore there is a ¢ such that ¢(co(N)) = 0. But, in fact,
A = BN, where § is the Stone-Cech functor. It follows that it is consistent with ZF without
the axiom of choice that ¢ does not exist.

Definition 10.15. Let a € A. The spectral radius of a is

r(a) = )\I?;L(i;) |A]-

Equivalently, r(a) = [|al[ e 4)- Therefore we have r(ab) < r(a)r(b).

10.3 The holomorphic functional calculus

As usual, let A be a commutative Banach algebra.

Definition 10.16. Let a € A and let f be a holomorphic function on D(0, ||a|| + ¢). Put

f(z) = Z apz”.
n=0

The holomorphic functional calculus is the morphism f — f(a) defined by

fla) = Z apa”.
n=0

The Taylor series of f converges uniformly absolutely on D(0, ||a||), so the partial sums
of f(a) form a Cauchy sequence in A. Therefore f(a) is a well-defined element of A, and
we can think of f as a mapping U — A, where U consists of elements of A that are small
enough. If f is entire, then f lifts to a function A — A.

Theorem 10.17 (spectral mapping theorem). If A € o(a) then f(\) € o(f(a)).
Proof. We have

fla)=f) =) an(a" = X") = an(a—A)(a" +a" A4+ AT
n=0 n=0
=(a—A)b
for some b, if we can show that the partial sums are a Cauchy sequence. In fact
la"™! 4+ AT < nfaf["
which is the right-hand side of f/(||a||) (which clearly converges, so partial sums are Cauchy).

Therefore f(a) — f(A) = (a — A)b. Soif f(a) — f(A) is invertible, then so is a — . O
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Chapter 11

C*-algebras

11.1 Weights

Definition 11.1. Let A be a sub-x-algebra of B(H). A map w : AT — [0, 00] is a weight if
w is additive and if w(ta) = tw(a) whenever ¢ > 0.

Fix a weight w. By m,, we mean the span of the set of positive a such that w(a) < oo, and
by m* we mean the closure of the set of positive a such that w(a) < oo under subtraction.
Clearly w extends uniquely to m>* by w(b — ¢) = w(b) — w(c). So w extends to a positive
linear functional on m,, in the obvious way. On the other hand, if ¢ is any positive linear
functional on B(H), then ¢ is a weight such that m, = B(H).

Now we define n, to be the set of a € A such that w(a*a) < oo, which is clearly a
subspace of A.

Lemma 11.2. n, is a left ideal of A.

Proof. f T'> 0 then

(S*TSE,€) = (T8¢, S¢) < [|T|]]|S¢]f?
= |IT11{S¢, 5&) = |IT]|(5*5¢, €).

Soifd € A and a € n, then
(da)*da = a*d*da < ||d*d||a*a = ||d||*a*a

whence
||lw((da)*(da)) < [|d|[Pw(a*a) < oco.

Definition 11.3. If w(a*a) = w(aa®) then w is tracial.

Clearly if w is tracial then n,, is a two-sided ideal. For example, if w is actually the trace,

w(z) = Z(a:*xej, e;)

J
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for {e;}; an orthonormal basis of the separable Hilbert space #, then w is tracial and n,, is
just the space of trace-class operators and w is tracial.
Recall the polarization identity:

3
=Y i*(a+i"b)*(a+i*).

k=0
From this we are justified in defining, on n,,,
(a,b), = w(b*a).

This would be an inner product if N, = {a € A : w(a*a) = 0} were trivial. Clearly N, is a
subspace, so we can take the completion of n, /N, and recover a Hilbert space.

11.2 The GNS construction

Definition 11.4. The completion of n, /N, is denoted L*(A,w).
If b € ng, then
(ab, ab)., = w(ba*ab) < [|aallw(b"b) = |lal|*[|bI[2-

So if a € A then & — af is a well-defined, bounded operator on n, /N, and so extends to
L*(w).

Definition 11.5. A x-representation is a morphism of x-algebras (i.e. a morphism of alge-
bras preserving ) into B(H).

Ifa€e A, b, cen,, then
(ab,c), = w(c*ab) = w((a*c)*d) = (b,a*c).,
which descends to L?(w). So we can define a *-representation

L:A— B(L*w))
a— (€ af).

Definition 11.6. The map L is called the GNS construction (for Gelfand-Neimark-Segal)
of A, or the left reqular representation of A.

The GNS construction allows us to assume that A is actually acting on a Hilbert space,
namely L?(w). So a C*-algebra is always an operator algebra.
We can also define a right regular representation,

R:A— B(L*(w))
a— (& &a).

Notice that R is an antihomomorphism.
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Lemma 11.7. Assume that for each positive a € A, \/a exists. Then m, C n,, and in
particular m,, is a sub-x-algebra of A.

Proof. If a € m,, is positive,

w(Va') = w(va'va) = w(a)
so v/a € n,,. Since n,, is a left ideal, a € n,,. O

Example 11.8. Let X be a measure space and K € L*(X x X). Then the integral operator
Ty : L*(X) — L*(X) has ||Tk||gz = ||K]||r2. Indeed, if {£,}, is a Hilbert basis for L?(X)
then

2

/X XK(x7y)€n(y)§m($) dx dy

STl = Y (T, &) = 3
= UK, &m @ &) = |IK][12

since the &, ® &, form a Hilbert basis for L?(X x X) = L*(X) ® L*(X).
Example 11.9. If A= C([0,1]) and

= f) dt

then w is a tracial weight on A such that n, = A. But of course n,, is a Banach space when
given the B? = L? norm. Its completion is L*([0, 1]).

Proposition 11.10. Let w be a tracial weight and A be a sub-k-algebra of By(#H). If b >0
and b € my,, and a € B(H) then

w(ab)| < lal[op|w(b)]-
Proof. We have
jw(ab)* = [w(@VbVh)|* = w(Vbavb)* = [(av/b, V)
< (avb,avVb)(Vb, Vb) = w(Vbaavb)w(b) < ||a][*w(b)”.
[
We summarize the GNS construction, and the Gelfand transform, in the following the-
orem. We define C(X) to be a subspace of the space of continuous functions C'(X). If
X is compact we define Co(X) = C(X). Otherwise, we let C(X) be those functions in

C(X) which vanish at the point at infinity given by the one-point compactification of X.
For example, C,(R) consists of functions on R which go to zero as |z| — oc.

Theorem 11.11 (Gelfand-Naimark). For every C*-algebra A, there is a faithful *-representation
of A. Moreover, if A is commutative, then there is a locally compact Hausdorff space X such
that A = C(X) (which gives a representation of A on L?(X). If A is also unital, then X

is compact and is naturally in bijection with the maximal ideal space of A. Moreover, the
map A — X is a contravariant equivalence of categories between compact Hausdorff spaces
and commutative, unital C*-algebras.
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11.3 The B? spaces

Definition 11.12. If T' € B*(H) then T is called a Hilbert-Schmidt operator.

Example 11.13. Let H be the separable Hilbert space. Take A = By(#H) and w to be the
trace. Since By(H) has square roots and w is tracial, we can apply the above result to prove
that n, and m,, are two-sided ideals and hence sub-*-algebras.

If we write |T| = ﬁ2, and let BP(H) be the space of T' € By(H) such that w(|T|P) < oo,
then BY(H) = my(H) and B*(H) = n,(H).

We think of BP(H) as the noncommutative analogue of /7.
Let’s check that that example actually makes sense.
Theorem 11.14. B?(H) is a Banach space.

Proof. First observe that ||T||,, < ||T]|2. To do this, compute the trace of T' by using an
orthonormal basis containing a & such that ||T¢|| > ||T||,, — €. As this is possible for any
€ > 0 the claim holds.

Now assume that {7}, is 2-Cauchy, so in particular op-Cauchy. So there is a T' € By(H)
such that T,, —°P T

If P is a finite-rank projection then (T — T),) P is a finite-rank operator, hence € B*(H).
So

(T — T,)P||3 = trP(T — T,) (T — T,,)P = tr(T — T,,)P(T — T,,)* = Jim tr(T = T,) P(Ty — T,)"
— 00
< limsup (T} — T,,)(Tx — T,,)* = limsup ||T; — T,,||3.

k—o0 k—o0

Let C,, = limsup,_,. |[T% — T,||3- Then C,, — 0 and
(T = T,)PI); < Cy

regardless of the choice of n and P. Since T'— T, is a compact operator, we can approximate
it arbitrarily well by (T — T,,) P by choosing P. So ||T — T |3 — 0. O

Recall the polar decomposition of T' € By(H) is the factorization
T = V|
where |T| = VT “and V is a partial isometry, i.e. an isometry on its cokernel.
Lemma 11.15. If T € B'(H) and A € B(H) then
|tr(AT)| < [[Alloptr|T].
Proof. Write T'= V|T'|. Then

[tr(AT)| = [tr(AVIT])| < [|AV[optr|T| < || Alloptr|T].
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Lemma 11.16. || -||; = tr| - | is a norm on B'(H).
Proof. Let S,T € B(H) and S +T = W|S + T|. Then
tr|S+T|=trW*(S+T) =tr(W*S) + tr(W*T) < |trW*S| + [trW*T| < tr|S| + tr|T|.
[
Theorem 11.17. B'(H) is a Banach algebra.

Proof. Since ||T||op < ||T||1 the proof is basically the same as for Hilbert-Schmidt operators.
[

Theorem 11.18. B'(H)* = B(H).
Proof. If A € B(H), let W4(T') = tr(AT). Then
1WA(D)I] < [IAIIT ]2

So A+ W4 is an isometry and so B(H) C B'(H)*.
Let U € BY(H)* and &, 1 € H. Define a bounded operator (£,7)o by

(So (-, -)o is an operator-valued pseudo-inner product (the pseudo- here means that it could
be zero). Define a semilinear form

By(xi,n) = ¥(£,n)o-

So | By (&) < [|¥||||€]|||n]|. Therefore by the Riesz representation theorem, there is an
operator A such that By (&,n) = (A€, n). Therefore ||A|| = [|¥]| and ¥ = ¥ 4. So BY(H)* C
B(H). O

11.4 Representation theory of groups

Let G be a group with a good topology (so G admits a Haar measure).

Definition 11.19. A unitary representation of G is a continuous morphism of groups G —
U(H). It is irreducible if the only G-invariant subspaces are trivial.

For 7 a unitary representation, we have m(z)* = 7(z)~!.

Example 11.20. Let G = SL(3,Z). Then the “obvious” map G — SL(3,C) is not a unitary
representation. In fact G' has very few finite-dimensional unitary representations, because G
is not compact.

Definition 11.21. The left reqular representation of G is the map G — U(L*(G)) given by
m(2)()(y) = &(=7"y).
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It is natural to want to study the subalgebra of B(H) generated by 7(G) for 7 a unitary
representation. This will be given by linear combinations of the 7(z)s as © € G, which we
identify with the space C.(G) of compactly supported continuous functions on G. Namely,
for f € G we define

w(f) = /G f(2)n(z) d.

Definition 11.22. The norm-closure of 7(C.(G)) is the reduced C*-algebra of G.

Now an easy computation shows

m(f)m(g) =7(f *g)

and of course 7(f)* = 7(f*) where we define f*(x) = f(x~'). Finally, we observe that

1w (OI < (1l

so 7 is a *-Banach algebra morphism which extends to a map
7 : LNG) — B(L*(Q)).

This leads to the abstract theory of Fourier transform.

11.5 Compact operators

Let By(H) denote the algebra of compact operators in H. This is a closed ideal of H, hence
a C* algebra (proof: it is the closure of the ideal By(H) of finite rank operators in H.) It
will be one of our main examples of a noncommutative, nonunital C* algebra.

We now study the representation theory of By(H).

Like any C* algebra, By(H) has a normalized approximate identity, sequential if H is
separable. Decompose H by transfinite recursion as

H=C

a<k

where k is some cardinal (k = Ny if H separable) and the biproduct is in the category of
Hilbert spaces. For \ < &, let H), = ®a<)\ H, so H is the injective limit of the H,; then
let ey be the natural projection H — H,. The e, form a net with respect to the natural
ordering on x and are obviously an approximate identity.

Recall that if we fix a representation 7 : A — B(H), we can view H as a module over
A by defining aé = 7(a)(&). Recall also that a representation is said to be nondegenerate if
HA is dense in A.

In fact, any representation of By(H) is faithful. Since representations are continuous,
and By(H) has no closed ideals (since By(H) contains all proper ideals of By(H), and is
dense in H), any representation of By(H) is faithful.

There is a natural x-representation Bo(H) — B(H) given by the inclusion map. Since
exé — &, this representation is nondegenerate. In some sense this is the only such represen-
tation.
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Lemma 11.23. A nondegenerate *-representation of By(H) is isomorphic to a direct sum
to copies of the representation By(H) — B(H). In particular, the only irreducible such
representation is the representation By(H) — B(H).

Proof. Let (£,m)o be the By(H )-valued inner product

In fact such an inner product has values in rank-1 operators since (1, {) lies in the span of
€.

ForT' e B(H)7 T<£777>0C = (TS) <777 C) 50 T<£7 77>0 = <T£>77>07 and <€7 77>01ﬂ’ = <£7 T>k77>0

Let 7 : Bo(H) — B(V') be a nondegenerate x-representation, £ € H a unit vector. Then
(€,&)0 is a rank-1 projection. Since 7 is faithful, 7((,&)o) is a nonzero projection. Let v
be a unit vector of (£,£)o(V) and define Q : H — V by Qn = (n,&)ov. Then by a tedious
computation, () is an isometry.

We now show that ) commutes the representations. Let T' = (w, (). Any operator in
By(H) can be written as an infinite linear combination of rank-1 operators so it suffices to
show that QT = TQ. In fact,

Q(Tn) = (Tn,¢)ov =TQ(n).

Also, Q(H)? is 7-invariant, so we repeat the argument on Q(H)* to see that we have
V=QH)®Q(H)"

as By(H)-modules. Now run Zorn’s lemma to keep decomposing Q(H ) until we hit an
irreducible representation. O

This is a very remarkable property of By(H). To see why, we need something stronger
than ZFC.

Definition 11.24. A {-sequence is a net of sets a — A,, for a < Ny, such that for any
A g Nh R
A={a <N :ANna=A.}

is stationary in Nj.

In other words, for every closed and unbounded (“club”) set C' C 8y, C'N Ais nonempty.
The existence of a {-sequence implies that V' = L, in particular implying GCH.

Naimark conjectured that if A was a C*-algebra with only one irreducible representation,
then A = By(H). This is true if A is separable.

Theorem 11.25 (Ackemann-Weaver). If there is a {-sequence, then there is a C*-algebra
A which has only one irreducible representation such that A # By(H).

In this lemma, you should read A = B(H) and I = By(H).

Lemma 11.26. Let A be a x-normed algebra and I a *-ideal of A with normalized approx-
imate unit. Then every nondegenerate x-representation of I extends uniquely to A.
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Proof. Let w: I — B(H) be such a representation. Define

7(a) Z T(da)éa = Z T(ada)&a
where the &, are a Hilbert basis of H. Then 7 is a well-defined function since if ) 7(dy)&0 =
0, then
Z m(ady)én = h/{n; m(aexdy)én = hin m(aey) Z 7(do)éa =0

« -

since the e, are a normalized approximate unit. This is unique because

w(a)m(d)§ = m(ad)§
and the 7(ad)¢ are dense in H. O

Lemma 11.27. Let A, I be as above and let 7 be an irreducible representation of A. Then
either I C kerm or 7 is an irreducible representation of I.

Proof. Assume I is not contained in ker 7. Then IH is nonzero and A-invariant. Since 7 is
irreducible, TH = H. Therefore 7 is a nondegenerate representation of 1.

We have e ¢ — £ for any £ since 7 is nondegenerate. Let K C H be nondegenerate
and nonzero. Using ey, IK = K so IK is A-invariant. Therefore since 7 is irreducible,
K=H. O

Lemma 11.28. Let A, I be as above. Let m: A — B(H) and p : A — B(K) be irreducible
representations. If m = p as representations of I, then m = p as representations of A.

Proof. Let U : H — K be an isomorphism of /-modules. For d € I,

U(r(a)m(d)§) = U(m(ad)§) = p(ad)UE = p(a)U(m(d)E).
So Ur = pU. ]

Theorem 11.29 (Burnside). Assume H # C. Let A C By(H) be a C*-algebra. If A acts
on H irreducibly, then A = By(H).

Proof. By assumption on H, A # 0. Let T'# 0. Then T*T € A is nonzero, so we can assume
without loss of generality that T is self-adjoint. Moreover, C*(T,1) = C(c(T)) acts on H as
an abelian monoid.

Let A € C(o(T)). Taking bump functions centered on A we can find a sequence of &, € H
such that (T — \)&, — 0. Since T' is comapct, T sends the unit ball of H to a precompact
set. So the T¢,, have a weak limit n. Thus T'p = An. Therefore T" has an eigenvector for \.
So the only limit point of o(T") is 0, because the other eigenvectors are all orthogonal.

Let P be a projection of minimal rank in A. We claim that P is a rank-1 projection.
In fact, PTP is a self-adjoint operator on the finite-dimensional space PH, so has spectral
projections in A whose rank is the same as that of P by minimality. Thus there is a unique
such spectral projection; i.e. there is an s € R such that PT'P = sP. Moreover, if £, n € PH
are orthonormal, R € A, then (R¢,n) = s({,n) = 0. Therefore (A, n) = 0, yet A acts
irreducibly, which is a contradiction. Therefore P is a rank-1 projection.

Now R,S € A implies that RPS is a rank-1 projection. Thus APAH = H. So APA
is the set of rank-1 operators. Any compact operator can be written as an infinite linear
combination of those. O
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Corollary 11.30. Let A be a C*-algebra and 7 : A — B(H) an irreducible representation.
If m(A) contains a nonzero compact operator then w(A) contains By(H).

Proof. Let I = w(A) N By(H). Then I acts irreducibly on H so by Burnside’s theorem,
7(I) = Bo(H). But 7 takes I/ kerm to By(H) isometrically (since it is injective), so 7(I) is
closed since [ is complete. Thus 7(1) = By(H). O

We write A to denote the set of all isomorphism classes of irreducible representations of

A.

Definition 11.31. Let 7 : A — B(H) range over A. We say that A is liminal or CCR if for
every m, m(A) = Bo(H). We say A is postliminal or GCR if for every 7, By(H) Nmw(A) # 0.
We say A is antiliminal or NCR if for every m, By(H) Nm(A) = 0.

If A is a von Neumann algebra, we say that A is type-I if A is postliminal. We say that
A is non-type-1 if A is not postliminal.

We will prove later that if G is a semisimple Lie group or a nilpotent Lie group, then
C*(G) (by which we really mean C*(L'(G))) is CCR. But if G is solvable we cannot even
prove that C*(G) is GCR.

Example 11.32. Let a be the Lie action of R on C? by a(t)(z,w) = (e*™z, e*™w) where
p is irrational. Then we take the outer semidirect product G = C? x, R. Then C*(G) is not
GCR.

Theorem 11.33. Let 7 : A — B(H) be an irreducible representation and let I = ker .
If 7(A) N By(H) # 0 then for every irreducible representation p of A such that kerp = I,
pEm.

Proof. Let J = 7' (By(H)), so I C J. Then 7 is an irreducible representation of .J with
kernel I, so drops to an irreducible representation of J/I. By Burnside’s theorem, 7 is an
isomorphism J/I — By(H).

But by assumption on p, p is an isomorphism J/I = By(H). Since there can be only one
irreducible representation of Bo(H ), p = 7 as representations of J. But p, m extend uniquely
to A, so p = 7 as representations of A. n

Corollary 11.34. If A is a GCR algebra, then every representation of A is uniquely deter-
mined by its kernel.

Definition 11.35. A primitive ideal is a kernel of some irreducible representation.

So if A is GCR, then there is a bijection between A and the set of primitive ideals of A.
On the other hand, NCR algebras are very bad:

Theorem 11.36. Let 7 : A — B(H) be an irreducible representation and assume m(A) N
By(H) = 0. Then there are uncountably many irreducible representations p of A such that
ker p = ker 7.

In fact Mackey showed that in some sense the set of representations sharing a kernel with
m is “unclassifiable.”
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Example 11.37. Let A be a unital, infinite-dimensional, simple C*-algebra and = : A —
B(H) an irreducible representation. Since A is simple, it has no proper ideals; yet 7= (By(H))
is an ideal. If 771(By(H)) = A then A is not unital, a contradiction. So 7(A) N By(H) = 0.
Therefore A is an NCR algebra.

Theorem 11.38. Every primitive ideal is prime.

Proof. Let I be a primitive ideal of A, say I = kernw. Let J;, Jo be ideals of A such that
JiJy € I. If J; C I there is nothing to prove. Otherwise, w(J;) # 0, so w(J1)H # 0
is m-invariant. By irreducibility, n(J1)H = H, so w(Jo)H = w(Jo)n(J1)H = 7(J1J2)H C

7(I)H =0. So J, C I. 0

Recall that the prime spectrum Spec R of a ring R is defined by the Zariski (or Jacobson,
or hull-kernel) topology is given by declaring that S C Spec R is closed if there is an ideal [
such that S = {J € Spec R : J C I}. By the above theorem, if R is a C*-algebra, then the
Zariski topology drops to a topology on the set of primitive ideals Prim R. This topology
is far from Hausdorff in general, but is at least locally compact. If R is a commutative
C*-algebra, then Prim R is naturally the maximal ideal space of R (since every primitive
ideal is maximal in that case) and this just generalizes the Gelfand-Naimark theorem in that
case.

In fact, if A is separable, then every closed prime ideal of A is primitive. This follows from
applying the Baire category theorem to Prim A. This does not work in general: Weaver used
transfinite induction to find a counterexample if A is not separable. (It may be undecidable
whether there is a counterexample in ZF alone.)
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Chapter 12

Generators and relations

We now study C*-algebras determined by generators and relations.

12.1 Construction of maximally free algebras

Let {a;} be a set of generators, and take the free %-algebra F' over C generated by the a;.
This is the set of noncommutative polynomials in the a; and a; (where af is just a formal
symbol for now).

Given a set R of relations, we can view R as noncommutative polynomial equations. So
we take the ideal (R, R*), which is the *-ideal generated by R. Then we let A = F/(R, R*),
which is a *-algebra still. We consider the set IT of all x-representations of A. Then for a € A
we set

lal] = sup [ (a)]].
mell
A priori we have ||a|| = co. This happens if F' is the free x-algebra on one generator. So we

need R to force ||a;|| < oo for each generator a;.

Assume that R forces ||a;|| < oo (for example, if the generators are sent to unitary
operators). Since the image of every 7 € II is a C*-algebra, || - || is a seminorm satisfying the
C*-identity ||a*a|| = ||a||*. So we take the completion with respect to ||-||; i.e. we annihilate
the kernel of the seminorm and then complete. What is left over is a C*-algebra.

Just because a set of generators and relations gives a valid C*-algebra of A does not
mean that we necessarily can find a natural, faithful representation. Moreover, even if we
have a natural, faithful representation of A, the norm arising from that representation is not
necessarily the norm given by taking the supremum over II.

Example 12.1. Let G be a discrete group, which we view as a set of generators. We im-
pose relations corresponding to each true relation in G. (This can be viewed as taking the
first-order theory of G.) We also take the relations 2* = 27! for x € G so the resulting max-
imally free operator algebra A naturally represents the elements of G as unitary operators.
Therefore for x € G we have ||z|| = 1; so A is actually a C*-algebra. In fact, it is easy to see
that A is the completion of C.(G), i.e. finitely supported functions on G. In other words,
A = C}(G) is the reduced group C*-algebra.
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Moreover, A acts on £2(G) by left translation, since G does. This representation is faithful,
so A is unusual amongst the free C*-algebras in that it has a natural faithful representation.
In general, the norm in (?(G) does not always agree with the norm on A; this happens if
and only if G is an amenable group. (It turns out that since G is discrete, G is amenable if
and only if there is a finitely additive, left-invariant probability measure on GG. For example,
this fails if G is the free group on n letters, n > 2.)

12.2 Tensor products of C*-algebras

An important application of generators and relations is the ability to define the tensor
product of C*-algebras.

Definition 12.2. Let A, B be unital C*-algebras. Their tensor product A ® B is the C*-
algebra with generators A U B and relations consisting of all true relations in A, all true
relations in B,

Ya € AVbe B ab = ba,

and Vx (1alp)z = x.

The relation ab = ba is the “tensor product relation”, so we can reasonably think of ab
as a ® b. Similarly, the relation (1415)z = x requires that 1 4o = 1415, so A® B is unital.
We have embeddings A - A® B, B— A® Bgivenby a+— a® lg and b 14 ® b.

To see that this is actually well-defined (i.e. has finite norm), let 7 be a *-representation
of A® B. Then 7 restricts to a *-representation of A (and similarly to B) along the mapping
A — A ® B. Therefore for any a € A,

|Im(a @ 1p)]] < [[all

Similarly for B; so there is an upper bound on the norm of any generator. Therefore A ® B
is a C*-algebra.

Example 12.3. Let X,Y be compact Hausdorff spaces. Then we have C(X xY) = C(X)®
cy).

We now consider the representation theory of tensor products.

Definition 12.4. Let 7 : A — B(H) and p : B — B(K) be representations. The tensor
product of representations T @ p: A® B — B(H ® K) is defined by

T ® pla®b)(®n) = m(a)l @ p(b)n.

The norm induced by the tensor product of representations is also a C*-norm, so we have
two reasonable C*-norms on A® B. If we use the norm obtained by taking the supremum over
representations, we emphasize this by writing A ®,,.. B. If we are using the norm obtained
by the tensor product of Gelfand-Naimark-Segal representations, we write A ®,,;, B.
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Example 12.5 (Takesaki, 1959). Let G be the free group on 2 generators, A its left regular
representation, p its right regular representation. Consider the tensor product C!(G) ®
C*(G), represented by A ® p. Then the two norms given above are the “minimum” (i.e.
tensor product A ® p) and “maximum” norms respectively, but there are many intermediate
norms between the two that have been studied in recent years. In particular, the tensor
product does not have a unique norm.

Definition 12.6. A nuclear C*-algebra A is a C*-algebra such that for every C*-algebra B,
the norm on A ® B is unique.

Example 12.7. By(H) is nuclear, since it uniquely embeds in B(H). It follows that any
GCR algebra is nuclear. But if G is a discrete group, then C*((G) is nuclear if and only if G
is amenable. Thus the free group on 2 generators is not nuclear.

Definition 12.8. An exact C*-algebra A is a C*-algebra such that A ®,,;, - is an exact
functor.

Note that A ®,,4. - is an exact functor for any A.
We now treat the coproduct in the category of C*-algebras.

Definition 12.9. The free product of C*-algebras A, B, A x B, is defined to have generators
AU B and relations induced from A, B as well as 14 = 1p.

The norm is defined as in the case of tensor products. A representation of A x B consists
of a pair of representations of A and B on the same Hilbert space, by the universal property.
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Chapter 13

Representation theory of locally
compact groups

13.1 Noncommutative dynamical systems

Definition 13.1. A noncommutative dynamical system is an action of a group G on a

C*-algebra A.

Often it is convenient that a noncommutative dynamical system is taking place inside a
Hilbert space H.

Definition 13.2. Let a : G — Aut(A) be a noncommutative dynamical system. Let
7 : A — B(H) a x-representation, U : G — U(H) a unitary representation. If the dynamical
system satisfies the covariance relation

a(x)a = U,m(a)Uy,
then (m,U) is called a covariant representation of «.

we now define x-operations on C.(G — A). If f,g € C.(G — A) then

(Z f (fﬁ)x) (Z g(y)y> = f(@)zg(y)y
=Y f@a(z)(g(y))ey
= 3" f()ale) g )y

This motivates the following definition.

Definition 13.3. If « is a noncommutative dynamical system, then for f,g € C.(G — A),

we define
(fx9)) =D fl@)a(z)(g(z"y)),

the twisted convolution of f, g by a.
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Definition 13.4. If a is a noncommutative dynamical system, f € C.(G — A), then

fr(@) =a(@)(f=71)"),
the twisted involution of f by «a.

With twisted convolution and involution, C.(G — A) is a x-algebra. Moreover, we have
an injective mapping A — C(G — A) give by a — ady, 1 the identity of the group. We also
have an injective mapping G — C(G — M(A)) with x + 1z (here 1 is the identity of the
noncommutative Stone-Cech compactification M (A); if A is unital then A = M(A).

Definition 13.5. Given any covariant representation (w,U) of o : G — Aut(A) we call the
integrated form o, a x-representation o : C.(G, A) — B(H) by

The set of all possible integrated forms is bounded. Therefore we can make the following
definition by generators and relations:

Definition 13.6. The C*-algebra generated by C.(G, A) and A is called C*(G, A) or Ax,G.

It is called the crossed product C*-algebra or the covariance C*-algebra.

The generators of A x, G will consist of all elements of G and of A, the relations will be
all relations in G’ and A as well as
ra = a(x)ax

since G acts on A by convolution (since o has a covariant representation).
To see that that there are, in fact, covariant representations, we give an explicit one.

Definition 13.7. Let p: A — B(H,) be a x-representation, and define
H = (*(G — Hy) = *(G) ® Hy.
Now define a unitary representation of G on H by (for z,y € G, £ € H)
U(z)(€)(y) = &(@"y).
We then define 7 : A — B(H) by
m(a)(§)(x) = pla(z™)(a))(€)(2),
which is a *-representation. It is called the induced covariant representation of o by p.

Lemma 13.8. The induced covariant representation is covariant.

Proof. We have



So
U(z)(m(a))(§) = m(a(z)(a)U(x))(§)
which implies

U(z)(m(a)) = m(a(z)(a))U(z)

so that (m,U) is a covariant representation. O

If K is a subgroup of G, (p, V') a covariant representation of a|x on Hy, then the induced
representation of (p, V) is a covariant representation of . Here H = (*(G/H) @ H,.

Definition 13.9. The reduced group C*-algebra of the representation o, CF(A, G, ), is the
C*-algebra generated by C.(G — A) with || f|| defined to be the supremum of ||o(f)|| for o
ranging over the integrated forms of induced covariant representations.

Definition 13.10. If C*(A, G, a) = C*(A, G, «), then « is said to be an amenable action.

If « is trivial, then
C*(A,G,a) = A C*(G)

so the theory of covariant representations includes the theory of unitary representations.

Though all the above theory was developed for discrete groups, it works fine for locally
compact groups, as we now describe in detail. In fact, if G is a locally compact group, then
we consider the left Haar measure u, which is a Radon measure that is unique up to positive
scalars (but need not be two-sided). Moreover, if y € G, if we let

u(f) = /G f(zy) du(z)

then v is a left Haar measure, so we can find a A(y) such that v = A(y)u.

Definition 13.11. The function A : G — R* is called the modular function of G.
The modular function is a continuous morphism of groups.

Definition 13.12. A group is unimodular if A = 1.

For unimodular groups, the left and right Haar measures coincide. So any abelian group is
unimodular. Moreover, R* has no compact subgroups, so any compact group is unimodular.
Semisimple Lie groups and nilpotent Lie groups can also be shown to be unimodular. Solvable
Lie groups are often not unimodular.

Example 13.13. Let (M,w) be a Poisson manifold (e.g. w is a symplectic form on M).
We let h be a semiclassical parameter for a family of noncommutative ring structures on
C*(M — C), so we can view (M,w, h) as a family of operator algebras. There is a notion
of modular function for M.

The trouble with locally compact groups is that the maps G — U(H) are typically
not norm-continuous. In fact, this is already apparent for the left regular representation
R — U(L*(R)), where we take a function with compact support and translate it by far
outside its support.
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Definition 13.14. An action « of G on a Banach space A is strongly continuous if for every
a € A, x— a(r)(a) is continuous.

This is the correct definition of the continuity of a representation of a locally compact
group.

Definition 13.15. If G is a locally compact group, a C*-dynamical system for G is a strongly
continuous action of G on a C*-algebra. A covariant representation of the C*-dynamical
system is one which is also strongly continuous.

The integrated form of a covariant representation (m,U) of a C*-dynamical system is
given by

os(6) = /G w(f(2)U (2)(€) do.

Using Bochner integration, we can define the integrated form for any f € C.(G — A). Now

[l ()] S/GHf(w)II dz [[¢]|

so it follows that ||of|| < |[f||r1G)- So o extends to L'(G — A). Though the elements of
C.(G — A) are functions, it makes sense to think of them as Radon-Nikodym derivatives of
A-valued measures on GG with respect to Haar measure. As in the theory of discrete groups,
00 = Ofy,q Where the twisted convolution is defined by

f o g(z) = / F)al)e(y0) () dy.

Therefore [|f *a gllz1@) < [[fllr@)ll9llrc)-
Another complication comes in the form of groups that are not unimodular. This happens
because

7= [ 7). do = [ Uil da
= / Up—m(f(2))" do = A(x)/ Uy (f(x™1)*) da.
G G
Therefore we must define the twisted involution
f(@) = Al@)a(z)(fz7))

if we want a}i = 0y~

Example 13.16. Let G be the group of affine transformations of R (the “ax + b group”).
This group is far from unimodular, and its action on R is important in the theory of wavelets.
So the modular function is important in signal processing.

We write C*(A, G, a) = Ax,G for the completion of C.(G — A) with respect to the norm
given by taking the supremum over all integrated forms. The reduced algebra A x!, G is given
by taking the supremum over all integrated forms arising from covariant representations.
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Now L'(G) does not have an identity since it does not have a delta function if G is
not discrete. But we could always take an approximate delta function. Specifically, we
let A denote the filter of all open sets containing the identity 1 of G. (A filter-base also
suffices.) Then given a neighborhood A of 1, let f\ € C.(G — R*) be supported in A\ with
[ fallei@) = 1. We view fy as a probability measure carried by A. Obviously the (fy)x are
an approximate delta function in L'(G).

Let a be an action of G on a C*-algebra A with approximate identity (e,),. We then
define

hua() = fa(x)e,,
to obtain an approximate identity for L'(G — A).

Theorem 13.17. There is a natural bijection between nondegenerate *-representations of
A X, G and covariant representations of «.

Proof sketch. Let o be a nondegenerate *-representation of Ax,G and consider its multiplier
algebra M (A x, G). We have an injection G — M (A %, G) by x + J,, using the fact that
LY(@) is a 2-sided ideal in the multiplier algebra M (G), where we think of double centralizers
as finite Radon measures (this is true up to natural isomorphism). We also have an injection
A — M(A %, G), by a+— ady,. We can therefore obtain a covariant representation (7,U)
of a obtained by restricting o to A, G. It follows that o is the integrated form of (7,U). [

In particular, it makes sense to talk about the hull-kernel topology on the set of covariant
representations of a.

Definition 13.18. For G a locally compact group, we let (A, a) and (B, ) be C*-dynamical
systems. Let ¢ : A — B be a x-morphism. Then ¢ is a equivariant morphism with respect
to a, B if for every a € A,

The category of C*-dynamical systems over G has equivariant morphisms as its mor-
phisms by definition. Equivariant morphisms ¢ : A — B give rise to maps C.(G — A) —

C.(G — B) given by

p(f) (@) = o(f(x)).
This naturally extends to the group C*-algebras, so gives rise to a morphism ¢ : A x, G —
B x, G. Therefore the following theorem holds.

Theorem 13.19. The map a — A x, G is a functor from the category of C*-dynamical
systems over GG to the category of C*-algebras.

Using category theory, we can obtain the following theorem.

Theorem 13.20. Let (A, ) be a C*-dynamical system. Let I be an a-invariant ideal of A.
Then the natural action of @ on A/Iis a C*-dynamical system, and the natural arrows

0—=>1X0aG—AXeG— (A)I) ¥, G—0

form a short exact sequence.
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In other words, the functor - x, GG is exact on a-invariant ideals. This is not true for the
reduced product.

Proof. Consider the short exact sequence

0 v I —— AL AJT —— 0 .

Straight from the definitions, the induced map p* is onto and p*(i*(C.(G, A))) = 0. So i*
maps into the kernel of p*.

We now claim that the induced map ¢* is injective. Let o be a faithful representation
of I x4 G. Let (m,U) the covariant representation of o. Then if o is nondegenerate, so is
(m,U). Then 7 extends to a representation 7 of A. Since 7 is nondegenerate, we can restrict
to the image of 7(I) without any loss of generality when proving that (U, ) is covariant. In
fact,

U(z)w(a)(n(d)§) = m(a(z)(ad))U(x)€

which proves covariance of (U, 7). So let & be a representation of A x,, G for which (U, 7) is
a covariant representation. Then

g

i*(IxaG) = O,

so ¢ o¢* is faithful on I x, G. Therefore ker+* = 0. In particular I x, G is isomorphic to an
ideal of A x, G, and without loss of generality we assume that they are equal (i.e. i* is the
identity).

Finally we show exactness at A x,, G; i.e. kerp* C I x, G. Since I ¥, G is a C*-algebra,
Ax,G/I %, G exists, and has a faithful representation o. Pulling o back along the quotient
map A X, G — A x, /I x, G, we obtain a representation of A x, G. Let (7, U) be the
corresponding covariant representation of A x, G.

Let de I, h € C(G). Let f € C.(G — I) C I x, G be defined by

so o(f) = 0. Thus

0= /Gﬂ(d)f(x)U(x) dr = W(d)/Gf(x)U(x) dx.

Since the integral on the right does not have to be zero, w(d) = 0. So I C kerw. Therefore
7 drops to a representation 7 of A/I x, G. It is routine to prove that o = 7 o p*. So
kero = kerp* C I x, G. O]

Note that the representation 7 may not exist on the reduced product, which explains
why the theorem fails there.

13.2 Group actions on locally compact spaces

Let A be a commutative C*-algebra and let GG be a locally compact group which acts on A
by «. Then we can find a locally compact Hausdorff space M such that A = C(M). We
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have an action o of G on M by homeomorphisms, and G x M is locally compact. We will
assume that « is jointly continuous, i.e. the map

GxM—M
(x,m) = a(z)m

is continuous. Thus the action

of G on C.(M) C A is isometric, in particularly, strongly continuous in L>°-norm. Moreover,
a is continuous in the inductive limit topology of C.(M). Therefore if p is an a-invariant
Radon measure on M, « acts strongly continuously on LP(pu).

We now consider A x, G, which contains C.(G — A). Since

(f %0 9)( /f g(z~1y)) d,

it follows that

(f *a 9)( L/f “Ly)(e(z)"'m) d.

Theorem 13.21. Let M be a second-countable locally compact Hausdorff space, A =
Cw(M) %, G. Let ¢ be an irreducible nondegenerate representation of A and let (7,U)
be the covariant representation of o, I = kerw. Let Z C M be the hull of I. Then there is
an a-orbit whose closure is Z.

Notice that I is a-invariant, hence an ideal of A. Expanding out the definitions, I is the
set of f whose supports are disjoint from Z. In particular, Z is closed and a-invariant and
A/I = Cy(Z). The theorem says that there is a mg € M such that

Z ={a(x)my : v € G}.

Example 13.22. For the irrational rotation, every orbit-closure is the entire circle, so for
every ideal, the hull is the entire space. This generalizes to various ergodic actions.

Proof of theorem. Since M is second-countable, so is Z. Let {B,}, be open subsets of M
such that the B, N Z form a countable base for the topology of Z, B,, N Z nonempty. Let

O, = | a()(B,).

zeG

Then the O,, are open, a-invariant, and meet 7.

Let J, = Cx(0,) C Cu(M). Since O, N Z is nonempty, there is a f € J,, which is not
identically zero on Z, by Urysohn’s lemma. So 7(.J,,) is nonzero. Since o is nondegenerate,
so is m, and 7(J,,) H generates a nonzero closed o-invariant subspace. Since o is irreducible,
7(J,)H generates H.
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Let £ be a unit vector of the representation space H. Define a Radon probability measure
won M by

| 7 du= im0,
M
If fel f=0 palmost everywhere. Therefore Z contains the support of u. Since M

is second-countable, J, is a separable C*-algebra and we can find a countable normalized
approximate unit {e, m }m of J,. We can assume that the e, ,, are compactly supported in
O,,. Since 7|;, is nondegenerate,

lim 7(enm)é = &.

m— 00

The e, ,, are supported on O,,, so O,, contains the support of p. Therefore

supp 4 C ﬂOnﬁZ.

n=1

(Here we are using the cardinality assumption; the complements must be p-null and there
are only countably many of them.) Since u is a probability measure, supp p is nonempty.
Let mg € supp u. Each of the O, is a-invariant, so ag(mg) C supp . So for each n,
ag(mgy) € 0,NZ. Since ag(my) is contained in every element of an open base of Z, ag(my)
is dense in Z. O]

Example 13.23. Let M be the two-point compactification of R. Then the action of R on
M by translation is jointly continuous, and R is a dense orbit, but the boundary points +oo
are fixed points. So not every point has a dense orbit. We will study C(M) x R soon.

Let a be an action of G on M. For m € M, let G,, be the stabilizer of m. By the
orbit-stabilizer theorem, the map

GG — ag(m)
T = axG'm (‘/L‘)
is a bijection (where zG,, is the coset of G, by x). Now G,, is a closed normal subgroup
so G/G,, is a locally compact group. In general the orbit-stabilizer map G/G,, — ag(m)

is not a homeomorphism. It is favorable that the orbit of z is open in its closure, in which
case the orbit is locally compact.

Theorem 13.24. Let my € M. If G is a second countable group which acts on M by «,
and ag(my) is locally compact, then G/G,,, — ag(mo) is a homeomorphism.

Proof. Use the Baire category theorem on the locally compact space ag(my). O]

Let H be a closed normal subgroup and let M = G/H. Then G acts on M by left
translation, and A = C(M) x G is a C*-algebra. If H = G, then A = C*(G). If H =0,
then A = C(G) x G.

In case H = 0, we study the covariant representation on L?(G) given by U the left regular
representation, m the representation by pointwise representation; i.e.

m()(E)(x) = f(x)E(x).

134



To see covariance, we compute

Uz)m(£)(€)y) = 7(N)E)=""y) = flay)éay) = m(a(@) () (U(@)())-

Definition 13.25. The Schrodinger representation of a group G is the covariant represen-
tation (m,U) of Co(G)x¢ on L*(G) given above.

We compute the integrated form o of the Schrodinger representation by realizing that
Co(G— A) =C.(G = Cro(@))
is generated by C.(G x G). Given F € C.(G x G) we have

o(F)(€)(x) = ( JRGOEE dy) (@)
- [ Pt o) ay

Now f,g € C.(G) can be viewed as elements of L?(G), which has a rank-1-operator-valued
inner product (-, ). In fact,

{f,9)0(&) ()

&y~ o)Ay z) dy.

o
(@)

/ AL dy

f.e

We define

(f.9)p(z.y) = f(z)g(y~ o) Aly~ z).
Then this is an inner product which has values in C.(G x G). Let E be the (algebraic) span
of

{{(fr9)e: f,9 € C(@)}.
Thus

and

ﬂ-((f7 g>E)7T(<h’7 k>E) = <f7 g>0<f7 g>0 = <<f? g>0h7 k>0
= <97 h><fa k>0 = 7T(<g> h><f7 k>E>

allows us to define

(f,9)E = (h, k)p = (g, h){f, k) -
This defines a convolution on E which is compatible with the convolution on C*(G, Coo(G)).
Therefore E is a subalgebra of C*(G, Co(G)). Clearly E is a x-algebra since
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Moreover, C.(G) is dense in L?(G), so w(F) is dense in By(H).
We claim that E is also closed under pointwise multiplication. In fact,

(f,9)eh, kYp(x,y) = [(2)(Ag)(y~ z)h(x)(Ak)(y ')
= f(x)g(x)Agk(y " z) Ay 'z).

Clearly F is closed under complex conjugation and separates points of G x G from zero.
Thus we can apply the Stone-Weierstrass theorem, but this is not very interesting because
we actually want to prove that E is dense in C.(G x @) for the inductive limit topology. In
fact, if O is an open, precompact subset of G x G, we can find V x W C G x GG, where V, W
are open, precompact subsets of G and consider the algebraic span of (C.(V),C.(W))g. By
the Stone-Weierstrass theorem, this is L>-dense in C,.(V x W). One can then check that E
is dense in L'(G — C4(@)) and hence dense in C*(G, Coo (GQ)).

We claim that E has the same operator norm as C*(G,Cy(G)). In fact if fi,..., f,
are an L*-orthonormal set in C.(G) then the (f;, fr)o span the C*-algebra C"*" once we
choose a basis. On C*-algebras the operator norm is uniquely determined, so E agrees with
C*(G, C»(@Q)) in operator norm on any finite-dimensional subalgebra. Such matrix algebras
can be used to approximate C*(G,C«(G)) so we have proven the claim. We consider that
we have proven the following theorem.

Theorem 13.26. C.(G) x G = By(L*(G)).

Since By(L*(G)) has no proper ideals, one also has C.,,(G) " G = By(L*(G)). Therefore
the translation action is amenable.

Example 13.27. If G is not an amenable group, then G still admits an amenable action by
translation.

Now if G acts on X by «, and O is an orbit of «, then if O is an orbit which is open in

its closure, C(O) C C(0). Moreover, Co.(O) x4 G = By(L*(Q)).

Example 13.28. Let R act on its two-point compactification X by translation. Then
Coo(X) = C(X) contains C(R). So

C(X) xR D Cy(R) x R = By(L*(R))
which gives a GCR representation of C'(X) on L?(R). Tt is not CCR because C'(X) is unital.
If we instead look at the orbits of £oo, we see that C*(R) = C(+o00) x,R. By the Fourier
transform, C*(R) = R. (More generally, if G is a locally compact abelian group, then C*(G)
is a commutative C*-algebra, C*(G) consists of one-dimensional representations of GG, which

are exactly the continuous morphisms G — S1.)

Definition 13.29. Let H be a closed normal subgroup of G. For simplicity we assume that
the Haar measure on G/H is G-invariant. Let V' : H — U(K) be a unitary representation.
We define a Hilbert space by taking all functions £ : G — K such that for all x € G, s € H,
&(zs) = V(s)*¢(x) where we define (¢,n)(z) = (£(z),n(x)). Since (£,n) is constant on cosets,
it drops to a function on GG/H such that

(€, n)(z) = / et dr
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We take the Hilbert space to be all £ such that (£, &) < oo, which G acts on by left translation.
This action of G is called the induced representation of G from V', Ind V.

If H,V are as above, « the action of G on C(G/H) by left translation, then we obtain
a covariant representation of « on the induced representation space by letting C.(G/H) act
by left translation and A be the left action of G on G/H. Then (Co(G/H), \) is a covariant
representation of «.

Let G be a unimodular group (though the same argument goes through without too much

trouble otherwise). Recall that C.(G/H — G) C C(G/H) x,G. We define for f,g € C*(H),

(f,9) ey = f"*glu.

Here we are using continuity; if H is a Haar null set then the restriction map is not defined
for measurable functions in general. Let B = C.(G/H — G). Then we can define

(f,9)h = f{g, h)cxm).-

One can then prove C(G/H) %, G is strongly Morita equivalent to C*(H). This theory
generalizes to when G is merely a groupoid rather than a group.

13.3 Semidirect products of groups

Definition 13.30. If N and @ are locally compact groups, and a : @ — Aut(NV) a jointly
continuous action, then we define N x, () as follows. As a Hausdorff space, N x, @ is the
product of topological spaces N x (). The group operation is defined by

(71, 1) (n2, g2) = (n1a(q1)(n2), 1)
Then N X, @ is the semidirect product of locally compact groups.

We remember the group operation on N x, @) by recalling that “whenever we want to
commute an n and a ¢, the ¢ must act on the n.”
Let G = N x, Q. Then Q and N embed in G in the obvious way and we have a split
exact sequence
0=>N—-G—Q—0.

Therefore any representation of G restricts to representations of N and ). Moreover, () acts
on N by inner automorphisms, i.e.

qng~" = a(q)(n).

The action of ¢ does not preserve Haar measure, but it does send Haar measure to a
translation-invariant measure; i.e. it multiplies Haar measure by a scalar, say o(q).

We now define an action of @ on C*(N). In fact, for f € C.(N), n € N, q € Q,
a(q)(f)(n) = a(q) f(alg)(n)).

Then a(g) is an isometry in L'-norm, so @ acts on L'(N) by isometries. This action a
immediately extends to C*(NV).
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Let U be a unitary representation of G. Restricting, we obtain representations of C*(NV)
and @, and U is a covariant representation of o : Q — Aut(C*(N)). Conversely, a represen-
tation of C*(N) x, @ gives rise to a covariant representation of ov. Then

C*(N) 30 Q = CH(Q).

This can be remembered as C*(N) X, Q) = C*(N X, Q).

Let N be an abelian group. Then C*(N) = Cy(N) (where N denotes the Fourier
transform, N = Hom(N, S') in the category of locally compact groups). Since @ acts on N
and hence C*(N), @ also acts on N. In fact if Y E N, then

a(q)(p)(n) = @(alg~)(n)).

Then C*(N %, Q) = C(N) x4 Q. Thus we are back in the original situation of a locally
compact group acting on a locally compact space.

Example 13.31 (Wigner 1939). Let L be the Lorentz group, the automorphism group of
Minkowski spacetime (linear automorphisms that preserve the Lorentzian metric g(z,y) =
—ToYo + T1Y1 + Tays + 23y3.) Then L acts on RY) so we have a semidirect product R* x L,
the Poincare group. The unitary representations of the Poincare group are important in
relativistic quantum mechanics. Elementary particles “should be” completely determined by
their symmetries, so correspond to representations of certain stabilizers of R* x L. This paper
led to the discovery that electrons have spin. In principle one could use the representation
theory of R* x L to rederive the periodic table of elements.

13.4 The Heisenberg commutation relations

We now look at an algebra with “invalid” generators and relations.
In quantum physics, the position ¢ and momentum p observables act on certain dense
subspaces of tensor powers of L?(R) with

[p, q| = ih.

They must be unbounded operators, since their commutator is a scalar. So ¢,p are not
elements of a C*-algebra. This relation is called the Heisenberg commutation relation.

We want to be able to form the holomorphic functional calculus for an unbounded oper-
ator T'. In particular, we would like to define a one-parameter unitary group by the group
morphism ¢ s €T

Example 13.32. The Schrodinger equation is the PDE that says that if H is the Hamilto-
nian, the action of its one-parameter unitary group t ~— ¢ is the time-advance map.

Reasoning just formally about how the holomorphic functional calculus should behave,
we let U(s) = e and V(t) = e"?. Weyl observed that

U(s)V (U (s)" = eV IUEr



so we let
¢(s) = U(s)QU(—s).
Then
¢'(s) =iU(s)(PQ — QP)U(=s) = —h.
So ¢(s) = @ — sh whence
U(s)V(t) = eith’mtsU(s) = e’mStV(t)U(s).

Recall that R = R (noncanonically). If we let (-,-) be the pairing of R and R, then we
have just proved

Us)V(t) = (s, ) V()U (s).
Here the choice of isomorphism is induced by some normalization of the Fourier transform.

Definition 13.33. Let GG be an locally compact abelian group. By a representation for the
Heisenberg commutation relations of G we mean a pair of unitary representations (U, V),

U:G— Aut(H), V : G — Aut(H), such that
U(s)V(t) = (s,t)V(t)U(s).

Any unitary representation V of G lifts to a representation 7 of the commutative C*-

A

algebra C*((G), which is C,, of the double dual of G. By the Pontryagin duality theorem,

~

the double dual of any locally compact abelian group is itself, so C*(G) = C(G). Let
f=h e Cy(Q) for some h € L'(G). Then

Therefore
U(s)m(f)U(s)* = /Gh(t)U(s)V(t)U(s)* dt = /éh(t)(s,t)V(t) dt
= 7(as(f))

where « is the action of G on C(G) by left translation. So (7, U) is a covariant represen-
tation of a and hence a representation of Co(G) ¥, G = By(L*(G)). But Byo(L*(G)) only
has one irreducible representation, which turns out to be the Schrodinger representation.
This shows that the Heisenberg picture and the Schrodinger picture are equivalent. This is
a theorem of von Neumann which was important to the foundations of physics.

13.5 Projective representations

Let W : G x G — U(H) be defined by
Wi(s,t) =U(s)V (1),
where (U, V) is a representation for the Heisenberg commutation relations. Then

W (s, W (s t) =U(s)VOU(S\VE) = =U(s + )V (), )V (H)
= (s, OVU(s+ WVt +1t)= (s, t)W(s+ s, t+1).
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Definition 13.34. Let G be a group. A projective representation of G is a continuous
function W : G — U(H) defined by

W(z)W(y) = c(z,y)W (xy)
for some ¢ : G?> — S,

Here we are thinking of S! as the unit circle subgroup of C. It is a morphism up to a
harmless constant. In fact, if PH is the projective space of some Hilbert space, then every
projective representation drops to a morphism of groups G — Aut(PH), since it permutes
the one-dimensional subspaces. Wigner proved that every automorphism of PH is given by
a unitary or antiunitary (i.e. conjugate linear) operator. If P is a rank-1 projection, then P
is sent to UPU ! by any such automorphism, for U a unitary or antiunitary operator.

Example 13.35. Charge-conjugation, parity, and time-reversal are examples of antiunitary
operators in quantum field theory.

So we have constructed a projective representation of G x G.
Up to a normalization we may assume U; = 1.

Given d : G — S', set V(x) = d(z)U(z). Then

Associativity of Aut(PH) manifests as

c(zy, 2)e(x, y) = c(x, yz)c(y, ).
We say that c is a 2-cocycle for G valued in S?.

Example 13.36. Let C), be the set of all functions G¥ — S'. The boundary operator for
the homology of groups with values in St is defined by 0 : C; — Cy by

dd(z,y) = d(x)d(y)d(zy),

and8:02—>C'3by
od(z,y, z) = c(zy, z)c(x, y)c(z, yz)c(y, 2).

This extends to a homology theory for all k. Here S* can be replaced by any abelian group.
If ¢ = (0d)c, then ¢’ and ¢ are homologous.

Assume that for all £ € H, z — U(z)() is measurable. Then for every f € LY(G), we

define
/ e

Then [[U()|| = ||fller and U(f)U(g) = U(f *.g) where %, is the twisted convolution defined
by

freglx /f gy~ 'x)e(y, y~ ') dy.
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So LY(G,¢) (which is L' with the twisted convolution *.) is a Banach algebra, which is not
commutative even if G is abelian. If ¢ is homologous to ¢’ then we have an isomorphism
LY (G, c) — LYG, ).

Given a 2-cocycle ¢ we can consider all projective representations of G where the 2-cocycle
is homologous to c. In these cases, the isomorphism of Banach algebras above implies that
we can assume that the 2-cocycle is actually ¢. For f € L'(G,c), this defines the C*-norm
by

| fllex o) = sup U CHI]

where U ranges over all projective representations whose cocycles are homologous to c. Here
we have a twisted adjoint, which for unimodular groups can be explicitly expressed as

f(x) = f(x)e(, z71),
We have a left regular representation L : L'(G,¢) — L*(G) defined by

L(F)(€)() = /G FWEw 2)ely,y~2) dy.

This gives rise to the reduced C*-algebra C*(G, ).

Example 13.37. Let G = R" x R". We define the cocycle c((x, ), (y,t) = ((x,s), (y,1)).
We already saw that C*(G,c) = Bo(L*(G)) in an unnatural way, by uniqueness of the
Heisenberg commutation relation. Now G is abelian, but By(L?*(G)) is far from commutative.

Example 13.38. Let G = Z". Then every cocycle is homologous to a bicharacter, a cocycle
c of the form

c(m,l) = elim-00)
where © € R™*™,
When we study G we will assume without loss of generality that ¢ is a bicharacter.

Henceforth we will mainly be interested in discrete groups, but really we are actually studying
z".

If G is a discrete group with a cocycle ¢, we can define a faithful tracial state 7 on
(*(G, ¢) (hence on C*(G,c)) by 7(f) = f(e). Moreover, §; is the identity of £}(G,c), and
T(f % [*) = X eq |f(y)°. From this it follows that the GNS construction for 7 gives a
faithful representation £'(G,c) — £*(G), so extends to a representation C*(G, c) — £*(G).

If G is discrete and abelian, then G is compact, and we have an action & : G —
Aut(C*(G, ¢)),

a(t)(f)(x) = (z,t) f(x).
Then
a(t)(f #e g)(x) = at)(f) *c a(t)(g) ().

To study the properties of this action &, G be a compact group with its Haar probability

measure, and « : G — Aut A an action. Then we define P: A — A,



Then P is a-invariant, a(y)(P(a)) = P(a). In particular, if we let A€ be the algebra of
all fixed points of o, P carries A into A. Conversely, if a is actually a fixed point, then
P(a) = a. So P is the projection map A — A“.

Definition 13.39. Assume B C A, and P : A — B is a projection. If for every b € B,
a € A, P(ab) = P(a)b and P(ba) = bP(a), we say that P is a conditional expectation.

It is easy to check that the projection P : A — A% is a conditional expectation. Moreover,
if @ > 0 then P(a) > 0.

If G is a compact abelian group (in applications, G is usually a torus), then G is discrete
(in applications, Z™). We let a be an action of G on A. For each t € G, set

a; = /G<x,t)ozr(a) dx.

So the a; are the generalized Fourier coefficients of a. We have

) = aly) ([ Ttia@)a) de) = [ G dateo)a) de = (.o

We now set A; = {a € A:Vy a(y)(a) = (y,t)a}. Then a; € A; and A; is a closed subspace,
hence a C*-algebra. For a € A;, b € A,, we have

a(y)(ab) = a(y)(a)a(y)(b) = (y, t){y, s)ab = (y, ts)ab

so ab € Ay.
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Chapter 14

Noncommutative geometry

14.1 Quantum tori

Fix © € R™? and let cg(m,n) = 2™ for (m,n) € Z4T¢. Then cg is a cocycle for the
duality of Z¢ and the torus 7. In fact the pairing is given by

co = (m, On).

Definition 14.1. The C*-algebra Ag = C*(Z%, ce) is called the algebra of functions on the
noncommutative torus or quantum torus of dimension d.

Now
O * 0 % 01, = (n, (O — O")m)4,.

So we can reasonably define
pe(m) = (6 —60")m e T

We now define

Hg = {p@(m) eTd:me Zd}

Then Hg is an subgroup of 79, so pe : Z — T% is a morphism of groups. It gives rise to an
action « of Hg on A defined by

Omad,, = a(pe(m))(a).

14.2 The 2-torus

Theorem 14.2. If Hg = T then Ag is simple.

Proof. If I is a closed ideal of Ag then I is closed under conjugation, hence under the action
of Hg. Now Ag is a space of noncommutative functions on 7% so we’re done. O

Example 14.3. If d = 2, we take © = {O

0]. Then © — O = {_0 9]. So
pe(ml,mg) = (ng, —le)
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If 0 is irrational then {#my : my € Z} is dense in S'. Therefore pg acts densely on T2, So if
O is irrational then Ag is simple.

Let M = S', 0 € R, a the action of Z on M by rotation by §. Then C(M) x, Z
is a rotation algebra, i.e. it is the universal C*-algebra generated by a unitary, namely
U = e?™ If V is the unitary acting on C(M) by V f = «(1)(f) (so translation by ), then
VU = €™ UV. One can then show that

C(M) x4 Z = C*(Z?, co)

where © = {_9 9] . So this is another construction of Ag.

If 0 is irrational, then « is a free action (i.e. all stabilizers are trivial). We now define
a morphism C(M) — Cy(Z) by f(n) = f(a(n)(ty)) for some fixed to € M. Now Cy(Z)
acts on (*(Z) by multiplication and Z acts on ¢*(Z) by translation. This gives a covariant
representation of « on ¢?(Z). One can then show using certain commutation relations that
the covariant representation is irreducible, hence gives an irreducible representation of Ag.
This depends on the orbit of ¢y, so we construct uncountably many irreducible representations
of Ag, all of which have kernel 0 since A is simple.

Thus we have constructed a C*-algebra with lots of irreducible representations that have
the same primitive ideal but are not unitarily equivalent. There are even more irreducible
representations that we have not treated.

If 6 is rational then every orbit is finite, and C(M) x, Z is a continuous field of d x d
matrix algebras, which is not isomorphic to C(7? — M4?).

Example 14.4. Let M be a compact Hausdorff space, G a finite group, a a free action
of G on M. Then M/« is a compact Hausdorff space and we have a Morita equivalence
C(M) %y G — C(M/a). “Most” of noncommutative algebraic topology is only defined up
to Morita equivalence, so from the point of view of an algebraic topologist, C(M) x, F =
C(M/a). This is a very unusual situation!

If G is an infinite group instead, then M/« may not be Hausdorff (for example, if G is
a Lie group which foliates M badly). Then C(M/a) may not be a C*-algebra, so we have
no way of studying its algebraic topology. We can still find topological invariants of the
dynamical system « by instead studying the topology of C'(M) %, G.

Example 14.5. Let H = U+ U*+r(V 4+ V*) where U,V are the generating unitaries of the
2-dimensional quantum torus. In physics, U + U* is the potential energy, r(V + V*) is the
kinetic energy, r “electron coupling”, and H the Hamiltonian. Hofstadter (of Godel-Escher-
Bach fame) showed that if € is rational but with large denominators, then the spectrum of
H approximates a Cantor set. So he conjectured that if  is irrational then the spectrum is
Cantor space. Katz offered 10 martinis for anyone who could prove this, which was known
as the ten martinis conjecture. Avila et al. proved the ten martinis conjecture.

If §,, € Z(Ao) then a(pg(m)) is the identity. So for all n,
1= (n(© —60"Ym) = (6" — O)n,m)

so m lies in the dual group Hg of He. One can then show that Z(Ae) = C*(Hg) = C(?[g).

Then we can express Ag as a continuous field over C(Hg).
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14.3 Noncommutative smooth manifolds

We now take the theory of Lie groups and smooth manifolds and turn it into a noncommu-
tative theory.

Let G be a Lie group. We can always assume that G is a closed, connected subgroup of
GL(R™). In fact GL(IR™) can be obtained by applying the exponential map to R™*"; i.e. the
exponential of a matrix is an invertible matrix. We therefore define Lie G = {X € R™" :
Vt € Re'* € G}. Then LieG is a Lie algebra and Lie is the functor that sends a Lie group to
its Lie algebra. Besides, exp : Lie G — G is the exponential map (in the sense of Riemannian
geometry), so is close to the identity of G a homeomorphism.

Given X € LieG, t + X is a morphism of groups R — G i.e. a smooth one-parameter
subgroup of G. In fact every one-parameter subgroup is of this form, though we note that
t — e* may not be injective. (For example S! is a one-parameter subgroup which is
periodic.)

Example 14.6. LieT? = R,

Let a be a strongly continuous action of R by isometries on a Banach space B. Let
b € B. Then we have a one-parameter semigroup r — a(r)(b).

Definition 14.7. Let G be a Lie group and « a strongly continuous action of GG by isometries
on a Banach space B. Given X € LieG, b € B, X — a(X)(b), the directional derivative is

Db = lim a(exp(rX))(b) — b

r—0 r

We let B> be those b € B such that every higher directional derivative Dy, --- Dx, b exists.

Theorem 14.8 (Garding). Let f € Cg,,,(G), f supported in a small enough neighborhood
of the identity. Given b € B, then the integrated form a(f)(b) € B.

Proof. Let X € LieG. Then
a(exp(tX)) (o (f)(b)) —a(f)(b)

:1@—( (exp(tX) /f da:—/f )
—%g%t(/fexp —tX)z dx—/f )

So a(f)(b) is once differentiable. Now use the fact that
Dy Dxa(f)(b) = a(Dy Dx f)(b)

to see that a(f)(b) twice differentiable and induct. O
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Corollary 14.9. B* is dense in B.

Proof. Choose an action « and let f, € C2 (G) be an approximate identity for L'(G).

comp

Then the sequence of a(f,)(b) approximates b arbitrarily well. O

Let A be a Banach algebra. If « is a strongly continuous action by algebra homomor-
phisms of the Lie group G, then for a,b € A*, X € LieG, the directional derivative Dy is
a derivation of A. It is reasonable to think of the space of derivations of A as “vector fields
on the noncommutative space /Al,” assuming that the space of derivations has the structure
of a A-module. But in general, it is only a Z(A)-module. Therefore, in general, we cannot
define the tangent bundle of a noncommutative smooth manifold.

Example 14.10. Let G = T so G = Z% and Lie G = R, and let o be an action of G on a
Banach space B. Let b € B®. Then

a(f)(DXb):%/Gf(I)a(I) <a(exp(t)§))(b)—b) 0

i [ Y Eep(tX) = f@)a(@)®)
=0 Ja& t

z = a(Dx[f)(b)

where we used the fact that G is abelian, hence unimodular. (This formula is therefore true
for any unimodular group.) The Fourier transform of b is given by

(Dxb), = ale,)(Dxb) = —a(Dxe,)(b) = 2minXb,

where ‘
en(t) — eant7

and the multiplication of Z? and R? is given by the dot product.
Let the Laplacian A act on B> by

(Ab), = S @r)2(nE;)’,

J

where the F; form a basis for R¢. Then for k € N,

(14 A)*D), = (1 + (27)? Z(nEjV) bn

h L (aray),
T (T4 (2m)2 30, (nEy)?)
whence
] < 0+ 2

(1+ (2m)2 32, (nEj)*)*

Therefore if p is a polynomial on Z¢,

[p(n)] - [I(1 + A)*]]
(14 (2m)2 32, (nEj)?)*
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and if k is large enough, it follows that n +— |p(n)|||b,|| is bounded (since (1 + A)*b is
independent of n). Since p can grow arbitrarily fast, the function n + ||b,|| lies in Cy(Z%).
In fact it lies in the Schwartz space of Cy(Z%).

Theorem 14.11. Let b € B. Then b € B* if and only if n — ||b,|| is a Schwartz function
on Z<.

Example 14.12. Recall that Ag = C*(Z¢, co). Then a, € C and cg is an action of T?, so
A is isomorphic to the Schwartz space of Z<.

We now introduce noncommutative differential forms. Given a € A, let da : LieG — A
be given by
da(X) = a(X)(a).

Then d is a derivation. We let  be the space of linear maps LieG — A, viewed as a
(A, A)-bimodule. Then let 2 be the submodule generated by d; i.e. linear combinations of
elements of the form a db, i.e. 1-forms on A.

Definition 14.13. Let A be a C*-algebra. The (A, A)-bimodule € is known as the noncom-
mutative cotangent bundle of A.

From this it is not difficult to define the higher exterior power Q* and define the boundary
map

d:QF — QFL

14.4 Noncommutative vector bundles

Let X be a compact Hausdorff space, E a vector bundle over X, and let I'(£') be the vector
space of continuous sections of E. Given ¢ € I'(F) and f € C(X), (f&)(z) = f(z)é(x) by
scalar multiplication so I'(F) is a C'(X)-module.

In this section we will assume all C'(X)-modules are finitely generated.

Definition 14.14. Let R be a unital ring. A projective module over R is a R-module V'
which is isomorphic to a direct summand of a free R-module.

In other words, if V' is free then there is a R-module W and a free R-module F' such that
VeWw=F.

Theorem 14.15 (Swan). Let X be a compact Hausdorff space. A C(X)-module V is
projective if and only if there is a vector bundle E such that V' = I'(E). Moreover, we have
an isomorphism of vector bundles F = F' if and only if I'(E) = I'(F).

So we have an equivalence of categories relating projective C'(X)-modules and vector
bundles over X. Though Swan proved this result in 1962, by this time Grothendieck had
already started identifying projective modules with vector bundles over algebraic varieties.

Let R be a ring. If we view R" as a right R-module, then Endg(R") = M, (R), where
M, (R) is viewed as acting on R" from the left. So we usually will view R" as a right
R-module. Henceforth we assume that every ring acts on its modules from the right.
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If V is a projective module which appears as a direct summand in R", then there is a
projection P € Endg(R™) such that P(R™) = V. This is not a bijection between projections
and projective modules, but it is often useful. Indeed, for any projection P, P(R") is a
projective R-module.

Example 14.16. Let R = C(X), P € M,(R) a projection. Then P acts on R" = C(X —
C"). So P(R") is a projective module, and we can find the vector bundle from Swan’s
theorem by looking at its localizations.

If R is a unital ring, let S(R) be the space of isomorphism classes of projective R-modules.
For V, W isomorphism classes, define V + W =V @& W. Then S(R) is an abelian monoid,
and S is a functor from unital rings to abelian monoids. But S(R) is badly behaved because
VaeW =2V e W does not imply V = V',

Example 14.17. Let T be the circle, A = C(T' — R). So A consists of periodic functions
R — R which are continuous of period 1. Let = be the set of continuous € : R — R such
that £(t 4+ n) = ££(¢). Then

S(R) ={E*:ncZ}.

From the space =] we can recover the Moebius strip.

Example 14.18. Let A = C(T?), viewed as continuous functions f : R* — C which are
periodic of period 1 in both variables. Now let =, , be the space of £ € C(R* — C) such
that £(s+ 1,t) = £(s,t) and

E(s,t+m) = ™BE(s,1).

Together with the free A-modules, we recover all projective modules over A, i.e. all C-vector
bundles over T?2. So we have classified vector bundles on a torus.

Example 14.19. Let S? be the 2-sphere, viewed as the unit sphere of R?, and let A =
C(S? = R). Let = be the A-module of continuous sections of the tangent bundle 7'S? of S2.
This can be viewed as the set of ¢ € C(S? — R?) such that for all x € 5%, (£(z),z) = 0.
By the hairy ball theorem, 7'S? is a nontrivial bundle. But the normal bundle N.S?, whose
continuous sections consist of £ : S? — R? such that £(z) € Ru, is isomorphic to 5% x R, so
is a trivial bundle. Therefore, if S(A) was a cancellative monoid, then

EPAXEGNS? 2 AP 2 A2 4

so we could conclue that = = A? and hence T'S? is trivial, a contradiction. Therefore S(A)
is noncancellative, and constructing its Grothendieck group will be quite difficult.

Let C(R) be the universal cancellative abelian monoid for S(R). In other words, for
every V, V' for which there exists W with VW = V' ® W, we impose the relation V = V.
We then take the universal abelian group containing C'(R), say Ko(R), i.e. the Grothendieck
group' of S(R). (Constructively, elements of Ko(R) are pairs (V, W) where V, W are elements
of C(R), and we are thinking of (V, W) as meaning V' —W.) We define the positive elements
of Ko(R) to be those in C(R).

! According to Rieffel, Grothendieck does not deserve to have such a trivial construction named after him.
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In fact one constructs K-theoretic groups K,(R) for every n € N. The first groups
n € 4{0,1,2} were well-known previously, but Quillen introduced K-theoretic groups for any
ring and any natural number. But we are not interested in Quillen’s K-theoretic groups. We
introduce, for R a Banach algebra, the topological K-theoretic group K f"p (R). If one tries to
define K3 (R) over C we find K3(R) = Ko(R); similarly over R we have KiP(R) = Ko(R).
This is the Bott periodicity theorem.

Example 14.20. Let Ag = C*(Z?, cp) be the quantum 2-torus. Then Ay = C(T?). In case
of the 2-torus, Ag = C(T) X4, Z acts on L?(T). We have projections on A, provided that
6 € (0,1), namely

P = U_, My, + M; + M,U,

for certain multiplication operators My, My, M. If ¢ > 0 and 6 4+ ¢ < 1, then the function
f is supported on [0, 0 + ¢] and identically 1 on [e, §] and the trace ¢(P) of the projection is

given by
1
HP) = / F—0.
0

If there is a unitary equivalence P = P’, then ¢(P') = t(P). By a theorem on the home-
work, there are only countably many projections in a separable C*-algebra up to unitary
equivalence, so Ay contains countably many traces, and its set of traces is determined by
0. Yet there are uncountably many choices of 6. So Rieffel’s theorem says that there are
uncountably many quantum tori up to C*-isomorphism. In fact (Z + Z#) N [0, 1] indexes
the quantum tori that embed in Ay. But when Rieffel showed this result to Voicolescu, he
proved Voicolescu’s theorem, which shows that

Ko(Ag) = 77

where C(Ay) = (Z 4+ Z0) N [0,00). So the K-theoretic group is not a complete invariant of
the quantum tori, but the positive elements of the K-theoretic group give more information.
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Part 1V

Complex analysis
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Chapter 15

Holomorphy in several complex
variables

This chapter follows Hormander’s SCV book, Chapter II, and Zworski’s lectures on SCV.

15.1 Cauchy-Riemann equations

Let us generalize the Cauchy-Riemann equations to higher dimensions.

Definition 15.1. Let f : C" — C be a function. We write z = x + iy and define the partial

derivatives
of _1(of .of
aZj N 2 an 8yj ’
and
of 1 < of Of >
— ==\ +1=].
8zj 2 (%cj ayj

We define the Wirtinger differential of f by 0f = 3. 0., fdz; and af =>. 0=, fdz;. Finally,
we define the total differential df = Of + Of.

For ease of notation we frequently make the decomposition dz; = dx; + idy; and dz; =
dr; —idy;. Then df = 3.0, f dz; + 0, f dy;, as it should be.

Notice that if n = 1 and f is holomorphic, then df = 0. Indeed, f = u + iv solves the
Cauchy-Riemann equations, so

of 1 (0u Ov Ou Ov
===+ —+—]=0
0z 2\0x Oy 0Oy Ox
This motivates the general definition of holomorphy.
Definition 15.2. The Cauchy-Riemann equation is the equation
of =0.

If f:C" — C solves the Cauchy-Riemann equation, then f is said to be a holomorphic
function of several complex variables. If f = (fi,..., fi) is a function C* — C™ such that
each f; is holomorphic, then f itself is said to be holomorphic.
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It is easy to check that the composite of holomorphic functions is holomorphic.

Recall that the implicit function theorem guarantees that a C" relation between R"
and R™ that “passes the vertical hyperplane test” is actually the graph of a C" function
R"™ — R™. In particular, this holds if » = oo, but demanding holomorphy of the function is
actually a much stronger condition, so we must check that it holds.

Theorem 15.3 (implicit function theorem). Let U be a neighborhood of (wy, z9) € C™ xC™,
and let f : U — C™ be holomorphic. Suppose that f(wo, 20) = 0 and det(df;/0wy)T—; # 0.
Then there is a unique holomorphic function g : C* — C™ such that f(g(z),z) = 0 and

Q(Zo) = Wo.

Proof. By replacing C with R?, we can apply the classical implicit function theorem. To do
this, we write f = u + iv and consider the Jacobian

(u,v) Redf —Imof
Imof Redf.

One easily checks that the determinant of this matrix is | det(0f;/0wy)|}}—, which is nonzero.
This gives a function g with f(g(z),z) = 0.
To prove holomorphy, we apply 0. This is

O fi(9(2),2) = Zawfﬁgg(z)

by the chain rule, using that df = 0. We have 0;f;(g(2),2) = 0, so by linear algebra,
dgy = 0. So g is holomorphic. O

Corollary 15.4 (inverse function theorem). Let zp € C™ and f : C"™ — C™ be a holomor-
phic function whose Jacobian does not vanish at zy. Then there is a neighborhood U > zj
such that f is a holomorphic diffeomorphism of U into its image.

Recall that if & = (ay, ..., a,) is a multiindex, then the differential form dz,, is given by

dr, = /\ dq,.
j=1
Definition 15.5. A differential form w is type (p, q) if it can be written

W= YY" fapdzadzs.

la|=p |B]=q

For each function space F, we let F,, denote the space of differential forms of type (p, ¢q)
over F.
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15.2 Basic properties

Theorem 15.6 (Hartogs). Let u :  — C be holomorphic in each variable alone; then u is
holomorphic.

Allegedly this theorem is useless (though it comes up in dynamical systems). Its proof
is very difficult, using the Baire category theorem and the Schwarz lemma. However, if we
are allowed to assume that u is continuous, then the proof is almost trivial.

Lemma 15.7. Assume that we are given a sequence u; of uniformly bounded subharmonic
functions, such that limsup; u; is bounded from above. Then the u; are locally uniformly
bounded from above by sup lim sup; u; + €.

Proof. Without loss of generality, we may assume that the u; < 0. Let K be a compact set
with d(K,Q°¢) > 3r. Let z € K, € > 0. Then we can find a ng such that for any n > ny,

/ un(2') dz' < (C+ E)?TT2
|2/ —z|<r 2

by Fatou’s lemma. If ¢ is small enough and |w — z| < §, then

7(r + 6)*u, (w) < /

|2/ —z|<r+§

un(2') dz’ < / u,(2) d2 < (C +¢/2)mr?
|z!—z|<d

for n large enough. Therefore

r+ 6\’
up(w) < (C +¢/2) <C+ce
r
for 6 small enough. This does not depend on z, w.
Cover K by discs D(z,d), so reduce to a finite subcover to find a uniform §. n

Definition 15.8. A polydisk in C™ is a set D of the form

where each D; C C is an open disk. The distinguished boundary 0yD is the set
oD =[] oD;.
j=1

If w: D — C™is a continuous function which is holomorphic on D, we simply say u is
holomorphic on D.

Notice that 0D is in general a torus (since it is a product of circles) and a very small
subset of 0D.
By induction on n, one easily proves the following.
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Theorem 15.9 (Cauchy’s integral formula in a polydisk). Let D be a polydisk in C" and
let u : D — C is holomorphic in each variable separately and continuous on D. Then one

has
R u(¢) d¢
U5 = iy /@OD G ) (o)

Corollary 15.10. Let U C C™ be an open set and f : U — C™ be a holomorphic function.
Then f € C*°(U), and for every compact set K C U, every multiindex «, and every open
neighborhood V' of K, we have

[|0%u|[ oo (1) 2o l[Ul|Lr(v)-

Proof. Since K is compact, it can be covered by finitely many sets contained in polydiscs
contained in V. Now use Cauchy’s integral formula (the implicit constant arising from the
denominator of the formula, the measures of the distinguished boundary, and the obligatory
factors of 2m). O

Corollary 15.11 (Montel). Let (ux)r be a sequence of holomorphic functions on an open
set U C C". If up — wu locally uniformly, then u is holomorphic. On the other hand, if one
has

|[ug] oo (k) S 1
for K C U compact, then (ug); has a locally uniformly convergent subsequence (which, in
particular, has a holomorphic limit).

The proof is the same as in one variable.
We view 0 as an exterior derivative. For (0, 1)-forms f we have

of = Z(Ejfk — Ok f;)dz; N dzy

<k
and if Ju = f for some (0,0)-form u, df = 0.

Theorem 15.12. Let Q2 C C" be bounded, n > 1, and assume that C" \ € is connected. If
there is a p € C*(C" — R) such that 9Q is the zero set of p and dploa # 0, and there is a
u € C*(Q) such that Ju A dp = 0 on 9, then there is a U € A(2) N C'(Q) such that U = u
on 0f).

Note that if U exists, then U — u = ph for some h € CY(QQ), with —Qu = dph on 0N.
This is what we mean by du A dp = 0 on 0f), which is hence a necessary condition as well
as sufficient.

Definition 15.13. For p as above, the equation duAdp = 0 is called the tangential Cauchy-
Riemann equation.

Clearly if u is holomorphic then it solves the tangential Cauchy-Riemann equations.
Otherwise, what this condition is saying is that du and dp are proportional. The intuition
is that if > t;0;p = 0 then 2 t;0;u = 0, and the hypothesis here is that the vector field
> t;0; is tangent (in the sense of the complexified tangent bundle) to 9€2. Thus, what the
tangential Cauchy-Riemann equations say is that any section V' of the tangent bundle of 92
which only contain antiholomorphic coordinates has Vu = 0, so annihilates w.
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Example 15.14. Take the unit ball B of C2. Here p(z) = |z|?> — 1. If V = ,0; + 50, then
Vp(z) = 2t- 2. Thus the antiholomorphic vector fields which are tangent to B are elements
of the ideal generated by 2001 — 210s.

Proof of theorem. We construct Uy € C*(Q2) such that Uy = u on 9Q and U, = O(p?) on
0). By the tangential Cauchy-Riemann equations, we have a hy € C3 such that ou = hoOp
on 9. Thus du = hodp + phy for some hy € Cg’jl. Then O(u — hop) = Ou — hodp — Ohop =
phi — Ohop = p(hy — Ohy) = Ophy for hy € C’g’l, and 0 = O(phy) = Op A hy + pdhy. Now
Ohy =0 0n 0Q so Op A hy = 0 on 0L, i.e. hy = hsOp + phy for some hy € C? and hy € C§1-
Now let hs = —hs/2, then 20phs = —hy + O(p), so

Au = hop + hsp?) = p(hsdp + pha) — p*Ohs /2 + 2pdp(—h3/2) = p*hy — p*Dh3/2 = O(p*),

Thus let Uy = u — hop + hsp®. So there is an f € C' such that dUy = p*f.
Now let F' = p*f on Q and 0 away from Q. Then F € C*(C). So there is a v € C}

comp

such that Ov = F. By continuity, v = 0 on 99Q. Let U = Uy — v. m

15.3 Plurisubharmonicity and domains of holomorphy

Definition 15.15. Let 2 C C" be open, and u : 2 — [—00,00) be a upper-semicontinuous
function. We say u is a plurisubharmonic function or plush function if for every a,b € C",
the function z — u(az + b) is subharmonic whenever it is defined.

Lemma 15.16. If u is C?, then u is plush iff the Hessian matrix
Nij = 0,0, f
is positive-semidefinite everywhere.

Proof. We have 0 < A u(z + Tw) = 40,0,u(z + T7w). By the chain rule,

0 <40, Zauz—I—Tw —428k8uz+7'w)ijk

Now divide both sides by 4. O]

We let P(£2) denote the set of plush functions on €. It is easy to see from this characteri-
zation that for any holomorphic function f, log|f| € P(2). A tensor product of subharmonic
functions, u ® v(z,w) = u(z)v(w) is also plush. Any convex function is plush.

Recall that the decreasing sequence of a subharmonic functions converges to a subhar-
monic function. Restricting to a line we see:

Corollary 15.17. The limit of a decreasing sequence of plush functions is plush.

Thus we could define a plush function to be a decreasing limit of smooth plush functions
(where a smooth plush function is one satisfying the Hessian characterization.)
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Corollary 15.18. Let ¢ be a standard mollifier and u plush. Let u. denote the e-mollification
of u. Then u. decreases to u as ¢ — 0 and u. € C*(Q)NP(Q,) for Q. = {z € Q : d(z,00) >

e}.
The proof is the same as in one dimension (i.e. for subharmonic functions).

Corollary 15.19. Let  C C*, Q' C C™, f : Q — Q' a holomorphic mapping, and
u € P(Q). Then the pullback f*u € P(Q).

Proof. Without loss of generality we can assume that u is smooth (since the pullback of a

decreasing sequence is decreasing). By the Hessian characterization, the pullback is plush.
O

Definition 15.20. An open set {2 C C" is a domain of holomorphy if there are no 1, Qs C
C™, €4 is nonempty, 23 C Q2 N Q, 5 is not contained in €2, and for every u € A(Q2) there
is a u € A(Qy) such that ulg, = ui|q,.

For example, a polydisk D =[] ; Dj is a domain of holomorphy because we could always
find f; € A(D;) which cannot extend to any open set beyond Dj, and then f(z) = >_; f;(z))
cannot be extended to any open set. More generally, a product of domains of holomorphy
is a domain of holomorphy. If n = 1 then every set is a domain of holomorphy, so this is the
distinction between one and many variables.

We choose a function 6 : C" — [0, 00) such that §(z) > 0 for z # 0, §(tz) = |t|d(z) for
§ € C. For example, 0(z) = |z|, or §(z) = max; |z|r; " for r; > 0. Put

0(2,9Q) = inf 6(z —w).

we)

Recall that for K C © a compact set, the holomorphic hull Ky, is defined by the set of
z € Q such that for every f € A(Q), |f(2)] <|[f]Lex)-

Lemma 15.21. Suppose (2 is a domain of holomorphy, f € A(Q2), and K compactly con-
tained in Q. If for every z € K,

|f(z)] <6(2,C"\ Q),
then this estimate is also true for z € Kgq, the holomorphic hull of K. In particular,

— inf §(z—w)= inf &(z— w).
1) = 10, 0 —w) = juf, 8 - u)
ZGK ZEKW

Proof. For D = {|z;| < r;} a polydisc, let
AJ(z)= sup r=46(2,C"\ Q)

z+rDCQ)
where §(z) = max; |z;]r; "
Suppose f € A(Q) and |f(z)] < AB(z) for z € K. We claim that for each { € Kq and
u € A(Q),
G

u(z) = 3 E o)
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on ¢ + |f(¢)|D. Since Q is a domain of holomorphy, this Taylor series cannot converge on
a large enough polydisc, so |f(¢)| < AE(z), which proves the claim in case  itself is a
polydisc.

To prove the claim, let L, = {z € Q: Jw € K |z; —w;| < trj|f(w)|}. If t <1, then L, is
compact. In fact, if {z*}; is a sequence in L; then there is a sequence of w* witnessing that
2% € L,. Since K is compact we can choose a limit w of the w*. Thus for k large,

|,zj’-C —wj| <ty f(w)] +e.

Taking e small, we see that the 2" lie in a compact set in K since |28 — w¥| < Af(w), so
have a limit z € K.
Let M; = ||u||ze(L,)- By the Cauchy inequality applied to the polydisc ¢ + | f(¢)|D,

,ra
[0 u(w) [t fw)] ! < M,.

Let F(¢) = 8au(C)t‘°‘|r°‘A(oz!)_1f(C)|°‘|. Then F' is holomorphic and |F(¢)| < M, for ¢ € K.
So by the definition of Ko, [|F|[ i,y < M. Therefore

|0%u()]

S < Ml | ()]

so if |z; — ;| < trj|f(¢)] then the Taylor series converges.
The above argument proves the lemma when 6(z) = max; |z;|r;'. The general § satisfies

3(z,C"\Q)=sup{re R:Vw e Co(w) <1 = Va € B(0,r) z+ aw € Q}.

Thus 0(z,C" \ Q) = infsu)<1 6w(z,C" \ Q) where §,,(2,C" \ Q) = SUPy, .cqweq” Where a
ranges over B(0,7). Take w = (1,0,...,0) and Dy = {z: |z| < 1,j #1 = |z| < 1/k}.
Thus AL*(2) — 6, (2, C*\ Q) as k — oo. Moreover Ag’““(z) > AJ*(z) so by Dini’s theorem
the convergence of the A5* is uniform.

If [f(2)] < 6u(z,C"\ Q) then |f(2)] < (14 €)AJ*(2) for k large enough and z € K. By
the lemma, |f(z)| < (1+¢)AL¥(2) and z € Kq. By Dini’s theorem again one has

£ (2)] < 0u(2,C"\ Q).

Take the infimum over w of both sides. So |f(2)] < d(z,C™\ Q) even for “weird” choices of
J. O

Theorem 15.22. The following are equivalent:
1. ©Q is a domain of holomorphy.

2. For every compact subset K of €2, the holomorphic hull Kq is compactly contained in
2, and for every f € A(Q),

[f (=)l £ (=)l

SUp —— = = sup

K 0(z,C"\Q) 0(2,Cr\ Q)
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3. For every compact subset K of €2, the holomorphic hull Kq is compactly contained in
Q.

4. There is a f € A(Q) which does not extend to any larger set.

Proof. Obviously 2 implies 3 and 4 implies 1. By the lemma above, 1 implies 2. So we just
need to show 3 implies 4.

Let {K;} a compact exhaustion of € (so for any compact L C  and every j large enough
L C Kj). Define D¢ = {(} +rD for D = {[z| < r;} and r = sup;y1 ,pcq p-

Let M be the set of rational points of 2; then we choose a sequence of (; € M so that
every element of M appears infinitely often. We also choose a sequence of z; € D¢, such that
z;j ¢ Kj; this is possible because D¢, touches 9§2 but K; does not because it is compact.

By (3), there is a f; € A(2) such that f;(z;) = 1 and || fj||z~(x,) < 1. Replacing f; by a
power of f;, we can assume without loss of generality that || f;]Lx,) <277.

Now let '
f) =110~y

J
To see that this product converges we just have to show convergence in any compact set L,
and we can assume without loss of generality that there is a J such that L = K ;. For j > J
we have |f;(z)| < 277 and since we only care about the tail we can assume J = 1. Then

log (2) = 3 illog(1 = (=N < > _ilfi(:) < Y527 < o0

Therefore convergence is locally uniform so f € A(2).

For every D¢, there is a wy such that for every |af < N, 0%f(zy) = 0. Therefore f has
a zero of order N in D,. In particular, the zeroes of f have higher and higher order as we
approach 0€). Therefore if f is defined at a point z of 92 then z is an infinite-order zero of
f. So f=0. But f is nonzero so this is a contradiction. O

Example 15.23. As a counterexample, notice that if @ = B(0,3)\ B(0, 1) and K = 0B(0, 2)
then Ko = B(0,2) \ B(0,1) by Hartogs’ theorem and the maximum principle for n > 2. This
is not a compact subset of (2, so {2 is not a domain of holomorphy.

Corollary 15.24. If € is convex then 2 is a domain of holomorphy.

Proof. Recall that Kg is contained in the convex hull of K, which is a compact subset of

Q. []

Corollary 15.25. If Q, are domains of holomorphy then the interior of (1, 2, is a domain
of holomorphy.

Proof. Let K C () be a compact set. Then Kq is a compact subset of Kga for every a, in
particular of the compact set (1), Kq,, which is a compact subset of 2. n

Corollary 15.26. Let 2 be a domain of holomorphy, fi,..., fx € A(2). Then
Q= {ze0: |f(2)] < 1}

is a domain of holomorphy.
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Proof. Let K be a compact subset of {2;. Then by compactness, there is a » < 1 such that
K c{z€Q:|[fj(2)] <r}. Thus for any z € Kq,, |f;(2)] <r. Moreover

Ko, C Ko C{|f;| <7} €9y

Therefore Ko ; 1s a compact subset of (). O

Corollary 15.27. Let u : Q — C™ be a holomorphic transformation, 2 C C™ a domain of
holomorphy. Then the pullback u~1(£?') is a domain of holomorphy.

We now relate domains of holomorphy to plurisubharmonicity.

Theorem 15.28. If {2 is a domain of holomorphy and ¢ as above, then z — —log §(z, C*\ Q)
is a continuous plurisubharmonic function.

Proof. For zg € Q, w € C", take D = {zo + 7w : 7 € C, |7| < r}. If r is small enough then
D C Q. Let f be a polynomial in 7 and —log §(zo + 7w, C"Q2) < Re f(7) for every || = 7.
We must show this is true for |7| < r as well.

Let F' be a polynomial on C" such that F'(zo + 7w) = f(7). Then

e "] < 8, C"\ Q)

for z € 9D, hence for z € 51\)9, in particular for z € D. Thus the claim holds for |7| <r. O

In fact the converse of this result holds, using Hormander L?-estimates with plush weights
on 2.

Definition 15.29. Let K C 2 be a compact set. The plurisubharmonic hull

KP ={z€Q:Vue P(Q) u(z) <supu.}
K

If K = f(f—’z, we say that K is plurisubharmonically convex.

Now if f € A(S2) we have log [f| € P(Q), so we are testing by fewer functions that in the
case of the analytic hull Kq. Thus K§ C Kq.

Theorem 15.30. The following are equivalent:
1. z+— —logd(z,C™\ Q) is plush.

2. There is a u € P(f2) such that for every ¢ € R, Q. = {z € Q : u(z) < ¢} is Q-
precompact.

3. For every K C Q compact, K% is compact in €.

Definition 15.31. 2 is pseudoconvex if one (and hence) all of the above conditions hold.
The function u appearing in (2) is called a plurisubharmonic ezhaustion function.

If Q is a domain of holomorphy, then €2 is pseudoconvex.
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Proof of theorem. To see 1 implies 2, let u(z) = —logd(z,C"\ Q)+ |z|?. This is clearly plush
and blows up at the boundary. So it is a plush exhaustion function.

To see 2 implies 3, let ¢ = supy u. Then {z € Q : u(z) < supy u} is clearly compact and
contains K%,

So we just need to prove 3 implies 1. Take zp € Q and w € C"\ 0. We need to show
that for every |7| = r, if —log(zo + 7w, C"\ Q) < Re f(7) then for every |7| < r we have
—log(zp + Tw,C" \ Q).

If |7| = r then §(z + 7w, C" \ Q) > e~ )| Let a € C" be such that §(a) < 1. Let
Fy(1) = 20+ 7w + Aze™#® and let Dy = F\(D(0,7)) and A = {\ € [0,1] : Dy C Q}. We
must show A = [0, 1] by showing that A is clopen and nonempty.

If A € A and we perturb A, then we do not move D, by much, so it remains in the open
set €). Therefore A is open. Moreover, 0 € A by assumption 3, so A is nonempty.

Let K = {2 + 1w+ Xae” /™ ¢ |7| = r, A € [0,1]}. Then K is Q-compact since by
assumption 3, 6(zp + 7w, C* \ Q) > |e~f|. Since |a| < 1 we have |ade™/7| < 1 whence
§(z + 7w + Aae~/®) > 0. Thus the function

7= u(zg + Tw + are )
is subharmonic near |7| < r. Thus

u(zg + 7w + Aae ™M) < supu
K

for |7| < 7, by the maximum principle, since K contains the boundary of K o. Thus D, C K 0.

If we have a sequence of \; € A, say A\; — Ay € [0,1], then the D, C K?, giving
a continuous family of closed sets which converge to a closed set D,,. So D,, C f(g, SO
Ao € A. So A is closed, which proves the theorem. n

Corollary 15.32. If (Q2,), is a family of pseudoconvex domains then the interior 2 of [, Qq
is pseudoconvex.

Proof. One has
5(z,C"\Q) =0 (z '\ Qa> inf §(z,C"\,,).
Taking — log of both sides we arrive at

—logd(z,C"\ Q) = sup —logd(z,C"\ Q)

and the right-hand side is plush since the supremum of plush functions is plush. O

Corollary 15.33.  is pseudoconvex if and only if for every z € () there is a neighborhood
w 3 z such that Q Nw is pseudoconvex.

Proof. 1f Q) is pseudoconvex, let w be a convex neighborhood of z. So w is pseudoconvex;
use the previous corollary.

For the converse, notice that this is trivial if z € Q by (3) of the above theorem. If
2o € 002 and w 3 zy we notice that §(z,C" \ Q) = 0(2,C" \ (2 Nw)) if |z — 2| is small.
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Thus the function z — —log d(z, C™\ ) is plush near z;. But plurisubharmonicity is a local
property so the function is plush on a neighborhood of 052, i.e. there is a closed set F' C €
such that z — —logd(z,C" \ Q) is plush on Q \ C.
Let
®(r) = max —log §(¢,C" \ Q)

I¢l<r
(er

so ® is increasing. Now let ®; be a convex increasing function such that &; > ®. So we
define ¢(z) = ®1(]z|). So ¢ is a plush function and we can put

u(z) = max(p(z), — log (2, C" \ 2))
which is a supremum of plush functions, hence plush. Clearly u satisfies (2). O

So pseudoconvexity is a local property.

Theorem 15.34. Let p € C*(C™) with dp|,—0 = 0 and let @ = {z € C: p(z) < 0}. Then Q
is pseudoconvex if and only if for every 2 € 9§, w € C" such that }; 9;p(z)w; = 0 we have

Z ajgkp(2>wj@k > 0.

J,k=1

Definition 15.35. If ) satisfies the hypotheses of Theorem 15.34 and is pseudoconvex then
() satisfies the Levi condition.

Example 15.36. Let Q = {z € C?: |21|* + 2Im 23 < 0}. Then

p(2) = |z1]* +2Im 2.

— 10
99p = [0 o]
so ) satisfies the strict Levi condition (where > is replaced with >). In this case, for any

zp € 0N there is a U € A(Q2) which has a singularity at zy, so U does not extend beyond 2.
In fact, we put

Calculating, we see that

U(z) = (z1a) —izo — |al*/2 +ib) ™!

where a € C, b € R. We put 29 = (a,b — i|a|*/2), then U has a singularity at z;. However,
as we will prove in a later theorem, any function on C?\ 2 admits an analytic continuation
to €.

For this example, the tangential Cauchy-Riemann equation is (9 +i2102)u(z) = 0. That
tangential Cauchy-Riemann operator, viewed as an operator on a 3-dimensional manifold
(since 0f2 is a 3-dimensional manifold) was used by Levi to disprove the version of the Cauchy-
Kovaleskai theorem for smooth (rather than analytic) functions because for the generic f €
C*(092) we do not have Pu = f.
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Proof of Theorem 15.34. First, a one-line lemma: Let p; = hp, p > 0, h € C? with h > 0.
Then if p satisfies the Levi condition then p; does as well. So we can replace the p in the
hypotheses in theorem with any p satisfying the same conditions, and we willl.

To prove that if Q is pseudoconvex with a C? boundary then the Levi condition holds,
we let p(z) = —infygeq |z — w| for 2z € Q and p(2) = inf,ecq |2 — w| for 2z ¢ Q. Thus p(z) is
the “signed distance” from z to 9. If z ¢ OS2, we have

z=w+ p(z)n(w)

for a minimizer w € 99 (which exists since 0f2 is closed) and n the unit normal. Since
has a C?-boundary, n is a C* function of the element w’ of R* where k is the dimension of
0N as a real manifold. Let f(w') = w. Then

(Vf(w'),1)
V()] +1

e,/ p(2)) = 2 — (f(),0) = p(2)
and F is C'. By rotating the manifold 0 so that the tangent plane near w is horizontal
and translate so w =0, i.e. w' =0, f(0) =0, Vf(0) =0. So

__oF oy = roe ok _ |1+ 0(p(%)) 0
St o) 0 = [ 8] = |TO00) 1

which is invertible if p(zp) is small. Therefore we can use the implicit function theorem to
see that p is well-defined and C'. We now implicitly differentiate z = y + pn to see that

L VW)
VIF V@)

which evaluates at © = xg, ¥’ = 0 to show that

ej = 0;(y' () + p(x) (y’(:v) @) 4 p(1 4+ O(y')2)>

on; = djp(xo).
Rotating back to the original coordinate frame,
Vp(x) = n(y(z))

whenever z is close to 99Q. Therefore Vp € C! so p € C2.
Now for z € Q and the standard § (namely 0(z, w) = |z—w|) we have p(z) = —d(z, C*\Q).
Then — = p so § € C? whence

—8;0)1og d = 0720,00,0 — 670,040
so it follows that _ _

> 6570;0w; 0,8y, — 0;0x6w W > 0.

7.k

We know that 0;p(zp)w; = 0 for zy € 0 (hypothesis of the Levi condition) so

> dip(2)w; = O(lz = z)).
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Taking z — 2,
Z @-Ekpwj@k Z 0
jk
(conclusion of the Levi condition).
We prove the converse by contradiction. Assume that —logd(z,C" \ ) is not plush in
2, in any neighborhood of €. Then 99 log(z + 7w, C" \ ) > 0 for some z close to 9. We
will expand this function in a Taylor series in 7. In fact,

log §(z + 7w, C™* \ Q) =1log §(2,C" \ Q) + Re(A7) + Re(B7?) + C|7]* + o(|7]?)

for some A, B € C and C > 0.

Now let 2(7) = 2 + 7w + ae*™+57°

for some a € C. Then

(z+ 1w, C™\ Q) — 6(a)|e*™ 57|

(a)(eC\TP/Z . 1)’€AT+BT2’ ~ ’7_|2

d(z(7),C"\ Q) >§
>0

for |7| small enough. Choose a so that d(a) = d(z,C"\ ©2). Then z(0) = z 4+ a € J2. Since
the function looks like |7|> we have

0,8(2(7),C" \ 2)}r—o = 0
835(2(7-)7 c* \ Q)|T:0 > 0.

By the chain rule,
0= 8:0(2(r),C" \ Q)]s = — > 3;p2(0)2}(0)
J
0 < 9%6(2(7),C"\ Q)|7—0 = — Z 8j5kp2;(0)z;q<o)'
jk
Since p < 0, this contradicts the Levi condition. O]

We will not bother to prove the following theorem, but it is true. The proof uses the
theory of Hormander L? estimates on complex manifolds with boundary, which is technically
complicated but not very interesting.

Theorem 15.37 (Levi problem). If € is pseudoconvex then € is a domain of holomorphy.

Theorem 15.38. Assume that w is a neighborhood of zy and p € C*(w), p(z0) = 0, dp(z2p) =
0. Suppose that there is a w € C™ such that

Zajgkp<20)ijk <0

gk

and

Z 8jp(zo)wj =0.
J
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Then there is an w’' C w, 2y € W', such that for every u € C*(w’) such that for every z € W/,
p(z) = 0 implies L
Ou A dp(z) = 0.

Let . = {2z € W' : p(2) > 0}. Then there is a function U defined on w’ such that if p(z) =0
then U(z) = u(z), and such that U € A(w',).

Proof. Write z = (21, 2/, z,). There is an affine change of coordinates such that
p(z) =Tmz, + Aulz > + O(|a*) + O(|)
for some A;; < 0. In particular, we can find 6§, > 0 such that
W={2€C":|n|<d |Z|+]|m|<e} Cw
satisfies p(z) < 0if |z1] =, z € ', and also such that
éﬁglp <0

onw’. Now the set of z; € Csuch that |2/|+|z,| < € implies p(z) < 0 is connected: otherwise,
p would have a local minimum in the second connected component, yet Ap < 0 so this is
impossible.

Lemma 15.39. For every fe 05071)(w’) such that f|w/\w/+ =0,k>1,0f =0, there is a
v € C*(w') such that v = f and Vlwnw, = 0.

v(2) L/| ‘ 5—f1(7',2’) dr NdT

211 T—2

Proof. We define

so Ov = f. In particular v is analytic whenever p < 0. We claim v = 0 on w’ \ W’ . Near the
boundary (except for the top) of w’, Ov = 0, and v = 0 at the bottom, so v = 0 near the
bottom. The set of points where p < 0 is connected, so v = 0 there. O

Let v be as in the lemma. Let Uy € C*(w') be such that Uy = O(p?) and Up| o = u ,=o.
Then let U = Uy + v. So OU = Uy + v, dv = —0Uy, and v|w,\w/+ = 0 so we're done. O

15.4 Hormander L? estimates

We want to use the method of a priori estimates to show that du = f has a solution, but
the Hilbert space L*(C™) contains no holomorphic functions except 0. Therefore we must
weight the inner product to apply Hilbert space theory. Fix €2 C C™ open. We let A denote
Lebesgue measure.

Definition 15.40. Let ¢ € C?(Q2). We say that o is a strictly plurisubharmonic function
or simply that ¢ is strictly plush if

, 0:0,0(2)tite
inf Z]Ekjk@()1k>0.
teCn\0 Zj It;]?
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Definition 15.41. Let ¢ be a strictly plush function on 2. We define the weighted inner
product with strictly plush weight ¢ to be the inner product (-, -), of the Hilbert space L*(¢)
corresponding to the Borel measure e™% d\ on €.

In other words,
(f,9), = /Qf(z)g(z)e_“’(z) dz.

To motivate this definition, notice that

/|u|2€—s@ — /6210gUI—so

so we must have ¢ > 2log |u| at infinity. But log|u| is subharmonic, so the point is that ¢
must have an especially strong form of subharmonicity for this to work on as many holomor-
phic functions as possible. This leads us to consider ¢ as a plush function.

Suppose that we have solved the equation Ou = f, for f : @ — C" a good function. Then
for f to be the “gradient” of u with respect to 0, it must be the case that

0;fx = Oif;

since u is smooth and so has equality of mixed partials. We call this condition the Cauchy-
Riemann constraint equation. One could view it as the statement that the 1-form du =
> i [i dzj is closed. Of course, du is an exact form, hence closed.

Theorem 15.42 (Hormander’s estimates). Let ¢ be strictly plush and let
2 2 0i0kp(2)tit
k(z) = inf 5
o 5, 1h]

witness that ¢ is strictly plush. Assume that f € L*(¢ + logk,Q — C") satisfies the
Cauchy-Riemann constraints 0; f, = 0if;. Then there is a u € L?D such that d;u = f; and

‘ |u| |L2(<P,Q—>(C) < | |f| |L2(g0+log K,Q—Cn)-

Before proving the theorem, we need the notion of weak solution for the operator 9. We
introduce the differential operators

0; = 95 — (9¢0).

If u is a smooth solution to the equation Ou = f and ¢ is smooth, then
(059, u)p = / dgue™¥ — / djpgtie™ = (9, fi)e-
Q Q

In other words, 5:- = 0j.
For functions 2 — C" we define

(9,h)p = Z(%? hj)e-

J
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Proof of the Hormander estimates. Fix a convex function ¢ > 0 such that

¢(2) > [2]log w(2),

which is possible because £ > 0. Then for any € > 0, we have logx < e¢ on |z| > 1/e. Thus

/ ‘f’2e—go—a¢ S/ |f|2€—g0—logf$ < 00,
|z|>1/e |z|>1/e

and the set {|z| < 1/¢} is no problem for integrability, so f € L2, _,. Since ¢ is convex, it

is plush, so p. = ¢ + ¢ is strictly plush. Taking weakstar limits as ¢ — 0, we can assume
that f € L*(¢).
Fix g € C*(Q2 — C"). Then
(0795, 0kgk)p = — (0509, G
= —(0r9%,95, ) — ([95, 0k] 95, r)
= (0,95, Orgr)p + (0;0k09;, i)y
so, summing both sides over j, k,
1 _ _ _ _
(69,09), + ) Z 10;9% — 3k9j||3; = Z H5j9||3> + Z(gjajakSOagk)-
J#k J Jk
By the Cauchy-Schwartz inequality,
(9. 1)% = (9. Pgttogn < 195 loiog il fll+10g 1

and

ol = it 172 S [ e 00uetstn < 3 [ gge e0,01
Jk ik
<Y 1059115+ (9;0,010, 9x)
J jk
In conclusion,
1 _ _
(9, 1% < N189IZI 108 + 5 > 1959 = x5l 121 F112 4108 -
ik

Let N be the subspace of L*(¢,Q — C") consisting of g which satisfy the Cauchy-

Riemann constraints. If h € N+ (with respect to (-,-),) and ¢ is a test function, then

O € N, so 0= (h,00), = (6h,¢),. But ¢ was arbitrary, so dh = 0.
Let P: L*(p,Q — C") — N be the canonical projection. Then

(9. Nl = [(Pg. ol < [1£1I51108109]]

Let us define the space D of elements of L?(p, ) — C") of the form dg for some g € L*(y),
and define ' € D* by T'(6g9) = (g, f),. Then |[|T|| < ||fllp+10gx < 00. So by the Hanh-
Banach theorem, 7' admits a linear extension 7 to L?(¢,Q — C"). Then T has a Riesz
representation, say u, which completes the proof. O
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Chapter 16

Multivariable holomorphic functional
calculus

This chapter follows Hormander’s SCV book, Chapter III.

16.1 The Gelfand transform

Let B be an abelian, unital Banach algebra. One of the fundamental problems of the theory
of such algebras is to consider to what extent that B can be approximated by algebras of
the form C'(K), for K a compact Hausdorff space.

Definition 16.1. A Banach algebra representation of B on K is a continuous morphism of
algebras B — C(K).

To classify representations, we consider the space of characters on B.

Definition 16.2. A character or multiplicative functional on B is a continuous morphism of
algebras m : B — C which is not identically 0. The space of all characters on B is denoted
MB'

For each f € B, the function f defined on characters by f(m) = m(f) is the Gelfand
transform of f. We give the space Mp the weakstar topology, namely the weakest topology
such that for each f € B, the Gelfand transform f is continuous. The resulting map
B — C(Mp) is called the Gelfand representation of f.

By the Banach-Alaoglu theorem, Mp is a compact Hausdorff space.
The Gelfand representation is universal among representations of B.

Lemma 16.3. If T: B — C(K) is a representation of B, then there is a map ¢ so that for
every f € B, )
Tf=foep.

Proof. Recall that Te is idempotent, so its image (Te)(K) consists only of 0 or 1. Let Ky
be the kernel of T'e and K be its complement in K. Then {K,, K;} is a partition of K into
compact, open sets. But then for any f € B, Tf = 0 on Ky, so we might as well assume
K = K;. Under this assumption, for each x € K, the map f — T f(x) is a character, which
we denote (k). O
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Definition 16.4. Let f € B. The resolvent function of f is the meromorphic function
Ry : U — B given by

1
f= e
The domain U of the resolvent function of f is called the resolvent set of f. The complement
in B of U of f is called the spectrum of f, denoted o(f).

Ry(A)

In case B is a space of matrices, then the spectrum of f is exactly the set of eigenvalues
of f viewed as a linear operator, since then f solves the eigenvalue equation

f(z) = Ax.

Theorem 16.5 (spectral radius theorem). For each f € B, o(f) = {f(m) : m € Mg}.
Moreover,

sup | f(m)] = lim [|f"][*/".
mEMB n—oo

The proof of this theorem uses some complex analysis, which we now consider.
Lemma 16.6. Let g € B. If g is invertible, then the mapping
A= (g—Ah)™!

is continuous on the disk D of all A such that

1
N < —.
lg=thl]

Assume w C D is bounded by a finite number of C*! arcs. If ¢ is holomorphic on w and C*!
on w, then

/a (g — Ah)"to(N)d\ = 0.
Proof. Let H = ¢g~'h and N
IN) =g 'Y X"H"
n=0
This series converges locally uniformly on D, in fact by definition of D. Also,
I(X\)(g—Ah) =1(N)g(e — AH) =e.

Therefore we can integrate term by term after multiplying by ¢(A), and each term is holo-
morphic. O

Lemma 16.7. If (e — \f)™! exists for every |A\| < R, then for each n > 0,

RM|f™] < sup [[(e = Af)7H].
IN=R
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Proof. By homotopy invariance and the above lemma, the integral

1
— —Af)7IAT A
i [
is independent of r if » < R, and if r||f|| < 1, then the integral is equal to f™. O

Lemma 16.8. For each f € B, o(f) is nonempty.

Proof. Assume o(f) is empty. Then (e — Af) ™! exists for every A € C, and the holomorphic
function )
[Lf7H

R

is bounded as A — oo, contradicting Liouville’s theorem. O

e =N~ < e =A== H)7 ]

Corollary 16.9. If B is a field, then B = C.

Proof. By the lemma, for every f € B we can find A € C such that f — Ae is not invertible,
but since B is a field, it follows that f = Ae. O]

Lemma 16.10. If [ is a proper ideal of B then there is a m € Mg such that m(f) = 0 for
every fel.

Proof. By Zorn’s lemma, we can find a maximal ideal m O I. The natural map B — B/m =
C is a character, call it m. n

Finally we are ready to prove the spectral radius theorem.

Proof of spectral radius theorem. We first claim that {f(m) : m € Mg} C o(f): if A & o(f),
then there is a ¢ € B so that g(f — \e) = e, so g(f— A) = 1. Therefore f(m) = \ for any m.
Now let
1/R < sup |z|.
z€a(f)

So if |A] < R, (e — A\f)~! exists by the above lemmata. So

1/n
(hmsupR"Hf”H) = Rlimsup||f"||'" < 1
n—oo

n—oo

and it follows that
timsup |77 < 5 < sup |
n—+00 R seo(p)

Third, if A € o(f), then f— Ae is not a unit, so the ideal I = (f — \e) is proper. Therefore
we can find a m € Mp which is annihilated by I. Then A = m(f), so o(f) C {f(m) cm €
Mpg}. This proves the first assertion of the spectral radius theorem.

Since the Gelfand representation is continuous, there is a C' > 1 such that

sup |f(m)| < CJ|f]]

meMp
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So
sup |f(m)| < Y| < YIS

meMp
implying that

sup |f(m)| < liminf || f"[|"".
’ITLEMB n—oo

Therefore by the lemmata

sup | f(m)| < liminf [|f*||" < limsup || /"] < sup [2| = sup |f(m)].
meMp n—00 n—0o0 z€0(f) meMp

This proves the second assertion. O

Now we generalize the notion of a spectrum to several complex variables. A version of
the spectral radius theorem holds still.

Definition 16.11. The joint spectrum o(f1,..., f,) is the set of all A € C" such that the
ideal

(fl —/\16,...,fn —)\ne)

is proper.

Corollary 16.12. For fy,..., f, € B,

U(fla---afn) = {(f1<m)7afn(m) im e MB}'

The proof is essentially the same. This generalization of the spectral radius theorem will
allow us to classify the Gelfand representations of finitely generated Banach algebras.

Theorem 16.13. Let B be the Banach algebra generated by fi, ..., f,. Then the mapping

©o: Mg —o(fi,...,fn)

is a homeomorphism. Moreover, o(f1,..., f,) is polynomially convex, and for each f € B,
one can approximate f o ¢~! uniformly by polynomials on o(fi, ..., f,)-

Proof. Since Mp carries the weakstar topology, ¢ is continuous, and injective since if p is a
polynomial,

m(p(fis- - fa) = p(fi(m),..., fu(m))

(and polynomials in the f; are dense in B, by definition of B). By the corollary of the
spectral radius theorem, ¢ is surjective.

To prove the second statement, let K = o(fy,..., fn), 2 € R', and define a map on the
generators by f; — z;. This will extend to a character on all of B if it is continuous; and
indeed

Ip(2)] < sup Ip(w)| < sup im(p(f))] < [p(f)]-

Therefore z € K, proving the second claim. The final claim follows because polynomials are
dense in B. 0
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16.2 The holomorphic functional calculus

We now show that holomorphic functions can be extended to an (abelian, unital) Banach
algebra B, even in several complex variables.

Theorem 16.14 (holomorphic functional calculus in several complex variables). Let fi,..., f, €
B and let ¢ be a holomorphic function on a neighborhood of the joint spectrum o(fi, ..., f,).
Then there is a g € B such that

g = gp(flvufn)
One generally writes g = ¢(fi1,..., fn), so we think of ¢ as a function B" — B.

Lemma 16.15. Let Q@ C C" be open and contain o(fi,..., fn). Then there is a finitely
generated Banach subalgebra B’ of B such that fi,..., f, € B" and op/(f1,..., fn) C Q.

Proof. As B’ increases, op/(f1,. .., fa) decreases. So we show that for every z & o(f1,..., fn),
we can find B’ so that z ¢ op/(f1,..., fn). Indeed, we can find f;;, € B so that

e= Z fien(fi — 25€).

Now let B’ be the Banach algebra generated by the f;. O]

Lemma 16.16. Let B’ be as above. Let f1,..., f, be the generators of B’, and let 7 : C* —
C" be the projection which annihilates (0,...,0,2p41,...,2,). Then there are polynomials
pi, such that for each z € CY such that for each j, |z;| < ||f;]], if

pe(2)| < [lpe(frs- - Fo)ll,
then 7(z) € Q.

Proof. Assume 7(z2) ¢ op/(fi1,..., fn). Then the map f; — z; cannot extend to a character
on B’, so is discontinuous if we were to try to extend it; i.e. there is a p so that

’p<zla'-->zv)’ 2 Hp(flaﬁfvﬂl

This is still true close to z, so use compactness of the closed polydisk

{zeC: [z] <A}
O

Now we come to the theorem that we will use to prove the holomorphic functional cal-
culus.

Theorem 16.17. Let fi,....f, € B and let ¢ be holomorphic in a neighborhood of
o(fi,..., fn). Then there are f,.1,..., fy and a holomorphic function ® on a neighbor-
hood of the polydisk

{z€CY |5 < I}

such that o(fi,..., fn) = ®(f1,..., fn).

171



Proof. Let € be a neighborhood of o(fi,..., f,). By the lemma, we can find f,.1,..., f,
and py,...,p, satisfying certain conditions. Let N = v + p and fy1p = pi(fi1,..., f,). The
function ¢ o 7 is holomorphic in a neighborhood of the compact set of all z € C” such that

1z;| < |If;l| and |pr(2)| < || fito||- Therefore by results in several complex variables, we can
find the desired ®. O

Proof of holomorphic functional calculus. Let ® and f,11,..., fy be as above. By holomor-

phy, we can write
d(2) = Z Ao 2"

> JasRY < o0
«

where R = (||f1]|,---,||fn]|]) and z = (21, ..., 2zx5). Therefore the series

gzzaafa

such that

norm-converges. MOI'GOVQI‘,
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Chapter 17

Algebraic geometry

Throughout this chapter, we assume that all rings are commutative and unital.

17.1 Schemes and varieties

Definition 17.1. A ringed space X = (X, F) consists of a sheaf of rings F on X. If the
stalks of F are all local rings, then we say that X is a locally ringed space.

A morphism of ringed spaces 1 : (X, F) — (Y, G) consists of a continuous map ¢ : X — Y
and for each U € Open(Y), a morphism of rings ¢y : G(U) — F(¢p~1(U)) such that for
every open set V' C U, the diagram

G(V) 2 F\ (V)

| |

G(U) 2 Fy(U))

commutes.

Let (X,F) and (Y,G) be locally ringed spaces. A morphism of locally ringed spaces
¥ (X, F) — (Y,G) is a morphism of ringed spaces such that for every € X, the maximal
ideal m of the stalk F, is given by m = 1),(n) where n is the maximal ideal of the stalk Gy
and 1), is the colimit of morphisms ¢y as U ranges over the directed set Dy,) of all open
sets U 2 ¢(x).

So a morphism of locally ringed spaces is a morphism of ringed spaces, whose domain
and codomain are locally ringed, which preserves the maximal ideals at each stalk.

Definition 17.2. Let R be a ring. Let X be the spectrum of R, equipped with the Zariski
topology. If U = D(f) is a distinguished open set, let F(U) be the localization of R at
R\ D(f). Let F be the induced sheaf. Then Spec R = (X, F) is called the affine scheme

associated to R.

Proposition 17.3. Let R be a ring. The affine scheme Spec R is a locally ringed space, and
R is the ring of global sections of Spec R.
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Definition 17.4. A scheme is a locally ringed space which is locally an affine scheme. A
morphism of schemes is a morphism of locally ringed spaces.

If X is a scheme, then there is a unique morphism X — Spec Z, which is the categorical
dual of the morphisms Z — R for each ring R appearing in the definition of X.

Definition 17.5. Let S be a scheme. A scheme over S, X, is a scheme X such that there
is a morphism of schemes 7 : X — S.

Let X and Y be schemes over S, witnessed by morphisms 7: X — Sand p: Y — S. A
morphism of schemes over S, ¢ : X — Y, is a morphism of schemes ¢ : X — Y such that
™= @o1.

In case S = Spec C, we say that X is a complex scheme.

Notice that if X = (X, F) is a complex scheme and U C X is an affine subscheme, then
F(U) admits a morphism of rings C — F(U). This gives rise to a complex algebra structure
on F(U).

Definition 17.6. If X is a complex scheme and every algebra F(U) is finitely generated
over C, we say that X is a complex scheme of finite type.

Definition 17.7. A reduced scheme X = (X, F) is a scheme such that for every open set
U C X, the ring F(U) has no nilpotents.

Definition 17.8. Let 7 : X — Y be a morphism of schemes. The diagonal morphism
0r : X = X Xy X is the fiber product of the identity X — X with itself induced by =w. If
0.(X) is closed in X Xy X, we say that 7 is a separated morphism.

If the unique morphism X — SpecZ is separated, we say that X is a separated scheme.

Definition 17.9. A wvariety is a reduced, separated complex scheme of finite type.

17.2 Formal power series

Let ), aqaz® be a formal power series on C" with domain of (absolute) convergence D. Let
B be the set of z such that |a,z®| is uniformly bounded in «. Clearly D C B.

Lemma 17.10. Assume w € B and U = {z € C": |2;| < |w;|}. Then U C D.

Theorem 17.11. D* = {£ € R" : (¢%,...,¢e%) € D} is an open, convex set. If £ € D* and
In;| <1&| then n € D*. Moreover, z € D if and only if |z;| < €% for some £ € D*.

Proof. D* is the interior of B*. We will show B* is convex. There is an M such that ¢, n € B*
if and only if
laqe™| < M

and similarly for e*”. This remains true when we raise both sides to the ¢ or 1 — ¢ power.
Then
|aa|ea(tﬁ+(1—t)n) < M.

Thus t€ + (1 —t)n € B*.
The other claims follow from the definition or are obvious from the lemma. ]

Definition 17.12. A Reinhardt domain is a set 2 C C" such that for every z € Q and every
O R (e¥z, ... e%z2,) €.
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17.3 Bergman kernels
Suppose P is a strictly plush quadratic form on C". That is,
®(z) = Re(Az, 2) + (Cz,2)

where A € C™" and C' is a positive matrix. (The inner product is antilinear in Z, hence
why we needed complex conjugation). Then we define

Li(C™) = {u : g lu(2)?e 2% 4z < oo} :

Thus we can define Hg(C") = L2(C")N A(C"). Taking the holomorphic part of a compactly
supported function (which is always possible for smooth functions by the Hormander L2
estimates), we see that He(C™) is nonempty. Hg(C™) is closed, hence a Hilbert space.

It is often useful to have a semiclassical parameter, so we put

ul2 = / e/ dm,

Putting

ua(z) — 6—(Az,z>/hzoc

we recover an orthonormal basis

fo = C(R"Hela) =12y,

of Hq,.
Let
Il : Lé — Hq,

be the orthogonal projection. Then one can check that
Hpu(z) = C’/ 2V EO/h=22(w)/hyy (1)) dm(w),

where U : C?* — C is the unique analytic quadratic function such that
U(z,z) = O(2).
Example 17.13. If ®(2) = |2|?/2 then ¥(z,w) = (z,w)/2 and

1 —
/ e~/ h=wl by (1) dm(w).
(CTL

Mu(z) = h)

In quantum mechanics, H is the space of wavefunctions. If g € L™ is a classical observ-
able, we quantize g by
T, = gl

In fact, g itself cannot be holomorphic by Liouville’s theorem, but 7T}, preserves A.
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Definition 17.14. The projection T} is called the Toeplitz operator of g.

Example 17.15. Let g(z) = Zj, u € Hgyoz2, where ®(2) = |z|>/2. Then T, carries H to
itself, and

1 _
Tgu(z) — (h’]]’)n/ e*<z7w>/h*|w|2/hwju(w> dm(w).
We first see that
— 2 7 2
@je—<z7w>—|w| /h _hawj€—<zﬁw>—|w| /h

and since the integrals converge, we integrate by parts to see that

1

Tgu(z) = (hﬂ')n

e*<z’m/h7‘w‘2/hh8wju(w) dm(w) = H(hoju(z)) = hdju(z).

That is, multiplication by Z; is the same as differentiating in z;. So this is, in fact, a
quantization.

17.4 Quillen’s theorem

Theorem 17.16 (Catlin-d’Angelo-Quillen). Let
f(2,2) = Z Cap?®Z’
|la|=|8]=m

be a bihomogeneous quadratic form on C™ such that f(z,%Z) > 0 for every z # 0. Then there
is a N € N and a polynomial

Pi(z)= ) ph="

|lal=m

such that ;
2PV f(z2) = D IB(2)P
j=1
Quillen developed this theorem to prove the complex Nullstellensatz. It was also used by

Polya for the following theorem.

Theorem 17.17 (Polya). Suppose p is a real homogeneous polynomial on R™ and p(x) > 0
if Vj ; > 0 and 37, 2; = 1. Then there is a N € N such that (z; +--- + z,)"p(x) has
positive coefficients.

Proof. Write x; = z;Z; and put cog = 0 for a # 3, then use Quillen’s theorem. n

To prove Quillen’s theorem, we develop the theory of real quadratic forms.
Let ¢ : C* — R be a quadratic form.

Lemma 17.18. There is a decomposition ¢ = h + ¢ such that h(iz) = —ih(z) and ¢(z) =
0(iz).

Definition 17.19. /¢ is the Lew form of q.
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Proof. Define Jq(z) = q(iz). Then J* = 1. Put h = (¢ — Jq)/2, { = (¢ + Jg)/2. Then h
is pluriharmonic in the sense that for any j in any coordinate system, 0;0;h(iz) is constant
because h is a quadratic form. Moreover,

which proves the claim for h. n

To prove Quillen’s theorem, let

Pre) = ST sz (h)’

|lal=|B|=m

be a quantization of f. Then if h = 1/N, Py carries the space P,y of homogeneous
polynomials of degree m+ N to itself, as we will prove, and this will prove Quillen’s theorem.

Lemma 17.20. There is a polynomial P such that
J
f(z2) =) |P(2)P
j=1

if and only if A = (cap)ap is a positive-definite matrix.

Note that this is not trivial because A acts on the vector space CX, where K is the set
of partitions of m, which by some combinatorics can be very large!

Proof. For any symmetric matrix A € C¥*¥ we can find wy, € CX, \;, j,k € K, such that
A= Z A jwpwy,
jik

by the spectral theorem. Here f is real-valued, so c,3 = €3, whence A is symmetric. Thus
we can use that decomposition.
Let Z = (2%)aek. Then

f(2.2)=Z°AZ = NZ wow,Z

acK

so f(z,%) is the sum over « of the sign of A\, times |P,(2)|?, where

Pa(2) = alPwZ = 02 Y w20,
BEK

So if A is positive then the A\, > 0.
For the converse, just run the same argument in reverse. O
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Example 17.21. Let z € C?,
f(2,2) = |a1|* + |2 * + |21 P[22

for some |c| € (0,2). Then f is a positive quadratic form. There are only 3 partitions of 2,

so the matrix A acts on C? by
1

A= c
1

Then A is positive-definite if and only if ¢ > 0, so that is exactly when f is a positive
quadratic form.

Let P,y be the space of homogeneous polynomials of degree n+ M. Let ®(z) = |2]?/2
as in the theory of Bergman kernels and 7. be the quantization operator.

Lemma 17.22. Let
2PVf(2) = > agE

la|=[8|=N+m
be a bihomogeneous form. Let

P(z) = Z Cap?®Tss.

|la|=|B8|=m

Then A = (cnp) is positive if and only if there is a ¢ > 0 such that for every u € P,y we
have
(Pru,u)e = cf|ufle

Proof. The orthonormal projection IT : L? — H is self-adjoint so

a,f

- (Wib)" / " <2’LIZ>1 f(z,)g(w)e™ ™ dm(w)

=S m [ ST gt dmw),
r =2 """

Assume g € P, n. By homogeneity one can only get a nonzero contribution to the integral
when L = N. So

Prg(z) = (xh)™" / S 2T b m)gw)e M dm(uw).

l’l':
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Let u € Py, n expand as

u(z) = Z Uy (2)27.

[y[=m+N

Then

(a+m'B+p!
H" UB+ala+p

(Pru,u) = ANP2M N o
lae|=|B|=m
|ul=N

= (zh) RN Z e Py,
IyI=lpl=N+m

N . o, . . . o . .
and (¢, ply!) is positive iff A is positive. Since

<275>N Cap _
N Z Cap?®?® = Z ﬁz“*“zﬂw
m

|a|=[8]=m la|=|8|=
lu|=N

we plug this back into (P fu,u). O]

Lemma 17.23. For every 6 > 0 and m > 1 there is a € > 0 such that if |[Mh — 1] < ¢, then

for every u € Py,
| 2™ ull L2 (21<1-5) < O] |ul]e.

Proof. Let
Iy : Ly = Py

be the orthogonal projection. Now
[T |2 Lpaj<a o n |22 2 = O(R)

if hM is close to 1. In fact, it is no trouble to reduce to when m = 0 since |z|™ < 2™ and
then
||u||i§,(|z\<1/2) = <1|z\<1/2u,u><1> = <HM1‘Z|<1/2HMU,U>(D.

We now use Schur’s criterion with p(w) = |w|*. In fact

u(w)

Myu(z) = (7h)" / (2, )M S P

so if K is the integral kernel defined by
ardjzi<a/olln :/ K (2, w)u(w)e /M dw
M

we have (2 e ()
. —on 2,G ¢, w —I¢|2/h
K(z,w) = (hm) [Cn W1\<|<1/2 N[ € <P/ d¢
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since by Fubini’s theorem the integral kernel of a product of integral operators is the product
of the integral kernels. Thus

|K(Z w)‘ < (ﬂh)_%/ ’z‘MKPM'w’Me—K\Q/h d¢
implies
M 2M 2M
K M —|wl?/h g \ | / / |C’ ]w[ oIS/ h =0/ g g
[ i wljue L g € i

=: 11]2

where we are thinking of the e~"/" as a Radon-Nikodym derivative of a certain measure (so
we can use Schur’s criterion on that measure). Using polar coordinates,

C o 2
Il < —/ T2M+2nflef7“ /h dr
MR

1 o0
-0 <M‘)/ tMAn=le=t qt

<O< ! )(M+n—1)'<0((M+n)").

Since Mh is close to 1, eM+m+n=1t Jooks like €/, and if 1 — p = Mh then p is small. We
recall that log1/4 —1/4 ~ —1.6 < 1. So if we take r* =,

1/2 T2M+2n—1

_[2 S C WG_TQ/h dr
0 .
1/4 yM+mtn—1 Ced/4h 1/4
_ —t/h g, _ —t\1/h
=C Vi e " dt = —M!hM+"/() (te™")" dt
5/4h 1/4 §/4h _
_ Ce / / GloBt=0/h gy < (1F / 1.5/h
M!\pM+n [ = M hRM+n
—1.2/h n+M ,—1.2/h
<C e <c (1+p) e

M!(l _ p)—(n+M)M—(n+M) - 7 MM+12)\[-M p[—n
< O(Mn(l + p)n+M)e—(1—p)M < O(e_CM) _ O(e—C/h)
by Stirling’s formula. O
Lemma 17.24. Let |o| = |3] = m. There are p; € P,,—; such that if
Qos(2:2) = 22"+ 3_Wpi"(2,7)
j=1

then 24715 =T,

qdap*
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Proof. This is obvious if m = 0. Otherwise, assume that it is true for m, and use the fact

that
Tooms = (hO,)?2* = 2*(h0 Z Z paﬁz“ ho,)

=1 |pl=m—j

to prove the lemma by induction. O

Proof of Quillen’s theorem. By a previous lemma, we have f = T, where

q(2,7) = f(2,2) + > _ Wp;(2,%)

j=1
for some p; € P,,,—; which depend on our choice of h. We claim that for some N > 1, h <1
and every u € P4, there is a ¢ > 0 such that

(Tyu, ) = cllull3.

In fact we take ¢ so that f(z,Z) > 2c¢ for 2|z| > 1, which is possible by homogeneity of f. So
if h > 0 is small enough, then

q(z,2) > ¢
for every z with 2|z| > 1. In particular we have the luxury to choose h so that we can find
N such that N = 1/h. Now II is self-adjoint and u € H, so
(T, u)e = (TgTTu, u)e = (T, Tiu)g
= (qu,u)p > C<1\z|21/zua u)g — CHU||L§I>(|2\<1/2)

= C‘|1|2|21/2UH%§D(|Z\21/2) — O(h™)||ulle

[lull3
> .
> e
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Chapter 18

Line bundles over complex varieties

Definition 18.1. An immersion is an injective continuous function.

Definition 18.2. An holomorphic atlas on a topological space M is an open cover (Uy,)q
equipped with open immersions 7, : U, — C" such that whenever U, N Uz is nonempty, the

mapping
Te © 7'5_1 :13(Ua N Ug) = T0(Uy NU3)

is holomorphic.
Definition 18.3. A complex manifold M is a Hausdorff space equipped with a holomorphic
atlas.

1

Definition 18.4. A function f : M — C™ is a holomorphic function if for every a;, for7":
Ta(Us) — € is holomorphic.

Example 18.5. Let

M={zeC"™: 22+ ... +22=1}.
Then there is a j such that z; # 0. By the implicit function theorem, we can show that M
is a complex manifold. But it is not compact, and in fact has complex codimension 1.

Definition 18.6. Let V be a complex vector space, which the multiplicative group C* acts
on by scalar multiplication. Let P(V') = (V'\ 0)/C*, the complex projective space. Define for
x € P(V) the equivalence class [z] € P(V'). Define Q; = {[z] € P(V) : z; # 0}. Then define

Tj_l([l’]) = (xoxj_l, . ,:Ej_lfL‘j_l, mj+1xj_1, - ,ffnxj_l)-

Then for z € 7;(£2; N ),

1 —1 -1 -1 —1 -1 —1 -1
Tio T (2) = (202] 5oy 212 520 ZjH1EL sy B 1Z S Fi1Z e ZnZ )

Then if V = C"™!, P(V) = 8*~1/S1 where S! acts on S?"~! by scalars. So P(V) is a
compact complex manifold.

Example 18.7. Let M = {z € C"™' : 2§ 4 --- + x2_ ; = 0}/C*, where C* acts on C"*! by
scalars. By a similar argument as with projective space, M is a compact complex manifold.
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Theorem 18.8. The only holomorphic functions on a compact connected complex manifold
are constant.

Proof. A function would have to attain a maximum since the manifold is compact, and by
the maximum principle if a function attains its maximum on the interior of a connected set
then it is constant there. O]

18.1 Holomorphic line bundles

Definition 18.9. A holomorphic line bundle is a holomorphic projection of complex mani-
folds 7 : E — M, such that for every z € M, E, = {7—!(z)} is isomorphic to C, and that
there is an open set U 2 z and a holomorphic function © : 7#=1(U) — U x C such that
Olg, : B, — {x} x C is an isomorphism of vector spaces.

We define ©;, = ©; N O, whenever U; N Uy is nonempty. Then ©;4(z,-), z € M, is a
linear map C — C, so there is a scalar gj¢(x) such that ©,,(z,t) = g;e(x)t.

Definition 18.10. The functions g;, : ©; N @Zl — C are called transition functions for the
holomorphic line bundle.

We have gjeg,; = 1. In fact, on U; N U, N Uy, then gjegegr; = 1. On the other hand,
we have a holomorphic line bundle for any family of functions with these compatibility
conditions. Let J be the index set, (j,z,t) ~ (j',x,t') whenever t' = gj;t. Then J x M x C
projects by ~ to a holomorphic line bundle F.

Example 18.11. The trivial line bundle is E = M x C.

Example 18.12. The tautological line bundle O(—1) over P", the moduli space of all lines
through 0 € C"*!, sends the line corresponding to each point of P" to itself. It is defined by

O(=1) = {([z],§) e P" x C""' : € € [a]}.
(Here we allow 0 € [z].) We define ©;([z],£) = &;. Then ©; 00, ([z],£&) = 2, /x. That is,

)

gje(x) = z0

Definition 18.13. Let 7 : £ — M be a holomorphic line bundle. A section is a right inverse
of 7.

So a section carries x € E to the complex line C x {z}. We denote by C*(M, E) the
space of smooth sections of . The space of holomorphic sections is denoted by H°(M, E),
for sheaf-theoretic reasons.

Example 18.14. For the tautological line bundle, let € U;. We define a vector space
isomorphism e; : £, — C that sends a point in [z] to its jth coordinate. This allows us to
express as section s as s(x) = s;j(x)e;(x) whenever x € U;. If x € U; N Uy, then e/(x) =
gie(x)ej(x) and s;j(x)e;(x) = se(x)e(w). So sj(x)ej(x) = s;(x)gei(w)e(w) = so(x)eq(x)
whence s;(x)/x; = s¢(x)/zy. (Clearly this does not depend on the choice of = € [z].)
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A section s of O(—1) defines a function on C"**\ 0, 3, by, for [z] € U,

Then s is well-defined, does not depend on the choice of j, and is homogeneous of degree
—1. So C*(P",O(—1)) is infinite-dimensional while H°(P", O(—1)) = 0.

We now define operations on the category of line bundles. The goal is to construct line
bundles that have holomorphic sections.

Definition 18.15. Let M be a complex manifold. If F is a holomorphic line bundle, we
define the dual line bundle E* by requiring that the fibers E are dual vector spaces to the
fibers E,. Given g;; the transition maps for £, we define the dual transition maps g;; = glgl.

Then E* is a holomorphic line bundle, and given v € U; NU, C E, £ € E,, f € £, f(§)
does not depend on whether we compute f(§) in Uy, or in Uj;.

Example 18.16. The dual of the tautological line bundle is by definition O(1) = O(—1)*.
It has the transition maps
* L
gz]([x]) =
As above, the sections are functions on C"*!\ 0 which are homogeneous of degree 1. So

H°(P",O(1)) consists of linear forms on C"*! (since every holomorphic function extends over
0 on C"*1)

X

Definition 18.17. Let F, E be holomorphic line bundles over M. We define the tensor
product of line bundles by (F ® E), = F, ® E, on fibers and

g2 = gL @ gl

Here the tensor product of holomorphic functions is defined by pointwise multiplication.

Example 18.18. Let O(k) = O(1)®* (for k > 0; for k < 0 we have O(k) = O(=1)®7%).

Then we have transition maps gj;([z]) = m?:vi_k so HY(P™, O(k)) consists of kth degree forms

on C"*!. The dimension of H°(P", O(k)) is (n + k)!/n!.

Definition 18.19. The Picard group is the group {O(k) : k € Z} of line bundles on P".
with tensor product as multiplication and duality as inversion.

So the Picard group is isomorphic to Z. The identity of the Picard group O(0) is the
trivial bundle. The sections on O(0) are exactly those functions P* — C.

Definition 18.20. A Hermitian metric on a holomorphic line bundle h = (h;); is a vector of

smooth h; : U; — [0,00) satisfying the compatibility condition h;(z) = |gi;(z)[*hi(x), such
that with e;(x) = @j_l(m, 1) defined for x € U;, we have norms || - || on each fiber defined by

lle; @)I[7 = hy(@).
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The norm is well-defined because any element of a fiber E, is a scalar multiple of e;(z).
For a section s we have
[1s(@)I[h = hj(@)]s; ()]

in U;.

Definition 18.21. The Fubini-Study metric is the Hermitian metric on O(1) given by

for [z] € P™.

Example 18.22. Let
f(z, @) = Z Capt T’

laf=|8]=k
be such that f(z,Z) > 0. Then we can define
P

) = )

By Quillen’s theorem, if k is large enough then there is a polynomial such that the metric
we have just defined is the pullback of the Fubini-Study metric.

Definition 18.23. A Hermitian line bundle is a holomorphic line bundle equipped with a
Hermitian metric.

Definition 18.24. A positive line bundle is a Hermitian line bundle (E, h) such that h; =
e~ % for some strictly plush functions ¢;.

On a positive line bundle, there will be lots of holomorphic sections.

Example 18.25. Take Uy C P" to be the set of [z] such that zy # 0. Then hy([z]) =
|z0|?|z| =2 for the Fubini-Study metric. The Fubini-Study metric makes O(1) into a positive
line bundle by

po(2) = —log(|zo[*[x| ™) = log(1 + |2]*).

In fact,
) j Zkfj

TAH [P (P

It is easy to check that this matrix is positive-semidefinite, so (O(1),h) is a positive line
bundle.

3j5kg00(2)
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18.2 Integration on Hermitian line bundles

Let h be the Hermitian line bundle defined by h, = e~ for some strictly plurisubharmonic
function ¢,.

Definition 18.26. The Levi form of h is given by
1 —
o = —000,.
YTy
The Levi form is a (1, 1)-form, given by

1 = _
Wo = % ;; 0;0rpadx; N dTy,.

Then ¢, = 2log |gas| + ¢ for transition functions ¢. It follows that w, = wg on overlapping
patches so w is a real 2-form.

Example 18.27. Let h be the Fubini-Study metric. Then the Levi form of h is

TR LT P (1 + |2

7
kit
_! ( dz d7)  (Tde)A (@ df))
2 \ (1 + [=]?) (1+ |z[2)2 :

Given a Levi form w on an n-dimensional manifold, we obtain a volume form dV = w" /n!
(where w" is the exterior power).

Example 18.28. The Fubini-Study Levi form is invariant under the unitary group. We can
use this diagonalize the Fubini-Study metric so that the double sum is only a single sum,

and prove that
" dry ANdxy N - Ndx, N dT,

dV =
on (1+ |x|2)n+l

Because we have a volume form, integration makes sense.

Definition 18.29. The space L*(M, E, h) is the completion of the space of s € C*°(M, E)
for which the norm defined by the inner product

(5,50 = /M (5(2), 8'(2))n V.

Here the inner product in the integral is the inner product induced on each line appearing
in the line bundle induced by the Hermitian metric h.

We thus introduce the Bergman projection L*(M, E) — H°(M, E), which is orthogonal.
To construct it, we compute an orthonormal basis of H°(M, E).
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Example 18.30. For the Fubini-Study metric on O(k), O the Picard group, consider the
basis s® such that on the patch g, s*(z) = 2" ... 2%, |a| = k. Then

(5, 58) Fs :/ 2T hpso(r) dVis

7 xal...xa"fﬁl...fﬁn
/ ! n 1 " dxy ANdT A - Adxy, A dT,

) . (1 + ‘x’2)k+n+1
ol
— 5"
BT+ k)l

where we used polar coordinates. Therefore we normalize by dividing sk , by v/ (k + n)!/(alr™)
to get an orthonormal basis. The Bergman projection is given by

Mu(z) = Z s’;(x)(u, s];>k
o=k

The Bergman kernel By, is defined by

a(s) = [ (uly). Buly. ) V.

So we have

Bi(y,x) =Y sk(y)sh().

«

Therefore By, is holomorphic in the first variable and antiholomorphic in the second variable.
We conclude that By can be given by the explicit formula

By, y) = Z (k+n)!zaw“ _ (k+n)!<z,w>k

ot almn klmn
ol=

where x = [z], y = [w]. In particular, the Bergman kernel is given by the Hermitian metric:

(k;—i—n)!'

B — o 2kpo(r) _
k(l.? 'Z.) e Elmn

18.3 Asymptotics for the Bergman kernel

Here we let, for L a line bundle, L* denote the kth tensor power of L with itself.

Theorem 18.31 (Fefferman, Boutet, de Monvel, Sjostrand, Zelditch, Catlin, Berman, Bern-
som). Let L — M be a positive Hermitian line bundle and let s§ be an orthonormal basis
of H(M, L*). Then there is an asymptotic expansion

n o

DIk @)E = =+ Y ada)k
J

(=1
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Towards this theorem, we work locally. We identify a coordinate patch with B (0, 1)
and fix a strictly plurisubharmonic weight ¢ on Bea(0,1) and a semiclassical parameter
h € (0,1). This gives a (1, 1)-form

W= —i00p = Z@-@gp dx; A dzy,.

jk

We then have a volume form defined by n! dV = w*, the right hand side being an exterior
power. Then

], = / () P29 Y (z)
Ben (0,1)

is a L*-norm and we denote its inner product by (-,-),. We will obtain a local reproducing
kernel K given some ¢ > 0 and y a Bea (0, €)-cutoff function, i.e.

uw) = [ R oe #0 av(y)
Ben (0,1)
Definition 18.32. The reproducing kernel K is called a Bergman kernel if K(z,-) is holo-
morphic.
Example 18.33. Reproducing kernels also have applications in machine learning.

To construct the Bergman kernel, we obtain an approximate reproducing kernel, which
is correct up to an error of order h*.

Recall that for A : L? — L? an integral operator, e~ Ae? sends L? to itself an its integral
kernel is given by e ?@/M K (2, 9)e ?W/h,

Definition 18.34. Let A C Ben(0,1) x C", A = {(y,£)} where £ is a function of (z,y).
Then A is a good contour if

(¢, z —y) > ol — y” + p(y) — o(2).
Example 18.35. If ¢(z) = |z|*/2 then
R(57) = (xh) etz

and this Bergman kernel is valid on C". Here w =i/23_; dz; A dz; and dV is the Euclidean
volume form. We obtain a good contour by &(x,y) = iy. Then

2Im(iy, x — y) = yI* + |2> + |z — y|*.
Taylor expanding,
p(r) = ¢(y) —ImQ(z,y)(x — y) + (9p(z)(z — y))z =y + Oz — y/*)

where () is some holomorphic function and

26|z — y|> < (00p(z)(z — y))z — .

We now define a good contour by £ = Q.
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Lemma 18.36. Suppose A is a good contour for ¢. Then thereis a e > 0 and a B(0, ¢)-cutoff
x such that for every u € A(B(0, 1)),

u(z) =i (2rh) ™" / e“CrUhy(y)x(y) dE A dy + O =M ]|,
A

This lemma can be intuited by deforming A into a flat space and then applying the
Fourier inversion formula. That is not a proof, however. We put ¢, = i~ for simplicity.

Proof. Define the form
1= cp(2mh) e T I Mu(y)x(y) dE A dy.

Is:/ n
As

where Ay is the form defined by &(z,y) = &(x,y) + is(z — y).
Lemma 18.37. As s — oo, I, — u(z) for x € B(0,1/2).

Define

Proof. We have the expression

e ey () () (en dyb(,y) A dy + 5™ dm(y)).

By the dominated convergence theorem esl==v*/¢, dg&(z,y) Ndy — 0 as s = oco. As a
distribution,

s"(27rh)_”e_5|x_y|2/h — do(x — y).
[

Now 2 = C" x [0, s] and 092 = C" x s — C" x 0 (as a chain). We introduce the homotopy
h(y,t) = (y,&) + itz —y, so h : C* — [0,00) — C*>" and put w = h*n. Since w is compactly
supported (since 1 has a factor of x) we can apply Stokes’ theorem to see that

/dw:/w
Q a0

Since n has a factor of d§ A dy, On = 0. So

dn = 0n = ¢, (2mh) e~ ST/ Ry (1) D A dy A dE.

Is—]():/ h*n:/ h*n:/ h* dn
Crxs Cnx0 Cnx10,9]

Since I; — u(x) we can estimate dn. If |y| < 1/2 then dx = 0, and

Re(i(z —y,&)/h) < =dlz — y> + ¢(z) — ¢(y)

since A is good. Since |z| < ¢ and we can take ¢ < 1/4 we only need to consider |y| > 1/2,
in which case

Then

Re(i(z —y,8))/h < =6/C = (y) + ¢(x).
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Now

/ h*(dn)‘ < Chre o0+ e@)/h / X W)luly)le™#@"™ dm(y) / (14 tm)e 10 g
Crx[0.5] lyl>1/2 0

< 0676/32h+<,0(x)/h| ’u‘ ‘(p.

We conclude that
I, — I, = O(e‘é/he“’("”)/h)||u|\¢.

The right hand side does not depend on s so we take s — 0o to see that we have constructed
an approximate kernel. O

Unfortunately the approximate kernel we constructed here may not be holomorphic. So
we consider for which a do we have

u(z) = ea(2nh) " / 6= () (1 + a)x(y) dé A dy + Olp(a)/h — 6/1)ull,

If

aet&z=y)/h dé = df(ei<5’x_y>A)
where A =3, Aj(x,y,&,h) déj and dfj is the unique (n — 1, 0)-form such that &; A déj = d¢
then

/ I My x(y)ale, y. € h) dE A dy = / u(y)x(y)d(e M A) A dy
A A

- / X d(uy)e €=/ A) A dy

= — / dx A u(y)elS==v/m A A dy
A
= O(e™**e? M) Jull,

using that A is a good contour. Intuitively we are replacing a pseudodifferential symbol that
depends on (z,y, ) with a pseudodifferential operator that depends on (z,&).

Definition 18.38. A symbol a(z,y,&, h) is a negligible symbol if a = 3, D, Aj+ (x —y)A/h
for some A.

We introduce the differential operator V = 9 +i(x —y)/h. Then ia = VA and we absorb
the ¢ into the A.

In this case the error term introduced by adding a is O(e=%/he?@)/h)||u||,. We are specif-
ically interested in when A has an asymptotic sum A =)~ A,,h™. What this means is that
for every N,

A=) Ak = O(WN T

m<N

or in other words the sum “converges” modulo O(h*). We write AW) for the Nth partial
sum. Then a™) = VAW) 4 O(hN+1).
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We now introduce the pseudodifferential operator

S = €Zh<Dy’D£> — Z (Z >‘ Dy . DE
m!
m=0

A priori this makes no sense, but it does make sense modulo O(h*>). In factifa =>_ _ a,,h™,
b=>", b,h™ wesay Sa = b if and only if

S

? m
bj = Z E(DE'Dy) ap

m+p=j

where the dot product of differential operators is defined by D¢ - D, = > ; De; Dy;. Moreover
St = e7hDy-Pe Then S~1Sa = a up to O(h™).

Lemma 18.39. a is a negligible symbol if and only if Sa|,—, = 0.

Proof. SO¢ = 0:S and, thinking of y; as the multiplication operator, Sy; = y;5 + hD¢,S.
Therefore

S((x —y)A) = (x —y)SA — hD, SA.
If a is negligible, say a = VA, then
Sa=SVA= O, SA+i(x —y)SA/h — 0, SA =i(x — y)SA/h

which restricts to 0 on x = y. Conversely, if Sa|,—, = 0 we can write Sa = (v — y)B. Now
SV =i(x —y)S/h so )
VSt =iS™ (z —y)/h.

Therefore B
VS™'B=iS"'(x —y)B/h.

So ia/h = V(S~'B). O

Definition 18.40. Let Y C C¥ be a R-linear subspace. Then Y is a totally real space if
Y Nniy =0.

Assume ¢ is analytic as a function on R" xR™. We extend ¢ to a function on the maximal
totally real subspace {(z,7) € C" x C"}. To do this, let «(z,y) = (v + y, —i(x — y)). Then
let 1*¢ = . We then can find a ¢ which is holomorphic near (0,0) such that ¥(z,z) = ¢(2).
Then ¢(x,y) = ¥ (y,T) with

2Ret)(2,7) — p(z) — ¢(y) < —dlz —y|*.
We solve for € in the equation
& —y) =2(d(z,2) —¥(y, 2)).

This is possible by the lemma on negligible symbols and ¢ is a function of (x,y,z2). By
Taylor’s theorem,

1
ey, 2) = —2 / itz + (1 - t)y, ) dt
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so &(z,x,2) = —2i0,0(x, 2). In fact (z,y,2) — (z,y,€) is a biholomorphic function close
to 0 on C** by the analytic implicit function theorem. To see this we must show that the
quadratic form given by the matrix 0,£(0) is nondegenerate. Now

0.£(0) = —2i8,0.1(0) = —2i0,3,(0)
which is nondegenerate since ¢ is strictly plush. By our previous estimate on v, the contour
A={(y.§) £ =¢&(2,9.9)}
is good.
Lemma 18.41. We have

u(w) = (et [

. _ o d _
o X(y)61(21/}(%4/)—21/}(1141))/’"05 det 8y§(1+a(N))u(y) dg/\dy+0(e“”(x)/th+1) | |u| ‘w_

Definition 18.42. The Bergman function is defined on a compact complex manifold equipped
with a positive line bundle by

B(z) = ||K(z,2)|| = K (x, z)e 2@,

Lemma 18.43. We have
B(z)= sup ||s(z)|.
s€HO(M—L)
[1sll;,2<1

Proof. We have

K(r.y) = 3 vala)ualy).
the sum ranging over an orthonormal basis u, of H°(M — L). It follows that

B(z) =) [Jua(2)]”

and now we use the Cauchy-Schwarz inequality. O]

From this we can easily compute
/ B dV =dim H*(M — L).
M

Given L — M fixed, we let B, denote the Bergman function determined by L*.

Lemma 18.44. The Bergman function satisfies
|Bi(z)| < CE".

Therefore dim H°(M — L*) is finite and grows like k™. Morally this lemma is a restate-
ment of the uncertainty principle because it describes how many independent states can be
on a compact set, with h = 1/k. The uncertainty principle says we cannot localize past
V1/h = V'k. Here we cannot localize too much because we only have so many holomorphic
sections.
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Proof. Let s € H*(M — L*). We want to show
[Is(@)I* < Ck"||sll Lz

Then the claim follows from the previous lemma. Since ||s||z2 < [[s|[12(q,) we might as well
prove the claim locally.

Choose an atlas so 0;(xo) = 0 and write s(z) = (x,u(z)) where u is holomorphic near
xo = 0. Now ¢, is strictly plurisubharmonic so up to a linear change of variables

pi(x) = > Al * + ReQ(x) + ¢(0) + O(|af*)

j=1

where Q(z) = (Az,z) + (a,z) is holomorphic. Now ¢(0) does not affect our computation
so we might as well take ¢(0) = 0. By absorbing the holomorphic term @ into u we may
assume @ = 0. Close to 0 we may assume O(|z|?) = 0. Now

1@ _ _ [u(0)]”

ulrzi,y ~ [lullzs0,r0)

and we now make the change of variables
f(w) = u(w/Vk)
and

1 _
kp(w) = po(w) = 3 > Alw? + O(jwPk?).
i

By our assumptions on ¢, u(0) = f(0). Here dm and dV are absolutely continuous to each
other so we can replace dV with dm up to a constant error. Hence

1O _ Ck"[|£(0)]*
lullrzy ~ S, i [f(w)[Pe7220) dm(w)
Ck"||f(0)]]”

< - — '
Stz vy [ (w)2e 281 dm(w)

Now |f]? is strictly plush so by the mean value theorem for measures,

[ emAE P dnw) < [ pw)Pe S8 dnw)
[wl<By(VE) [wl<By(VE)

Pulling out | f(0)|? and taking k big enough that the integral converges we see our lemma. [J

Actually Mike Christ showed that
K (2,9)] < Oz, y).

But we have only proved |K(z,y)| = O(k~*).
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Theorem 18.45. Assume ¢ is real analytic. If d(z,y) < € then in a suitable trivialization,
05, (K (2, y) = KN (2, y)) = Ok~ N1l Me@HRe) [y |
To prove the theorem we rephrase the Hormander L2-estimates to work for manifolds.

Lemma 18.46. For every (0,1)-form f € C59(M — L*) such that 9f = 0 there is a u €

C*®(M — L*) such that Ou = f and |[ulr2 < C||f|[L2, and C' can be chosen independently
of k.

Lemma 18.47. One has
K(y, ) = (2K, KM) 2 + O(k~ V1) MW .
Proof. We use the fact that
uly) = (xyt, KN (- y) 2 + Ok~ N2 Jul|,
on the function u(y) = K,(y). Then

K(y,x) = (\Ko, K§V) 12 + O(RN )W ful[ 5.

Here

154]2; = B(x)e™
SO

|1 Kallz < CRM2eR),
Now use

ko) lul[2, < eke(@)+ke(y) pn/2
L2 =

to prove the lemma. O

Recall also that if P : H — ker A is an orthogonal projection and Pu = v, w = u — Pu,
then A(u — Pu) = Au and

el | = min [ja]]
Proof of theorem. We may assume that y is real-valued. Then
OBy KM 2 = (Ko, x K 2 = Po(xKS) ().
Then we define
uy(w) = KV (x) = (WK, Ko) e = KV (@) = PuxyESY) ().
By the linear algebra above, u,, is the Li-minimal solution to the problem

Euy = nglSN) + XEK?SN) = nglSN)
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because ¢ was assumed analytic. Moreover, dy = 0 away from the diagonal. So
guy(x) = O(e“skek‘p(“c)%‘p(y)).

Since u,, is the minimal solution, |[Ju,[|z2 < [|4|[,2 where @ is the solution to the O-problem
yielded by the Hormander estimate. Therefore the Hormander estimate gives

[yl 2 < Cekete),

By the Cauchy-Green formula we have, for any compactly supported ¢ which is identically
1 near 0,
[u(0)] < sup ekw(y)o(efé/kekso(y))
D

for any open neighborhood D of 0. If we take D C B(0,k™!) and translate appropriately we
have
|uy ()] < e~k ke (y) ke (@)

]

Therefore we can actually approximate the Bergman kernel by its asymptotic expansion.
We use this theorem to find an asymptotic expansion for the Bergman function.

Corollary 18.48. One has

Bi(z) = <E>n (14 k7'by(2,7) + k2by(2,@) +...)

T
where the sum is meant in the asymptotic sense.

Corollary 18.49. One has

dim H°(M — L*) = i

vy

(1+O(k1))/ dv.

M

All that remains is to extend from the real-analytic case to the C'° case. To do this we
use a technique introduced by Hormander and Nirenberg.

Lemma 18.50. Suppose f € C, (R™). Then there is a f € C=(C™) such that flgm = f
and df(z) = O(|Im z|>).

Proof. By a Paley-Weiner type theorem, we can define

flx+iy) =

e L, e ) de

for some compactly supported function y which is identically 1 at 0. Obviously f is smooth,
and 0 only falls on the y term. Then we end up with y’, which is not supported at 0, and
a factor of |£|y,|y|~!. We can then add factors of [¢||y|~* with impunity since x*) is 0 close
to 0. Iterating we get the decay we need. O]
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Definition 18.51. The function f is called the almost analytic extension of f.
Using the theory of almost analytic extensions, one can prove the following lemma.

Lemma 18.52. Assume ¢ is smooth. There is a function ¢ which is C* in a neighborhood
of 0 € C"*" such that ¢(z,7) = p(x) and 0,¢(z,y) and 9,¥(x,7) = O(|lz — y|™).

Now notice that we can replace any assumption that d¢ = 0 with d¢ with the property
in the above lemma anywhere in the above construction of the approximate Bergman ker-
nel, since the function was only an approximation away from the diagonal anyways. This
completes the proof of the theorem of Fefferman, Boutet, de Monvel, etc.

18.4 Morphisms into projective space

Throughout this section, let M be a compact complex manifold, L — M a line bundle. Let
wrs be the Fubini-Study metric on O(1), the dual of the tautological line bundle, of P for
some n. We let (s¥); be an orthonormal basis of H°(M — L*). Define the morphism

o« M — Pl
x> [s§(2),. .., sh ()]

Theorem 18.53 (Catlin-Tian-Yau-Zelditch asymptotics). Let w be a positive Hermitian
metric on L. Then there is an asymptotic expansion

1 % wWa w3

for some w; which are (1, 1)-forms.

Proof. Write s%(z) = ff(2)ey, for some holomorphic functions f;. Then

dy
prwps = 100 (logz lff(z)|2> :

j=1

On the other hand, the Bergman projector is given by

dy,
Bi(z) = e Y | £ (2)
=1

Therefore _
i00log Bi(2) = —kw + prwrs.
So
i 1.
W= L PWFs + E@alog By(2)
_ %QOZWFS + ia@all(f) T
as k — oo. O
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Definition 18.54. A Hodge metric is a positive (1,1)-form w such that [w] € H?(M, Q).
In other words, w is in the second rational-valued cohomology class of M.
Theorem 18.55 (Kodiara embedding theorem). The following are equivalent:
1. If n is large enough, then M can be embedded in P".
2. M admits a positive Hermitian line bundle.
3. M admits a Hodge metric.
In the below proof we use ¢ to mean the weight and ¢ to mean the embedding, oops.

Proof. Obviously if we have an embedding in projective space we can just pull back (O(1), wrs)
to M. The proof that positive Hermitian line bundles are equivalent to Hodge metrics uses
Chern classes.

If M has a positive Hermitian line bundle, then ¢;, is an immersion M — P%. Suppose
that ¢ is never injective. Then there are sequences xy, yy such that zy # vy, and @g(zg) =
Cr(Yi)-

First suppose d(x, yx)Vk — 00. Since @i (z1) = @r(yx), for all z, the Bergman kernel K
has K(z,x;) = K(z,yx). Then

7Tn

Ln
/ |Kk(x7xk)|2e—2k<p(x) dV(:L’) ~ 62k4p(xk)
B(zk,r/2)

yet
/ | Kk (, 2p) e 20 av (z) _/ | Kk (, y)|Pe ™M) aV (z).
B(zk,r/2)

B(yk,rk/2)
Now d(z, yr) > k~/? so the balls can be taken to be disjoint. Then

n

k
Ky (g, zp) = / | K () [Pe 2590 AV () > — (e290n) 4 e2heln)),

M ™

But

kTL
Ki(xg, yr) ~ W—GQW(”)-

n

Without loss of generality we can assume ¢ (yx) > ¢(xy). But
e2ke(zr) > e2ke(@r) 4 o2ke(yr)
which is a contradiction.

Otherwise we can assume d(zy, yx) < Ck~'/2. By changing coordinates we may assume
that z, = 0, yp = wipk ™2, Jwy| < O, and 2, # yi. Now put

_ | K (0, twik™/2)]?
N Kk((), O)Kk(twkk*1/2’ twkk*1/2) '

fi(t)
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Then f; is smooth on [0,1] and by the Cauchy-Schwarz inequality 0 < fi.(¢) < 1. In fact
frx(0) =1 and fi(1) = 1. So there is a t; € [0, 1] such that f;(tx) > 0. But

fr(t) = exp(—2k2p (0, twrk ™% — ©(0) — @(twrk ) (1 4 r(twp)k ™ 4 ...)
= exp(—t*(Awy, W) + O |wie]*)) (1 + r(tk)k™ +...)

which implies |wy| = O(k~/2). So
H(t) = —Q(Awk,@k>0(|wk|3k_1/2 + ’U)k’Qk_l) S —C|wk|2 < O
which is a contradiction. O

Theorem 18.56 (Chow). If M admits a positive Hermitian line bundle, then M is a pro-
jective variety.

Proof. A compact submanifold of P" is a projective variety. n

18.5 Zworski’s conjecture

Conjecture 18.57 (Zworski). Let Iy : L*(P" — O(N)) — H°(P" — O(N)) be the
Bergman projector, and consider the differential equation

My = HN(|uﬁVu)

on the finite-dimensional space H°(P" — O(N)). Then this differential equation has a Lax
pair and hence is a completely integrable system.
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Part V

Harmonic analysis
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Chapter 19

Rearrangement-invariant spaces

We are interested in studying integral transforms. One often only defines these transforms
on test functions and extends them using a continuity argument. For example, the Hilbert

transform is defined by
Hi(r) = v

T ) —Y

This makes no sense if f(0) # 0, for example, but one can fix this by taking

st =i (4 7)1

Then H f converges if f is a Schwartz function. One can then check that for every p € (1, 00)
there is a constant C), such that for every f for which H f is defined,

1H fllze < Gyl f]]Le-

So H extends uniquely to a bounded linear operator on LP, since such f are dense in H.
We therefore consider certain generalizations of L” spaces. Fix a o-finite measure space
(X, 2, p).

Definition 19.1. A norm ||-|| is rearrangement-invariant if for every isomorphism of measure
spaces ® : X — X and every measurable function f we have

A= 11.f o @]].
Definition 19.2. A norm ||-|| is monotone if for all measure functions f, g such that | f| < |g|

a.e. we have

A< Tlgll-

A rearrangement-invariant, monotone norm ignores the sign of a function, and is only
interested in how “tall” a function is versus how “wide” the function is. Clearly LP norms
are rearrangement-invariant and monotone.
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19.1 Log-convexity for L’ norms

1 1-46
—=—+
;

Recall that LP norms are log-convez, i.e. if 8 € (0,1) and
0
q?

p

we have

1Al < IFNEC A1z
This is essentially equivalent to the Holder inequality. We give another proof of log-convexity.
Theorem 19.3 (three-lines lemma). Let f be holomorphic on the strip 0 < Rez <1 of at
most double-exponential growth. Suppose that |f(z)] < A when Rez = 0 and |f(2)] < B

when Rez = 1. Then
|f(2)| S Al—RezBRez‘

Proof. The hypothesis and conclusion are invariant under multiplying f by C'e®* where C, ¢ €
R, as long as we appropriately rescale A, B. Thus we may assume that A = B = 1, and
want to show || f||re < 1.

Assume f goes to 0 at infinity, so there is an N such that if Im z > N, we have |f(2)| < 1.
Then by the maximum principle, || f|[z~ = 1.

Otherwise, note that

F(2) = lim f(2) exp(ee/(T2=+2/2),

e—0

and by assumption on f, it follows that the function in the limit goes to 0, so the right-hand
side is < 1. 0

Proof of log-convexity. Let f be a simple function and suppose p(X) < oco. Let

o) = [ 1P

Then |g(2)] = O(el) and |g(s + it)| = ||f||5s- The claim follows for f by rescaling the
three-lines lemma.

The claim is invariant under monotone convergence and p is o-finite, so the assumptions
that f is simple and p is finite can be dropped. O

Log-convexity allows us to prove that certain L” spaces embed in others.
Corollary 19.4. If p(supp f) < oo and p < ¢ then
1 flze < pa(supp £)MP7| f] o
In particular, if ©(X) < oo, then LI(u) C LP(p).
Proof. This is obvious if ¢ = oo and otherwise follows by log-convexity. O

Definition 19.5. A granular measure is a measure v such that there is a § > 0 such that
for every set A which is not v-null, v(A) > §.
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Corollary 19.6. If y is d-granular and p < ¢ then
[1fllze < 89V | f]] 2o
In particular, LP(u) C L9(u).

The proof is the same. In particular, /? spaces satisfy this estimate, and if card supp f =
N, f € (P then we have
[1flles < N1fllen < NVPZ9)| £

if ¢ > p. Though Lebesgue measure is not granular, if a function is constant on boxes which
tile R™, one can replace the Borel algebra with the o-algebra generated by the boxes, and
restrict Lebesgue measure to this o-algebra; then it becomes granular.

Now note that by log-convexity with ¢ = oo, if p < ¢ we have

1 fllze < C’l_p/quH%q

if |f| < C. On the other hand, if |f| > ¢ on supp f then replacing f by 1/f in the above
estimate we have

1 fllee < 92| )19,

19.2 Lorentz norms

Still fix a measure space (X, ).

Definition 19.7. The weak LP norm is defined by

[ llnee = sup Au({[ F1 = A}
A>0
Theorem 19.8 (Chebyshev inequality). One has

Al zpoe < ([ f]] e

Proof. Take sup, of both sides of the inequality

Awamszg/

vdus/ﬁﬂhmzuﬂm.
FiE2y X
]

So LP C L[P°°. This motivates the terminology “weak LP”.

Let A be the coordinate function on R*. Recall that d\/\ is the Haar measure on R,
the group of positive reals under multiplication. Now L*(dA/\) = L*°(R™") since Haar and
Lebesgue measures are mutually absolutely continuous. Thus we have

£l pmoe = P IAR({LF] = AN Lo (ansny-

This seems a little silly until we reason by metaphor with the following lemma.
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Lemma 19.9. One has

1Fllze = 2 PIMe({1F] = ADYP [ oansn-

If(z)] d\ |f(z)]
p/ A%—:/ pNLdA = | ()]
0 )\ 0

by the fundamental theorem. Integrating both sides and using Fubini’s theorem, we have

\f(w)l
WW—‘// » Dy
d)\
= / X”/ Lif@)=a dr —

‘pA ()= A) S

The claim follows by taking pth roots. O

Proof. One has

Thus we make the following definition.

Definition 19.10. The (p, q)th Lorentz norm is defined by

1fllzea = P11 2 APl zaqars-

Thus the definition of LP**° is consistent with that of the weak LP norm and we have
PP — [P

We now consider certain approximate step functions that will allow us to determine what
the Lorentz norms actually measure.

Definition 19.11. A substep function of height H and width W is a function f such that
| fl|z < H and p(supp f) < W.

A §-quasistep function of height H and width W is a function f such that 6H < |f| < H/é
and OW < supp(f) < H/J.

Usually the exact value of § is not important, and we suppress the 6 by writing |f| ~ H
However, one is always implicitly fixed when working with a family of quasistep functions;
for example, every function is trivially 0-quasistep, which is not very useful.

We can use substep and quasistep functions to understand the behavior of Lorentz norms.

Theorem 19.12. Let f be a measurable function and let p, ¢, A be given. Then the following
are equivalent:

LAlfllzra Spg A-

2. There is a decomposition f =Y _ f,, where f,, is quasistep of height 2™ and width
W, such that the supp(f,,) are disjoint and

0 1/q
(Z quwg]ﬁ> Spq A

m=—00
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o0
m=—00

3. There is a pointwise estimate |f| < > 2™1p, where

- 1/q
(5 i) s

m=—0oQ

4. There is a decomposition f = "> _ f, where f, is substep of width 2" and height
H, such that the supp(f,) are disjoint, H, are nonincreasing, H,,1 < |f,| < H, on

supp fn, and
o 1/q
(5 mr) "

o0
n=—oo

5. There is a pointwise estimate |f| < > H,1p, where u(E,) <pq 2" and

o 1/q
(5 mmn)" s

n=—oo

Intuitively, if f is quasistep of height H, W then ||f||zre ~ HW?'P, and this estimate
propagates in sums of quasistep functions in ¢¢ norm.

Proof. We may assume that A = 1. The implications 2 = 3 and 4 = 5 are obvious.
Assume 1. Let E, = {2™7! < |f] < 2™}, and carry out the dyadic decomposition
Wy = p(Ew), fom = flg,,. Clearly

2"Wol? S ML = MDY Pl Lagam-2.2m-11.002)

and summing both sides over m in ¢¢, 2 holds.
Assume 3. TODO O
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Chapter 20

Decoupling theory

This chapter is based on Terry Tao’s online course on harmonic analysis.

20.1 Square-root cancellation

If z; are “random, independent” complex numbers, one intuitively expects

J
This is true for the expected value where the z; are given random, uniformly selected signs,
up to a constant. This is Khinchine’s inequality.
Another way one can make the above claim rigorous is using Littlewood-Paley theory.

Theorem 20.1 (Littlewood-Paley estimates). Let p € (1,00), A; be the annuli in frequency

space
Aj={6eRY: 2 < g <2741}

Assume that f; are functions such that fj are supported on disjoint annuli A;. Then

I Filler Spall, D 1Fil e
j j

If the annuli are separated then we can replace <, 4 with ~,, 4.

We will prove this later on. We note however that it is trivial when p = 2. In fact,
since the f; have disjoint support, the f; are orthogonal by Plancherel’s theorem. So by the

Pythagorean theorem,
1> Fillee =11 D 1P
J J

If we even just have “almost-orthogonality” we still get decent estimates in L?. One can
manipulate the L? estimate to get estimates in L?" k> 2, but one needs something stronger
than orthogonality here, and as k — oo this becomes extremely complicated.
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To generalize to p > 2 where p # 2%, we want to study decoupling estimates, those of the

form
1> Fillr Spa ‘ S
J J

This is weaker than a square root cancellation estimate, but it is much easier to prove. If
p = 2 it follows easily by noting that

1D 5Pl < Y HE P
J J

by the triangle inequality, and then taking the square root of both sides. One can therefore
think of decoupling estimates as vast generalizations of the Pythagorean theorem. The
reason these estimates are called decoupling estimates is that we start with the left-hand
sides, where we take a norm of ) y fj, and then on the right-hand side we take norms of each
of the f;s separately, and they “decouple” in the sense that their norms no longer influence
each other.

One can iterate decoupling estimates in the sense that

1Y fivinller Span [ D Wil

jl:"'yj?’b jlv"':jn

simply by induction on n. Thus decoupling plays nicely with induction, though notice that
the constant possibly depends on n. An important concept in the study of decoupling
estimates is to control the dependency of the constant on n.

Proof of Littlewood-Paley estimates. We first prove that if |k; — kj/| > 2 then
1D 1P Spa 1D Fillie
J J

Let ¢ be a bump function on {{ : 1 — ¢ < |{|] < 2 + ¢} which is identically 1 on
{€:1<|¢] <2}. Let

P, () = 0275 f(6)
so Py, is a Fourier multiplier (actually a Littlewood-Paley projector), which is bounded
LP — LP. Let f = Zj [i» 8o fj = Py, f;. Let €1,... €, be random signs, drawn uniformly
and independently, and let
P=> ¢PR,
J

be a random Fourier multiplier, which again is bounded LP — L” uniformly in the choice of
signs. (Here we use p > 1 and Calderon-Zygmund theory, or more accurately the Hormander-

Mikhlin theorem.) Thus
1> eifillee Spa 1D fill
J J

The claim then follows from Khinchine’s inequality.
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To prove 2, 4, use the triangle inequality to split up into two sums, one where the k; are
odd and one where the k; are even. This trick is called sparsification. We work with each
term separately so that |k; — kj| > 2 and we meet the hypotheses of <, ;. Now

fi=€iPy, wae,

l

F=Y 6Py e
j ¢

Again by Calderon-Zygmund theory,
1D Fillee Spa Il 6 Fille
J J

and we use Khinchine’s inequality again. O]

SO

Lemma 20.2. Let fi,..., f, have Fourier supports €y,...,€,. If any £ lies in at most A,
of the ©; (“the €2; have overlap Ay”) then

1Y Fillee < VA D11 e
J J
If 2, 4+ €; have overlap A, then

1D Filles < VAl D21l

Proof. The first claim follows by using Plancherel to pass to Fourier space and then using
Cauchy-Schwarz.
For the second claim, note that

HijH%‘l = ZfifjHLQ
J ij

and since f; f; has Fourier support 2; + 2, this reduces the claim to the first claim. O

20.2 Decoupling estimates

Definition 20.3. Let U = {Uy,...,U,} be a finite multiset of nonempty open sets and let
p € [1,00]. The decoupling constant Dec,(U) is the optimal constant in the inequality

13" £l < Deey @), (3115

whenever f; has Fourier support in Uj.
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If all but one of the f; vanish we see that Dec, (i) > 1, and by Cauchy-Schwarz we have
Dec,(U) < VcardU. Intuitively Dec,(U) measures how spread out U is: if they are “more
disjoint” then Dec,(U) — 1.

One can check that if U; C U/ then

Dec,(Uy,...,U,) < Dec,(Uy,...,U}).

We also have a triangle inequality

Dec,(U UV) < \/Decp(l/l)2 + Dec,(V)2.

If L is an affine transformation then L preserves Dec,, so Dec, is dimensionless.
They also interpolate: if py < p < p; and

1 1-6 4

P Po P

and
| Po, fllze: Spia ]|z,

where Py, is the Littlewood-Paley projector, then
Decp(u) §P07P17P,d Decpl (u)lie Decpo (Z/l)e
If we have partitions U; = @, U, into open sets up to measure zero, then

Dec,({Uj,i : j,i}) < Dec,(U) sup Dec,({Uj; : i}).
J

We can also add dummy dimensions: if d > 1 then
Dec,(U) = Dec,({U; x RY : 4}).
If p = 2, decoupling is easy: by a previous lemma, if the sets have overlap As, then

Dec,(U) < v/ As.

We now prove LS decoupling for the parabola.

Theorem 20.4. Let § > 0, let ¢(§) = (&, &%) parametrize the parabola in R?, let 3 be a
d-separated subset of [—1,1] and Q = ¢(3), and take the parallelograms R(w, d) centered on
points w of © with width 24, height 262, and slope equal to the slope of the parabola at w.

Then for any € > 0,
Decg({R(w,9) : w € Q}) <. 0.

This theorem was proven in the early 2010s by Bourgain and Demeter. We will give an
argument of Li published in 2018. If p > 6 then the above decoupling estimate fails; we omit
the proof of this.
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To prove the above theorem, if § > 0 let

D(0) = sgp Decg(R(w,6) : w € ¢(X))

where 3 ranges over all §-separated subsets of [—1,1]. Then
1< D) <oV
This is because in this case we would be decoupling ~ ¢! many sets. We must show
D(§) <675

Note that D is not necessarily increasing in 6. If ¢ increases to § + ¢, we cannot refine the
partition X5 to a partition Y4, . if € is too small — so we end up with a completely different
partition!

We first show that D is stable.

Lemma 20.5. If 6 ~ ¢’ then D(J) ~ D(¥).

Proof. This claim is transitive, so we may actually prove it when 0 and ¢" are not symmetrical,
say
100 < ¢ < 0.

We first show D(9) < D(9), i.e. if ¥ is d-separated then
Decg(R(w,d) : w € (X)) < D().

Using sparsification and the triangle inequality for Dec we may split up ¥ into finitely many
pieces, each of which is ¢’ separated, and then assume that X is §’-separated. Thus

Decg(R(w,d) : w € ¢(X)) < Decg(R(w, ') : w € ¢(2)) < D(&).
Conversely, we must show that if >’ is §’-separated then

Decg(R(w', ") : ' € ¢(X2')) < D(9).

1D furllee S D@, [ 11 furll3e,

for any f., € L°(R?) whose Fourier support is in R(w’,¢’). By breaking up the R(w’,§’) into
parallelograms R(¢(€),d) + (0, jcd?) where j = O(1) is an index and c¢ is a small absolute
constant, and applying Littlewood-Paley projectors, we see the claim. O]

That is,

Lemma 20.6. Let § < 9y. Let X be d-separated and contained in an interval I of length
250. Then
Decg(R(w, ) : w € ¢(2)) < D(6/do).
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Proof. If g ~ 1 then this follows from the stability lemma. Otherwise, choose an absolute
constant ¢ > 0 and Jy < ¢. Acting on the parabola by the Galilean group we may assume [
is centered at 0.

Now rescale the parabola by (£, &) + (£1/80,&2/03). This has a nontrivial Jacobian but
it’s not a big deal. Then the claim is

Decg(R(w, ) : w € ¢(2)) < Decg(R(w, 1) : w € ¢(3/d)).

Thus we at least have a local induction in scales. In fact it implies
D(6162) < D(61)D(02)

by using the triangle inequality to split Y into small subsets where we can induct on scales.
The trouble is that the implied constant in this estimate could be huge, and so every time
we apply the induction hypothesis we could get a horrible buildup. So we need to replace
this estimate with a slightly better estimate; annoyingly, nobody seems to know how to do
this in general, other than trial and error.

Definition 20.7. Let 0 < 0 < p1,p2 < v < 1. Let My 4(0,v, p1,p2) be the best constant
such that for any d-separated sets 31, ¥y contained in intervals I, Is of lengths p, ps, such

that d(I;,I>) > v, and f,,, g., collections of Schwartz functions whose Fourier support is
contained in R(wi,d), R(ws, ),

[ SIS HCTV WAL SRV SN[+

w1€¢(21 fo;  w2EH(X2) wi1€p(X1) w2€9(X2)

We might as well think of ¥ = 1 but it is convenient to be able to perturb it. Confusingly,
we want to hold ¢ fix and induct on p. The reason for this madness is because we want to
use Hilbert space theory, and this is possible because of the sum of squares in f,,. Otherwise
we would use 3 + 3 instead of 2 + 4. In fact the L* term will look like a constant and then
this reduces to basic facts about L2

By Holder, we have

J D SERLED SIIEI1D SFATA) i
W1€P(Z1)fuw;  w2EP(X2) w1 w1

Therefore
Ms.4(6, v, p1, p2) < D(6).

We will mainly be interested in when p; = py =v 2 1.

Lemma 20.8. If 0 < § < v <1 then

D(6) S v VM, 4(6,v,v,v) + D(S/v).
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In this scenario, the v~°M) ~ 1 and D(§/v) terms are basically irrelevant and so, heuris-
tically, this lemma says that
D(0) S Myy(6,v,v,v)

which is what we want, because since the L* term is basically a constant, this reduces the L°
decoupling problem to an L? problem. This gives a hint as to why 6 is the optimal exponent.

Proof. Let X be a d-separated subset of [0, 1] and for each w € ¢(X), let f,, € L5 have Fourier
support in R(w,d). Normalizing, we assume Y__||f,||2s = 1. We then must show

/ ]wa\ﬁ < V_O(l)MQA((S, v,v,v)5 + D(5/1/)6.
R2

Partition ¥ into components ¥; where each ¥; is contained in some subinterval I of [—1, 1]
of length v. Let 7 index the intervals, so cardZ = O(1/v). Then

D L@ Y fule
wEH(X) IET  wep(Sr)
Then for each z, the pigeonhole principle furnishes an I, such that
| Z @IS Y fula
qu‘) wEd) 2])
the “narrow case”, or there are I, J such that d(I,J) > v and
Iwa ISv o1 3 L@l ) fula)
weH(S weGH(Er) wESH(X)

In particular,

| Z fo@ SO 371 Y R, fw|4+Z\ Y Ll
d(

w€¢ I J)>I/ wEP Z[) wEP EJ) w€¢ Z[

By definition,

/ Z fw’| Z fw|4<M24<(5VI/I/>

weP(X weP(X )

Meanwhile, by the parabolic rescahng estimate,

1S P SDEmC Y Lk
R weo(zr) weP(Sr)
but by our normalization, after summing over I, this implies that

Z/ S LIS S D@/

w€EP(Xr)
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Thus if we can get a good estimate in the endpoint case p; = po = v we are in good
shape, as
D(0) ~ M 4(6,v,v,v)

when v is much larger than 6. On the other hand it’s only easy to estimate My 4(6, p1, p2, V)
when pq, po are very small.
Our next lemma allows to assume that one of the p’s is very small:

Lemma 20.9. Suppose 0 < < pg <pp<pr<v<landd < py <vthen
M2,4(67 v, p1, PQ) s V_O(I)MQA((S? v, p,17 p2)

Proof. 1t suffices to show that

/R2| Z fw1|2| Z 9w2|4SV_O(I)MzA(&V,Pl,Pz)G

w1€P(Z1) woEP(X2)

whenever X, ¥, are of the appropriate lengths p;, p» and separation 4, v and the f,,, g.,, have
Fourier support in R(w;,d). Here we normalize

Doz =11 gunllte = 1.
w1 w2

We are viewing the integral we are trying to bound as a weighted sum of L?-norms where
the L*-norms are weights.

Partition 3; into d-separated subsets ¥; ;- of intervals I’ of length p} of bounded overlap.
The left-hand side of the claim is given by || >, Fi/G?||2, where F = 2wres(s, ) for and

G =), - But
1 FrG2 |32 < Mau(8,v, 01, 02) Y || funlls-

w1

So we must prove

1) FrGPllze S v OO |1 FnGR 2.
I g

After a Galilean transform we may assume J is centered at 0 and thus [ is at least
2 v from the origin. In this setting GG is Fourier supported on a small rectangle of height
O(p3 +§), so it is almost constant in the vertical direction. A copmutation I missed means
this implies the lemma. O

Lemma 20.10. Forany 0 < < p; < ps <rv <1,

Ms4(d,v,p1,p2) S \/M2,4(57 v, p2, p1)D(0/ p2).

This follows by Hoelder’s inequality. In fact, if f is the sum of the f,, w € ¢(I;) where
|I1] = p1 and similarly for g and ps, this lemma is equivalent to the inequality

/ Pl < / £1gP / gl°
R2 R2 R2
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This is true by the L® version of Hoelder, if we normalize ||f||rs = ||g|lrs = 1 and then
rescale appropriately. This allows us to induct on the scales p; by ping-ponging back and
forth between p;.

Let a be the least exponent such that for every § > 0, D(§) < 6~*°(1). Then

_ log D(9)
a = limsup ————=.
6—0 1Og 0

Lemma 20.11. One has a = 0.

Proof. Suppose not; we will find an o/ such that D(§) < §~*~°() a contradiction.
Let v = 6° for some € > 0 which is independent of 4 and to be chosen later. Then

D((S) 5 5_0(6)M274(5, v, U, y) + 5(—1—€)a—o(1)'

Since a > 0, the second term is harmless. We then need to control the first term.
By an above lemma,

M2,4(57 v, v, V) 5 570(€)M2,4(57 v, V27 V)‘
If a < O(e7!), we have
Mo 4(8, v, ") < Mo 4(8,v, 0%, PPOY2D(§ /v)Y2

and
D((S/Ua)l/Q < (5/Va)—(5+o(1))/2 _ 5—04/2-%:1045/2—0(1).

Thus
M2’4<5, v, V2a, Va) 5 M274(5’ v, V2a’ Va)1/257a/27o(1)6aa5/2

and by an above lemma,

]\/[2’4(67 v, y2a’ Va) S VﬁO(l)MQA((S, v, V4a’ V2a>1/257a/270(1)5aa€/2’

or
((SQM274((5, v, VQa’ Va))l/a § (504M274(57 v, V4a7 V2a))1/2a6a5/270(5/a)70(1).

Here if a is large then we gain a small power of §¢. If k < —log,(4¢) then
8 Mo 4(6, v, 2, 1) Sp (6“Mag(6, v, % 12"))> " 6% — O(e) — o (1).
Here o04(1) is a constant that — 0 as § — 0 as k, ¢ are held constant. Thus
5% My (5, v, 2, 1) < §hec/2=0(E)=e1)

or
D(5) < 5—a+kea/2—0(a)+o(1) _}_5(5—1)11—1—0(1)‘

This gives the desired contradiction. O]

This completes the proof of the main theorem.
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Chapter 21

Pseudodifferential calculus

Let & denote the Schwartz space of R. Consider the position and momentum operators
X,D:S8 — S. We normalize them by X f(x) = zf(x) and Df(z) = f'(x)/(27mi). Previously
we have taken physical space and frequency space as separate but isomorphic, with the
isomorphism R — R sending X to D. But now we will be interested in considering the
“phase space”, where we work with position and momentum together. This should be
viewed as analoguous to how in music theory we indicate notes by their place in time, and
their frequncies.

However, there is no perfectly rigorous phase space, by the uncertainty principle: we
cannot describe a point in phase space arbitrarily well because then it would be a point in
physical space, hence is delocalized to frequency space.

21.1 The Kohn-Nirenberg quantization

We are interested in developing a functional calculus for the unbounded operators X, D.
This is easy for polynomials; for example, the quantum harmonic oscillator D? + X? is a
polynomial in X, D. Intuitively this should be associated to the polynomial

a(z,§) = & + 2%,

and then we write a(X, D) for the quantum harmonic oscillator.
In general, given some function a of phase space, we let

[e.9]

o(X, D) f(z) = / ale,€)F(6)PE de

—00

be the induced Fourier multiplier. The map a — a(X, D) is called the Kohn-Nirenberg
quantization of the symbol a. This is at first defined for f € S and

020¢a(,€) Sag (2)0not (€)1,

More generally, a functional calculus for functions defined on phase space is known as a
quantization of phase space. Most interesting observables from quantum mechanics are in
fact given by the Kohn-Nirenberg quantization.
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We denote the seminorms of S by

lulla,s = sup [20"u(x)].
x

Lemma 21.1. If a satisfies the above estimates then a(X, D) is a bounded operator on S.

Proof. Let f € S and «, 8 be given; we must show that ||a(X, D) f||..5 is bounded by finitely
many Schwartz seminorms of f. By the Leibniz rule,

|a(X, D) fllas = sup

w0 [ ale. i dg\

o0

/ (2, €) f ()P et ds' .

T

We treat each of these integrals separately. Since everything is Schwartz we can integrate
by parts to get, for any pu,

| @awoieee a = 0 [T e o foe e de

o0

Since J¢07a is of polynomial growth in £ for any v < p and f is Schwartz (in fact f — f is
bounded on §) we have

' / QL ((Da)(x, ) f(€)E7)e2mat df‘ Sasu Y, s

5,6'<Cp.,
Therefore -
[ @ i@ e ag| Sup 0 5 1l

—0 5,6'<Cp.,

Taking u = «,
(X, D) fllog Sacs D | fllsa
5:5/§CB,04

Since C, < oo this is as desired. O

Lemma 21.2. If a, b are symbols such that a(X, D) = b(X, D) then a = b.
Proof. If a(X, D) = b(X, D) then for every f € S,

/_OO (a(x, &) = b, €)) f(€)e*™* d& = 0

o0

In particular this is true when

F(&) =™ (&)g(y, §)

where Y is a smooth approimation to the indicator function of [-N,N], y € R is to
be determined, and g¢(y,&) is a smooth approximation to the function which is 1 when
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a(x,&)/b(x,§) > 0 and —1 otherwise. Plugging in y = z and taking the limits as the
approximations become rough, we have

N
lim la(x, &) — b(x,&)| d€ = 0.

N—oo _N

But this implies that a = b. ]

A fundamental defect with any quantization is that it is not an algebra morphism:
ab(X, D) # a(X, D)b(X, D).

This is because [z, ] = 0 but 27i[X, D] = —1. This motivates semiclassical analysis, because
in the limit where frequency is very large, [X, D] — 0, and this is formalized by introducing
a semiclassical parameter h and taking h — 0. As a useful consequence of 27i[X, D] = —1
we prove the Heisenberg uncertainty principle:

Theorem 21.3 (Heisenberg uncertainty principle). If z,£ € R and f € S, then

/117

16X = )11z 11(D = )lee =+

Proof. By the Cauchy-Schwarz inequality we have

(X = 21f, [D = €N < [I(X = 2) fll2 (D = &) fl] 2
Since z,{ commute with everything, [X —z, D —¢] = [X, D] = —1/27i. So

2 D— _ 1
(X =z, D=¢f, N = o
™
But also i
(X ~al£, 1D~ OF)| = (X — o, D~ &f, ) = L2
since X is self-adjoint while D is anti-self-adjoint. u

Physically, ||(X — ) f||z2/||f||z2 should be viewed as the variance Ax of the observable
X when applied to the wavefunction f. Similarly for A{. So the Heisenberg uncertainty
principle says .

(Az)(AE) > I
The intuitive reason for the uncertainty principle is that f is a function of one variable,
yet we want to view it as a function of phase space (two variables), yet there is no smooth
bijection R — R2.

Fortunately, ab(X, D) ~ a(X, D)b(X, D) where ~ means “equal up to lower order terms”
here. For example [X, D] is a zeroth-order operator. We need certain estimates on the growth
of the symbol to make “lower order terms” a rigorous definition, and then prove the above
approximate commutativity relation.

There are other interesting quantizations, but they essentially behave equivalently to the
Kohn-Nirenberg quantization, so we restrict to this quantization in what follows.
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Definition 21.4. Let a € R. A symbol a has order « if it is smooth and
0]0¢a(w,€) Sae (€)°".

We let S denote the space of all symbols of order . In this case we say a(X, D) is known
as an pseudodifferential operator of order «.

Thus if @ € S%, then a(z,£) is bounded in z and grows like %, even after it is differen-
tiated. If one tiles phase space by rectangles which have z-width 1 and £&-width ~ &, then a
restricted to any rectangle is approximately constant. Thus at high frequencies & — oo, the
effect of the uncertainty principle is unimportant, since there a is so close to constant that

we can localize it quite well.

We let o
lalloie = sup 202 E)
ze  (§)
denote the (j,¢)th Hormander seminorm for symbols of order a. For example, fractional
differential operators are pseudodifferential operators.
A smooth linear differential operator is a pseudodifferential operator provided that its
coefficients are bounded.

Example 21.5. The quantum harmonic oscillator D? + X? is not a pseudodifferential op-
erator but it is locally a pseudodifferential operator of order 0.

21.2 The Calderon-Vallaincourt theorem

We start by proving a generalization of the Hormander-Mikhlin multiplier thoerem which
shows that pseudodifferential operators of null order are bounded on LP. The assumption on
order is best-possible here; clearly X, D are not bounded on LP for any p, and this remains
for fractional operators such as D*.

Theorem 21.6 (Calderon-Vallaincourt). Every pseudodifferential operator of order 0 ex-
tends to a bounded operator on L?.

Actually, we can use Calderon-Zygmund theory to extend to this to L”: once a Calderon-
Zygmund operator is bounded on L? for some ¢, it is bounded on LP for every p. But we
omit the proof.

We will give two proofs of the Calderon-Vallaincourt theorem, both of which use se-
quences of operators which are “almost orthogonal.” One way to quantify the extent to
which operators are almost orthogonal is if they meet the hypotheses of the Cotlar-Stein
lemma:

Lemma 21.7 (Cotlar-Stein). Suppose that Ty,...,7T, : H — H’ are linear operators such
that the maps 7;7T; : H — H satisfy the estimate

DT <A

J
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uniformly in ¢ and similarly the T;T; : H' — H' satisfy the estimate
d_ITT* < B
J

uniformly in j. Then

1Y Tl < VAB.
j

Proof. Since B(H) is a C*-algebra we have
||| = || Ty < A.

Similarly ||T;|| < B and hence ||T}|| < V/AB, the geometric mean. We want to iterate this
estimate.
Let T = > ; Tj. Iterating and using the fact that B(H) is a C*-algebra again, we see
that
71| < 1T T)™|| /™.

This is in particular true when m is a power of 2. We have the bound

ITI < o) NTETs -~ T, T
7

Here the ¢; are a substring of some permutation of n. We split this up as

|17 < oD N Tl 1T, Tia -
j

This gives a bound ||T'|| < n'/?™A. Similarly we can bound ||T|| < n'/?™B. Taking geometric

means we have
|IT|| < n'/*™VAB,
and iterating we see ||T'|| < vV AB. O

If the T; have pairwise orthogonal images then 777, = 0 whenever i # j; similarly for
the adjoints. So if A, B are minimal possible (say A = > /||Ti|[?) then the operators T; are
actually orthogonal, and the size of A measures “how orthogonal” they are.

The Cotlar-Stein lemma also has a useful corollary, which we will not need for the
Calderon-Vallaincourt theorem.

Corollary 21.8. Suppose that we have a sequence of operators T; : H — H’ satisfying the
bounds

DT < A

J<J
uniformly in 7, J and similarly

M|t < B

i<I

uniformly in 7, j. Then the infinite series T' = ; Tj converges in the weak operator topology,
and
|T|| < VAB.
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Proof. The estimate on the infinite series follows from the fact that the estimate is uniformly
true on partial sums by the Cotlar-Stein lemma. Now we must show that if f € H,g € H’,

then
> 9. Tif)

7

is a convergent series. Suppose not, so there are f, g such that for every C' > 0 there is an
I € N such that

> g T.f)| > C.

i<I
This is in particular true when C' = ||f||||g||v/ AB, which is a contradiction by the Cotlar-
Stein lemma. O]

We can actually prove convergence in the strong operator topology, but omit the proof.

Now recall that a symbol of order 0 is a smooth function a : R* — R such that d,a(z,§)
is bounded and d¢a(z, §) = O(£7"). Let a be a symbol of order 0.

We want to run a Littlewood-Paley decomposition on a, because these hypotheses imply
that a is “approximately constant” on each of the dyadic pieces of R. Let ¢ be a bump
function on [—1, 1] which is 1 on [-1/2, 1/2] and consider the Littlewood-Paley decomposition

a = Z Qg
k
where ap = a(z)¢ and

ar(,€) = (6(§/2") = d(£/2"))a(x, £).

To avoid technicalities, we don’t want to have to worry about the infinite sum; by Fatou’s
lemma, we must then show

1> (X, D)llze Sa 1 f1lz2

k<K
uniformly in K. Each ay, lives on a strip of (z,&) where £ ~ 2%, Then
8;85%(% f) S/a,j,f 27M.

Therefore

Ki(a,y) = / " a(a, £)TEVE e

has compact support and hence is the integral kernel of ax (X, D) by Fubini’s theorem.
We bound K. First, a is bounded and supported on the interval [2%, 25+1] of length 2F
so by the triangle inequality,

Kz, 9)| < llax(@)]]1r Sa 2"

Integrating by parts in &,
2k

K = R
k<x7y) 2’“|x—y|

1 oo ,
y)/ agak(l’ag)@%l(%y)g d¢ S

2mi(x —
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[terating and using the previous bound to prevent blowup,
2k

Kk z,y N(LZ —.

We now bound 0, Ky(z,y). If the derivatives fall on aj; nothing happens. If they fall on
the phase, we gain a term 2mi&, but & ~ 2*, so we lose a factor of 2¥. Running the above

argument again,
22k

2%z =yl
The same thing happens for 9,. It follows from Young’s inequality that

|asz(I7 y)| Sa,ﬂ

|ak(X, D)|[r2—r2 Sa 1.

It remains to remove the dependence on the number of terms in the Fatou sum K. To prove
this uniform bound we will show that the ax(X, D) have “almost orthogonal” ranges and
coranges (i.e. row spaces), in two different ways.

First proof. We claim
llar(X, D)a;(X, D) fllr2 Sa 27| |f[22

and similarly for a,(X, D)*a;(X, D)*f. The Cotlar-Stein lemma then gives the theorem.
Assume j < k and work with a;(X, D)a;(X, D)*; the other three cases are similar.
By Fubini’s theorem,

Ky (2, 2) = / Koly, ) (4, 2) dy

is the integral kernel of a; (X, D)a;(X, D)*. We want to bound it using integration by parts.

First,
G]yf 27rzy z)& / 861]:[]5 27rzy z)¢
=9 / 2mi€ dt - 2mi€ dt.

The second term here is harmless since a is a symbol; we have

Oy [ ,
/_Oo C;jﬂsl/é 5) 271'1 (y—=2)& dg /_Oo aj(y’€>€27rz(y—z)§ d£

since we have a £ in the denominator and are integrating over [27,2/1]. Thus

/_oo Fk(ij)/_ a C;]Tf;yg 5) 27rzy z)¢ df ~ 2 ]+k

This was desired. Similarly,

> a; y g 2m z > > U,‘(y,Z) 2mi(y—=z —Jj+k
K LDl 2miy=2)E e dy = — K LD 2 2208 e dy ~ 27FR

Here we used the fact that we took a complex conjugate to get ¢ in the numerator when we
differentiated k. O

220



Second proof. Consider the integral kernel
2J+1
Liza)= [ emeosag
2

J

of the Littlewood-Paley projector P; to the scale [27,21]. Let Fj; be the integral kernel of
the composite

Fi(z,y) = /oo Li(z,2)Ki(z,y) dx

L

We used the Fourier support property of ay.
Lemma 21.9. One has

27+1

/ 27ri(;r—y)n627ri(z—ac)f df dn dr.

HijHLQ Sa 2_|j_k|-

Proof. Note that

We now integrate by parts in dx to see

L.

We have 0, ax(7,n) <, 1 and a(z,n) <, 1. Similarly we have n ~ 2¥ and £ ~ 27, so the

2

This new triple integral is

ok+1 9j+1 2

/ zm‘(z—y)n627TZ'(Z—7C)5 d§ dn dx| dy dz.

2k+1 2]+1 2k+1 2]+1

ZL‘ 77 27rz(w y)n€27rz(z z)€ dg dn dr _/ / / ak T ,,7) 27ri(z—ac)£)

2k+1 2]+1

/ e2mi(z—a)¢ 2mi(z—y)n d¢ dn dx.

< )

whose L? norm is <, 1. Therefore if k& > j the L? norm is <, 271¥79. The proof is similar
when j > k, but we want to differentiate e2™@=%7 instead. O

We conclude that
||Pjar(X, D)|| Sq 271,

Similarly for ax (X, D)P;, where the roles of  and £ in the above proof are swapped. TODO
O
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21.3 Composition estimates

Lemma 21.10. Let a(X, D) and b(X, D) be pseudodifferential operators of order «, § re-
spectively. Then the composite a(X, D)b(X, D) is a pseudodifferential operator of order
a—+ B.

Definition 21.11. The symbol of the composite a(X, D)b(X, D) is denote a * b.

Proof of lemma. We let
ar(r,§) = a(z,§)o(x/R)P(§/R)

where ¢ is a standard bump function; then the ag obeys the same symbol estimates as a
uniformly in R, and ar — a locally uniformly as R — oo. If f is Schwartz, then b(X, D) f
is as well, so ar(X, D)b(X, D) f converges pointwise to a(X, D)b(X, D)f.

Suppose that ar(X, D)b(X, D) = cgr(X, D) is a pseudodifferential operator with order
uniform in R. Then the Ascoli theorem guarantees that there is a limit ¢(X, D) of a subse-
quence cg(X, D) as R — oo, and then ¢(X, D) is a limit of not just a subsequence but the
full sequence. Here we are taking limits in the weak operator topology, which is all we need
because we just require that limits be unique, and the weak operator topology is Hausdorff.
By a similar argument, we can replace b(X, D) with br(X, D). So we may assume that a,b
are compactly supported, and hence justify any use of Fubini’s theorem.

We have

—

WX D)) = [[ b fte)emoem e ay

hence

ol X, DX, D) @) = [ [ atembiy f@=0 e e ay

By Fubini’s theorem,

axb(z,€) = // a(z, )by, §)e*™ = dy dn.
R2
We must now show the symbol estimate

aiﬁf(a #0)(2,€) Sabapie (€)TPE

We readily check
Op(a*xb) = 0 x b+ ad,b,

and similarly in . Moreover 9, sends S® to itself and J¢ sends S° to S°~!. So by induction
in 7 and another in ¢, we see that we just need to check the case j =/¢ =0, i.e.

(a * b) (.Z', 5) Sa,b,a,ﬁ,j,é <5>a+,8'

We bound a * b using the method of stationary phase.

Applying a smooth partition of unity to a in the frequency variable, we split a into two
functions, one supported on the set of (x,7n) such that (¢) ~ (n), and its complement. This
cutoff preserves the symbol estimates for a.
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We now treat the case (£) ~ (n). Let

K,(2) =/ a(z,n)e*™™ dn,

oo

and then we have
(@s8)(w€) = [ Kol — y)bly. >0 dy.

Integrating by parts and using our case assumption,

Ka(2) Saa (€)°7(2€) 7

Since we have the estimate b(y, &) <p (€)7, the claim follows.
In the other case,

b omb 2mi(y—=)(E=n) o dn.
(axb)(x,§) = //RQ 27”?7 £my(y,é")e y dn

This follows by iterated integration by parts. Let

o > G(l’, 77) e?mﬁzn
Bam(2) = /_m Griti -yt "

SO

@00 = [ Koo = 0Py, 965
and if m is large enough we have

Kom(2) Saa <<£>a+l <Z€>72

as before. O

Example 21.12. If a(z,&) = a(x) and similarly for b,

(axb)(x,&) = a(x // )e2m W= &) qy dn = a(z)b(x)
R2

by the Fourier inversion formula, as we would hope.
If a(x, &) = a(€) and similarly for b, we similarly have a x b = ab.

Theorem 21.13. Let a € S, b€ S?. Then a xb — ab € S*T8-1,
Moreover, a * b — ab — dgad,b € S*HF2,

TODO Prove me.
Higher-order versions of this theorem are also true.

Corollary 21.14 (quantum correspondence). Let {-,-} denote the Poisson bracket and
a,b e S, SP respectively. Then

[a(X, D), b(X,D)] — {a,b}(X, D) € S*°~1,
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TODO Prove me.

This suggests that if we view a symbol a as a classical observable, then a(X, D) is its
quantization. In semiclassical analysis we are interested in the extremely high frequency
regime, where lower-order symbols are negligible. The correspondence principle says that in
the extremely high frequency regime, classical and quantum mechanics behave identically.

Corollary 21.15. Let a € S*. If a is compactly supported then the function a,

a(x, &) = / / a(y,n)e*™ @08 qy dn,
RQ

is a symbol of order o and a(X, D) is the adjoint of a(X, D).

In particular, even if a is not compactly supported, there is a unique pseudodifferential
operator a(X, D)* of order a which is the adjoint of a(X, D). Moreover, a(X, D)* —a(X, D)
is a pseudodifferential operator of order av — 1.

21.4 The Gabor transform
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Part VI

General relativity
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Chapter 22

Lorentzian geometry

Lorentzian geometry is a generalization of Riemannian geometry that was motivated by
physical axioms.

22.1 Axioms of special relativity

Definition 22.1. A reference frame is a coordinate system for R* = R x R3. A reference
frame is said to be inertial if the motion of a body without external influence forms a straight
line in R*. Otherwise, the reference frame is said to be accelerated.

Axiom 22.2. All laws of physics are invariant under change of inertial reference frame.

Axiom 22.3. The speed of light in a vacuum is invariant under change of inertial reference
frame.

We denote the speed of light in a vacuum by c.

22.2 Lorentz transformations

Definition 22.4. A Lorentz transformation is a smooth transformation which fixes the
origin and is homotopic to the identity, which carries an inertial reference frame to an
inertial reference frame.

Definition 22.5. Let p = (t,z),q = (t,2') € R*. The spacetime interval As = [p,q]
between p, ¢ is the distance

As? = Az — AAP
where At =t —t and Az =2’ — .

It is not hard to check that Lorentz transformations are linear (since they preserve
straight-line trajectories). Moreover, spacetime intervals are also preserved by Lorentz trans-
formations. By the second axiom of relativity, the quadratic polynomials associated to As
and its Lorentz transform, say As’, have the same roots. So there is an « # 0 such that

(As)? = a(As')?.
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Moreover, this constant appears for any choice of s, s’, so by “reciprocity”, a? = 1. Since
Lorentz transformations are homotopic to the identity, which clearly has o > 0, we have
« = 1. Therefore the claim holds.

Example 22.6 (twin paradox). Let A, B be two twins born in space. They are separated
at birth (spacetime P), and B moves away from A but then suddenly turns around (at
spacetime () and meets A again (at spacetime R). Then it appears that both A is older
than B (from the point of view of A) and B is older than A (from the point of view of B).
However, one can check that in fact A is older than B, since B had an accelerated reference
frame (when he turned around at @) and so has an incorrect perception of the universe.
This can be checked using the spacetime interval invariance.

Let us consider the Lorentzian metric
ds? = dz? — Adt?,

where as usual we write s = (t,2) € R x R? = R* for a point in spacetime. This is a linear
combination of the Riemannian metrics dz? and dt?>. We will also write m for the indefinite
quadratic form induced by ds? on the tangent bundle. On the other hand we will write §
for the positive-definite quadratic form induced by the Riemannian metric dz?. Therefore
(R3,0) is just Euclidean space.

Definition 22.7. A Lorentzian manifold is a smooth manifold equipped with a smoothly
varying quadratic form on each tangent space. The Lorentzian manifold (R* m) is known
as Minkowski spacetime.

Now let v be a curve in R*, which we think of as parametrized by [0, 1]. We denote the
tangent vector by 7.

Definition 22.8. The proper time of the curve v is

/1 v =m(i(0),4(0)) |

g.

Definition 22.9. Let v be a tangent vector over R*. If m(v,v) < 0, we say that v is timelike.
If m(v,v) =0, then v is lightlike or null. Otherwise, v is spacelike. If v is not spacelike, we
say that v is causal. If every tangent vector to a curve is timelike (lightlike, etc.), we say
that the curve itself is timelike (lightlike, etc.)

Notice that a vector v has speed < ciff v is causal. So causal curves are those trajectories
of objects which are allowed by the laws of physics.
22.3 Riemannian geometry

We dive deeper into Lorentzian geometry. Throughout this chapter we fix a Lorentzian
spacetime (M, g). In other words, (M, g) is locally isomorphic as a Lorentzian manifold to
the Minkowski spacetime (R* m). We always assume that M is orientable.
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Throughout these notes we use Einstein’s conventions that a repeated index is summed
over:
w, " = (w,v).

We let {0y, ...,03} be the standard basis of the tangent bundle T'M, and {dxy,...,dzs} be
the standard basis of the cotangent bundle T*M. Thus we have a pairing

dz"9, = §".

Definition 22.10. A (p,q)-tensor at @ € M is an element of (T)M)*F @ (T,M)®1. A
(p, q)-tensor field is a section of the tensor bundle

(T*M)® @ (TM)® — M.

In local coordinates, we write

for the (aq,...,ap; B1, ..., B,)th coordinate of a (p, ¢)-tensor field evaluated at z.

We now need the notion of a linear connection. A linear connection, morally, is a “way
to differentiate a vector field against another vector field.” Let 7 (M) denote the space of
vector fields M — T'M.

Definition 22.11. A linear connection is a (C°°(M), R)-bilinear map V : T(M)* — T (M),
written (X,Y) — VxY (though we write V, = V3, ) satisfying the Leibniz rule

Vx(fY) = (Vxf)Y + fVxY = df(X)Y + fVxY.
Let’s consider the easy example of a Euclidean connection.

Definition 22.12. Assume (M, g) is Euclidean space. The Fuclidean connection on M is
the linear connection

VxY?9; = XY70;.

Since X is a first-order derivation at each point, XY7 is the partial derivative of Y in the
direction of X. Thus Euclidean connections are a very natural thing to study, and in case
X = 0,, Vx is just the map that sends Y to its derivative in some direction. The Euclidean
connection has the useful property that Vg = 0.

Definition 22.13. The Levi-Civita connection V is the unique connection on M such that
Vg = 0 and which satisfies VxY — Vy X = [X,Y].

Theorem 22.14. The Levi-Civita connection is well-defined.
Definition 22.15. The Riemann curvature tensor is the (3, 1)-tensor field
R0 505 = VoV 0, — V5Va0,.
It is pretty clear that
R);, = —R;

afy — Bory
and
Roaﬁ'yé = Ra,@é’w
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Theorem 22.16 (Bianchi). One has
Ragys + Rpyas + flypas = 0

and

VOcRﬁ’y(Se + V,BR'WMSE + v’yRaﬁée =0.
Definition 22.17. The Christoffel symbol I' is defined by

We have the Kozsul formula

07

g
5= 7(%9[35 + 95950 — 959ap)-

22.4 Causality

Let (M, g) be a Lorentzian spacetime as above. Recall that we have a causal structure on
the tangent bundle of M, which gives rise to a pair of light cones in each tangent space.
Taking the exponential map, we get a causal structure on curves in M.

Definition 22.18. The spacetime (M, g) is time-orientable if there is a continuous choice
of light cone for each tangent space.

Let us fix a time-orientation. The vectors in the chosen lightcone point to the “future.”

Definition 22.19. Let S C M. The chronological future I*(S) is the set of points in M
that can be reached by a curve through the exponential map of the open future light cones
of S. The chronological past is defined similarly, but with the open past light cone. The
causal future and causal past are defined similarly, but for the closed light cones.
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Chapter 23

The Cauchy problem in general
relativity

We pose the Einstein equation as an initial-value problem on the Lorenztian manifold (M, g).

23.1 The Einstein equation

If £ is a Lagrangian density, then £ does not have to be integrable, so long as we only take

only compactly supported perturbations when we carry out the calculus of variations. That

is why we emphasize that £ is only a “density” rather than a summable quantity.
Throughout, we let dg,s be a compcatly supported perturbation of the metric tensor g,gs.

Definition 23.1. Let £ be a Lagrangian density. The energy-momentum tensor associated
to L is the tensor T3 given by

L
/%(-,g + sdg) dV (g + sdg) + /T“ﬁdgaﬁdv =0.

Theorem 23.2 (Noether). If T, is an energy-momentum tensor, then the divergence
Vs = 0.

Noether’s theorem can be interpreted as a generalization of the conservation laws of
energy, mass (which is just a form of energy by Einstein’s special theory of relativity),
and momentum. It is a special case of Noether’s theorem that for any Lie action of R
on a Lagrangian density, there is an associated conserved quantity in the respective Euler-
Lagrange equations.

A key point in general relativity is that “curvature is energy-momentum”, yet the energy-
momentum tensor Tz is divergence-free. So the curvature tensor appearing in general
relativity should be a divergence-free covariant 2-tensor. Thus we must define a 2-tensor
which measures curvature.

Definition 23.3. Let Rj ; be the Riemann curvature tensor of (M, g). The Ricci curvature
tensor of (M, g) is given by
o pM
Ricep = Rauﬁ'
The scalar curvature is given by R = Ric,.
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Definition 23.4. The Finstein tensor of (M, g) is
1
Gag = Ricag —§ga5R.

The FEinstein equation is the equation

e

GOAB —= ?TQIB

We will normalize ¢ = 1, and then take G = 1/(4), so the Einstein equation will read
as Gop = 21,3. Notice the similarity to the Gauss-Poisson equation for gravity

ArGNV%ge = p
where p is the mass density of the universe and g, is the gravitational field. We have
VeGap =0

by the second Bianchi identity.

We interpret 7,3 = 0 as meaning that the universe is a vacuum. In this case we have
Ricag = 0. Now Ric,g = 0 is a geometric PDE, but we want to frame it as an initial-value
problem where the initial data consists of a 3-manifold, and the resulting 4-manifold comes
from gluing together the 3-manifolds together in time.

This interpretation gives another derivation of the Einstein equation. Assume 7,3 = 0;
then the universe should have no curvature.

Definition 23.5. The Finstein-Hilbert Lagrangian density is Lpy = R dV'.

The Einstein equation should be the Euler-Lagrange equation minimizing the Einstein-
Hilbert action.

Theorem 23.6. The Euler-Lagrange equation corresponding to the Einstein-Hilbert La-
grangian density is the Einstein equation.

Proof. Let dg be a compactly supported perturbation of hte metric tensor as above. Then
6 v 4
g(g + sdg)H = —dg"”.

Similarly

o
— = §g°P
540V (9) = 09" dV(g).

In coordinates, we have

Rics, = 0,9, — 9502, + T T, + 15 T,

ayT pv
After a tedious computation in normal coordinates (where g = m and I' = 0 at the origin)
we have

5 1
5, Ricaplg + 509)] = 59" (0adgp + 050gua — 0u09as).

Applying the Lebiniz rule we have

) 1
/ —Lpr(g+ sdg) = = / 9*P R6gas — Ric™ 6ga5 dV
M 55 2 M

so the claim follows by lowering indices. O
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23.2 Initial-data sets

Henceforth we fix a time-orientation of (M, g).

Definition 23.7. A time function is a smooth function ¢t on M such that for every future-
pointing timelike vector field X<, g,sV*t X" > 0.

We fix a time function as well.
Definition 23.8. The initial-time slice ¥ is the level set of the equation ¢ = 0.

Because the metric signature is (—, +, 4, +), the initial-time slice will be a 3-manifold.
We denote its induced Riemannian metric by g and induced Levi-Civita connection by V.

Definition 23.9. Let ¥ be a Riemannian submanifold of codimension 1. Let n denote the
future-pointing unit normal vector to X. Then the second fundamental form ks is given by

kaﬁuavﬂ = _gaﬁua ’ vvnﬁ'

The second fundamental form measures how fast the unit normal vectors change as we
move along unit tangent vectors; it is a measure of the extrinsic curvature of ¥ in M.
Theorem 23.10 (Gauss-Codazzi). One has R(g);jke +EijEjf —EigEjk = R(g)ijre and viEjg —
Vj/w = CR(g)iMO-

Thus, if (3,9, k) is to be an initial-data set, it had better satisfy the Gauss-Codazzi
equations for the 4-manifold we want to embed it into.

Definition 23.11. Let 7,3 be a symmetric, divergence-free 2-tensor. An initial-data set

(2,7, k) corresponding to the energy-momentum tensor T,z is the data of:

1. A 3-manifold ¥,
2. a Riemannian metric § on ¥ with Riemann curvature tensor R,

3. and a symmetric 2-tensor k on X,
satisfying the Gauss-Codazzi constraints
ﬁ + (tI’ E)Q + EijEij = 4@21—;‘15
VZEZ] - Vj tr% = 2907’]t

where

$Y=s3=—""-
20,9,

Definition 23.12. Let (X, g, k) be an initial-data set corresponding to the energy-momentum

tensor T,5. A development of (3,g,k) is an isometric embedding ¢ : ¥ — M, where
M = (M, g) is a Lorentzian (1 4 3)-manifold solving the Einstein equation

1
Ricag —EgagR = Taﬁ
and k is the second fundamental form of ..
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We think of the initial-data set as being the initial conditions of the Einstein equation
and (M, g) as being the solution.

Definition 23.13. Let S C M be a spacelike hypersurface. Then .S is a Cauchy hypersurface
if every maximal causal curve in M intersects S at exactly one point. Moreover, the domain
of dependence is the maximal submanifold D C M such that S is a Cauchy hypersurface of
D.

For example, the initial-time slice ¥¢ of Minkowski spacetime is a Cauchy hypersurface.
In fact, if B is a ball in Yy, then the future-pointing causal cone based at B is the domain
of dependence of B.

Definition 23.14. Let (,7, k) be a respective initial-data set. Let (M, g) be a Lorentzian
(1 + 3)-manifold. A globally hyperbolic development v : 3 — M is a development of (3,9, k)
such that +(X) is a Cauchy hypersurface of (M, g).

23.3 Well-posedness for the vacuum equation

Throughout this section we work with the Einstein vacuum equation Ric,g = 0.
First, we recall the theorem that quasilinear wave equations are well-posed.

Theorem 23.15. Fix a Lorentzian metric g and consider the PDE
9" (@, 0(2))0u0sp(x) = N(z,0(2), 0p(r))
(0, 0p) () = (0, 1) ()

where ¢ is an unknown. Let s > d/2 + 1. If (po, 1) € H® x H*"*(%), then there is an
maximal eclipse time 7" > 0 and a unique solution ¢ € H*([0,T] x ).

For Ti,z a tensor, we write
A 1 B
Taﬂ = Ta,B - égaﬁg Taﬁ~

Theorem 23.16 (Choquet-Bruhat-Geroch). Let (3,7, k) be a smooth initial-data set with
Ric,g = 0. Then there is a unique mazimal globally hyperbolic development (M, g,t) of
(2,9, k); i.e. a globally hyperbolic development such that for any globally hyperbolic devel-
opment (M g, 1), there is an isometric embedding & : M — M such that the diagram

M ¢ s M

RN

by

commutes.

By lower-order terms we mean those of first or zeroth order (those which may serve as
quasilinear perturbations of the d’Alembertian, which is a second-order linear operator). The
idea of the proof is to write Ric,g as a quasilinear wave equation and use local well-posedness
to construct local solutions, then glue all the local solutions together using Zorn’s lemma.
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Proof. We have

1 y 1 y 1 » 1 y
- 59# a,uallgaﬁ - Eg“ aaaﬁg,uu + 59# aaaugﬂl/ + Eg“ aﬁa,ugay
1
= 50”81,%5 + 8a1“5 + 85Fa
where
1 L 1 1 T
Us = 59" 0980 = 5089w = 59" T 9as.
Let

Sag = Ricag —8al“g — 851“&.

Then the equation S,z = 0 is a quasilinear wave equation, so is locally well-posed, and has
a solution on a submanifold M of R x 3.
Recall that Ric,g is the Einstein tensor and hence

VRicas = 0.
Taking the hat and divergence of both sides of the definition of S,g, we have
V* (VoI5 + Vsl'y) = 0.

But
Vafg + V/gI’a = Vaf/g + V5Fa — gaﬁg‘“’vufl,

SO
0=V°V, — T+ VOV,I, — ¢ VsV, T, = VOV, Ts.

Therefore I' solves the wave equation. Since the wave equation is well-posed, it suffices to
show therefore that I'ly, = 0 and 0,['|s = 0. For 4, j spatial coordinates, we set g;j|s, = 0
and gttIE = —]_, gti|2 = 0, atgij|2|2 = 2[6’1']‘, and 8tgta|g = 0. Then F|Z = 8tf|g =0 by the
Gauss-Codazzi equations. Thus with these initial conditions, S,s = Ric,s so the Einstein
equation reduces to the quasilinear wave equation S,3 = 0, and the solution manifold M
solves the vacuum Einstein equation, which is therefore locally well-posed.

Now let M be the class of globally hyperbolic developments of (3,7, k), ordered by
isometric embeddings which commute with the inclusions ¢. This class is proper, but taking
a quotient by isometry, we arrive at a poset. Taking injective limits, we show that every
chain has an upper bound, so M has a maximal element ¢ : ¥ — M, the set-theoretic
mazimal globally hyperbolic development. It remains to show that ¢ is maximal in the sense
of the definition of maximal globally hyperbolic development (and hence unique).

Let i: X — M be a set-theoretically maximal globally hyperbolic development. We must
construct a isometric embedding P : M — M making the diagram commute. By a partial
1sometric embedding of M into M we mean a isometric embedding U — M for some open set
UCM. By local well-posedness, every point is contained in a neighborhood which admits
a partial isometric embedding that makes the diagram commute, and by local uniqueness,
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they satisfy the cohomological conditions in the definition of a sheaf. Therefore there is a
global partial isometric embedding, which is of course ®.

We define the development-theoretic union M U M = MHM/@, where the coproduct
] is the sense of disjoint union. All conditions in the definition of a globally hyperbolic
development are easily checked for M U M except that M U M is Hausdorff.

Assume that M U M is not Hausdorff at a point # € M U M. Then z € (M U M), and
by a difficult computation in Lorentzian geometry, there is a spacelike hypersurface S which
touches OM exactly at x. Away from z, S and U(S) determine the same initial-data set.
But by continuity, S and ¥(S) determine the same initial-data set at x as well.

But z lifts to a regular point in M [[ M (and let us assume without loss of generality that
x then lifts to a regular point in M), so there is a globally hyperbolic development extending
from a S-neighborhood of x by local well-posedness. Since M is set-theoretically maximal,
2 does not lift to a point of M. Therefore z ¢ (M U M), a contradiction.

It follows that M U M is Hausdorff, and hence a globally hyperbolic development which
contains M. So M UM = M, and it follows that M = M. So M is a globally hyperbolic
development. O
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Chapter 24

General relativity in spherical
symmetry

We now make a simplifying assumption to get rid of annoying obstructions in Lorentzian
geometry: that of spherical symmetry.

Definition 24.1. A spacetime (M, g) is spherically symmetric if there is a SO(3)-action on
M by g-isometries such that every SO(3)-orbit is a manifold of dimension at most 2.

Then the only possible orbits are fixed points and spheres of positive radius. For p € M
we let S, denote the orbit of p, and let (p) denote the radius of S,, which can be intrinsically
defined by
,U(Sp)

4
w denoting area. Then zeroes of r are fixed points of SO(3).
When r(p) > 0, the induced metric on S, is given by

r(p) =

gls, =1%g

where ¢ is the Riemannian metric of the unit 2-sphere S2.
We let Q = M/SO(3), so Q is a Lorentzian (1 + 1)-manifold with boundary T' = 9Q.
Then
g=go+rg.

24.1 Double-null pairs

Definition 24.2. A double-null pair on M is a pair of SO(3)-invariant smooth functions
u,v : M — R, increasing in time, such that

gaﬂduaduﬂ = gaﬁdvadvg =0

and such that du, dv are linearly independent on every cotangent space. If we view u,v as
coordinates on M and let 6, ¢ be the usual polar coordinates on S?, the tuple (u,v,0, ) is
known as a system of double-null pair coordinates.
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Assuming that M has double-null pair coordinates,
g= df? + sin® 0 dy?
and
go = —Q%du - dv
for some function €.

Definition 24.3. The function €2 determined by double-null pair coordinates is called the
null lapse of the double-pull pair.

Let us assume that every spacetime admits a double-null pair coordinate system.
We have g, = g»» = 0 and

Lo
Guv = _§Q .
In particular we have
27102
27102
9= 2

T2

so 2¢/— det g = We will always write the angular coordinates with capital letters.
By reparametrizing u, v to have bounded range, we can embed Q into a compact subset
of the Minkowski spacetime R,

Theorem 24.4. Let (u,v,0,¢) be a double-null coordinate system with null lapse 2 and
let ¢ be a spherically symmetric scalar field. Then

Oy = —4Q 720,050 + 1040y + 110,104 0).

Besides this, we can write the Einstein tensor G,s as

Guu = Ricy, = —2r'Q%,(Q7%0,r)

Gy = Ricy, = —2r10%0,(Q7%0,r)
1

Guw = Ricy, —§gwR = 21 10,0, + 2r 20,101 + Q%12
1

Gap = Ricag —59,43 = —4r20mega2gAB(Q_18u8vQ — 020,00, + r~10,0,7)

and all other entries determined by symmetry or vanishing.

From this, it is easy to see that the Einstein vacuum equation in spherical symmetry can
be expressed as
0,(Q720,r) =0
0,(Q720,7) =0
0u0yr + 2r 10,10y + (2r)'Q2 =0
0,0, — Q0,00,Q — Qr=2(20,r0r +271Q%) = 0.
The wave operator in spherical symmetry has principal part 9,0,. So we view the first two

Einstein equations as constraint equations (called Raychaudhuri equations) and the last two
Einstein equations as quasilinear wave equations.
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24.2 Local rigidity

We show that the Raychaudhuri equations form a strong constraint on the sort of solutions
we are allowed to study.

Lemma 24.5. Consider the quasilinear wave equation
0u0p® = N (¢, 0P)

where N is C*. If @ is a O solution to the equation with @ prescribed on the future-pointing
lightcone centered at a point p € M, then ® is unique.

Since this is a wave equation, we expect to need 0® as initial data as well in order for ®
to be unique. But the lightcone consists exactly of characteristic curves of ®, one of which
determines 0, P and the other determines 9,% — and they must be compatible since p touches
both curves.

Proof. Notice that
0,0,V (0 + 0,)V = .50,(0,¥)* + .50,(0,¥)*.

Assume that &, ®’ are solutions and let ¥ = & — &', Then
0y0, W = WO N (®,0P) + O(¥,00).
Integrate along a future-pointing “diamond” whose first vertex is p = (0,0) and whose sides

are given by (or are perpendicular to — we call these C, and C,) the characteristic curves

Co, Cy). This gives

%(/Cu(avxlf)u/cfau\l/)?—Lo(avw)z—éo(au@)2> < C/D"PHWHC/DIWP.

The integrals along Cy and C| are 0 because ® = &’ there by assumption. So we have

/u(aU\IJ)ZJr/U(au\D)Q SC/D\\IJHQ\IJH/D@\D‘;

We use Gronwall’s inequality to control the right-hand side. Now

U(u,v) = /0” OV (u, )

which then vanishes. So this energy estimate gives ¥ = 0. O]

Theorem 24.6 (Birkhoff). Up to gauge symmetry, the solution to the Einstein vacuum
equation in spherical symmetry near a point p € M is determined by 7(p), the signs o, 0y
of 0,r(p) and 9,r(p), and ¢**0,,0,r(p).
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Proof. If u,v are a future-pointing double-null pair, and we transform them to (@, ?) where
@ > 0 only depends on u and similarly for @, then (a,?) are a future-pointing double-null
pair. This transformation results in the transformation of € by

— % du dv = —O? di dv = —Q*W'V du dv

so Q200 = Q2. Let ¢y, Cp be the curves of the future-pointing lightcone along u, v from p.

Then we can choose @, 7 so that Q = 1 on ¢y Cp- Let us henceforth work in the coordinates
i, (so Q= Q).

By the lemma, we only need to determine (2 and r along c,,c,, and this will uniquely
determine the solution inside any diamond with two sides that lie along c,,c,; then make
the diamond as big as we need.

Assume 0, = o) = 0. Applying the Raychaudhuri equations along c,, ¢, we have 9,0, =
0 on ¢,, so by the initial conditions we have d,r = 0 on ¢,. Similarly 9,7 = 0 on ¢,. Thus
r=r(p).

If o0, # 0, o) # 0, then we again have 9,0,r = 0 along ¢,. The only remaining degree
of freedom is our freedom to choose ¢**0,0,r(p), which ends up determining d,r. Therefore
we know the value of r along ¢, ¢,.

Finally assume o, # 0 but o), = 0. The proof is similar to the previous cases.

We have proven uniqueness in the future-pointing lightcone of p. By time-reversal sym-
metry we obtain uniqueness in the past-pointing lightcone. By spherical symmetry, we can
switch v and v with —u and —v and run the same argument for the “left-pointing lightcone”
and the “right-pointing lightcone” which is all four cones that are around p. O]

The point is that r,0,,05, and py = ¢"0,7r0,r(p) are geometric data, and don’t de-
pend on the choice of coordinates; but everything that isn’t determined by these terms is
determined by our choice of coordinates. Actually, po is only needed when o, and o, are
NoNzero.

Definition 24.7. The Hawking mass is a function m on spherically symmetric spacetime
defined by
"0, rd,r =1 —2mr".

Note that m does not depend on a choice of coordinates since neither does 7.
Lemma 24.8. The Hawking mass is constant on connected components.

Proof. We have
—40,r0,rQ 2 = g Oyro,r

so by implicit differentation we have
—2r= Y9, m + 20,rr " %m = —40,r029,0,r.
Doing a bunch of algebra we see 9,m = d,m = 0. O

When m = 0 we will end up with Minkowski spacetime. If m > 0 one can show that the
null lapse is given by
QO = —0,05(1 — 2mr™).

This gives a certain metric that we call the Schwarzschild metric.
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Definition 24.9. The Schwarzschild metric is the metric
g=—0,0:(1—2mr™") dudv + r’g.

One can construct a maximal Schwarzschild spacetime. In fact if we define by 1 —pu =
g*P9,0sr, then 7y is constant, and in fact we take ru = 2m. Doing some algebra and using
the Raychaudhuri equations, we have Q% = |1 — 2mr~!|. If r — ry as v — oo, then 9,r — 0,
i.e. rg = 2m.

We now rephrase Birkhoff’s theorem.

Corollary 24.10. If (M, g) is a spherically symmetric solution to the Einstein vacuum
equation then (M, g) is locally isometric to an open subset of a Schwarzschild spacetime.

We think of Schwarzschild spacetime as an easy example of a black hole spacetime, for
m > (0. Choosing our signs correctly, we have

g=—(1—=2mr") dudv +r’g = —dudv +r’g + o(1)

so that g approximates Minkowski spacetime for r large enough (or m small enough; if
m = 0 it is Minkowski spacetime, with the singularity » = 0 artifically added by the choice
of coordinates). That is, g is asymptotically flat, so models a gravitational system (where the
mass is concentrated in a compact set — say, all the mass is inside some star.) In particular,
if the observer is not massless, then the observer is at r = co. Drawing the Penrose diagram,
our causal past, looking in from r = oo, is r > 2m. Thus no matter how far in the future
we are, we lie in the causal complement of the region r < 2m.

Definition 24.11. The boundary r = 2m of a black hole is called the event horizon. The
region r < 2m is called a black hole.

In fact we have R,,asR** > Cm*r~5 so the spacetime has infinite curvature at 0.

But assume m < 0. Then r = 0 is a “naked singularity”, which lies in our causal past.
A major conjecture, the weak cosmic censorship conjecture, is that for any physically mean-
ingful spacetime, naked singularities do not exist. Note that the Schwarzschild spacetime
with m < 0 is not a counterexample, because such a spacetime somehow has negative mass,
which is absurd.

24.3 Einstein-Maxwell equations

Let F,, be a real-valued 2-form on M, the electromagnetic field. 1f (M, g) is Minkowski
spacetime, we can take F; = Fy; and B; = eiijjk/Q, the Hodge dual of E, to recover the
electric and magnetic fields.

Definition 24.12. The Maxwell equations are the system V#F,, =0, dF = 0.

Let us assume that F' is spherically symmetric; i.e. if R € SO(3) then R*F,, = F,,,
where we think of SO(3) as the symmetry group of (M, g). We will write

F =F,, duNdv+ Fp, df N do.
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One can use algebraic topology to prove that that F),, is completely determined by u,v and
Fy,, is completely determined by a function of u, v as well as sin 6. Since dF' = 0, 9, Fp, = 0,
and 0,Fp, = 0. So actually Fy, = msin@ df A dy for some constant m. Also,

0=VHE,, = —207%0,(r*Q2F,,)

and similarly for v. Thus 9,(r*Q2F,,) = 0 and similarly for v. Thus F,, = eQ%* 2 for some
constant e.

Theorem 24.13 (Weyl?). Every spherically symmetric solution F of the Maxwell equation
is given by
F =eQ* 2 du A dv+ bsinf df A de.

Thus an electromagnetic field is completely determined by the pair (e, m). In Minkowski
spacetime, eQ%r=2 du A dv = er~2 dt A dr which is the electric field given by a point charge
at the origin, while bsin @ df A dy is the magnetic flux through a sphere.

We now derive the Einstein-Maxwell system from the principle of least action. The
Lagrangian density of the Einstein vacuum equation was R dV while the Lagrangian density
of the Maxwell equation is —F,3F*?/2. Thus we have

1
Ricaﬁ —§ga53 = 2Ta5

1 v
Taﬁ = Fa’uFM — z_lgaBF“”Fu
Ve, =dF =0.
As usual, Ti,5 is the energy-momentum tensor of the Maxwell equation. We now compute
Taﬂ by
Tyw =Ty =0

Tu = 471Q% 4 (1V? — &)

since
FMVF‘W/ = 2(guv>2(Fuv>2 + gAAlgBBIFABFA/B/ = 27"74(62 + b2)

Moreover, T4p is proportional to 7},,. Thus, the Einstein-Maxwell equations in spherical
symmetry, obtained by plugging into the Raychaudhuri and Einstein spherically symmetric
equations, is

0=—2r"'0%),(Q20,r)
0=—2r"1Q%,(Q20,r)
0 =2r'0,0,r 4+ 2r20,r0,r + Q*27 172 — 271024 (e? + 7).
Theorem 24.14. Let (M, g, F') be a spherically symmetric solution to the Einstein-Maxwell

system. Then for any p € M, the solution is determined in an open neighborhood O of p by
T, W, Oy, O, € = 2r’Q72F,,, and b = csc 0 Fy,,.
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Proof. The electromagnetic field is rigid since we are in spherical symmetry. Now run the
proof of Einstein vacuum equation rigidity (using the Raychaudhuri equations, which are
the same as before) but with 7,3 given by (e, b). O

Lemma 24.15. d(1 — p) Adr = 0.
Proof. Same as in the vacuum case, because Ric,, = Ric,, = 0. O

As a result, there are constants C' such that 1 —pu = 1—2Cr"! +2C(e? +b?)r~2. In fact,
1 —pu=g*?0,rd,r = —40,r9,rQ2 so we have

d(1 — p) = —4d(0,70,rQ™?) = —40,0,rQY2(0yr du + 01 dv).

Therefore
d(1 — p) = —4Q729,0,r dr.

Using the Einstein-Maxwell equations we see that if f(r) = —r= (1 —pu)+r~1 — (2 +b*)r=3
then d(1 —p) = f(r) dr. In addition, if h = 1 — p then ' = f so d(rh)/dr =1 — (e*+b?)r—2
whence rh = C' + 1 + (€® + b?)r~!. This proves the above claim.

We now search for a global solution to the Einstein-Maxwell equation. We do this in
Eddington-Finkelstein coordinates, which just means that 0,r{2~2 is constant in one dimen-
sion and 9,722 is constant in the other dimension. This is possible because of the Raychaud-
huri equations. In these coordinates, Q% = |1 —2Cr "' 4 (e? +b?)r—2| and g = —Q%du dv+1r?g.

We look at the sign of the discriminant C? — Q? where Q% = e? +b. If 0 < |Q| < C then
there are two solutions to the equation 1 —2C R+ Q%* 2 = 0, namely ry = C+£./C? — Q2.
This is called the subextremal case.

By the Raychaudhuri equations the signs of 0,7 and d,r cannot change along the u and
v directions respectively. So we can fix a sign for each and see what happens.

First take the case d,r < 0, 0,7 > 0. Assume that r — r, as u — 0o, v — —o0; then
r — o0 as u — —o00, v — 0o. Thus along every null curve, r tends to r, in one direction
and oo in the other direction. On the other hand, if we take “initial data” r = r_, then we
hit » = 0 for some finite u, which is a singularity.

If 0,r <0, d,r <0, then as u = —o0, v — —o0, r — r,. Similarly as u — 0o, v = o0,
r—r_.

Gluing together the above Penrose diagrams we construct all possible solutions to the
Einstein-Maxwell equations in spherical symmetry. We have to make sure that €2 is con-
tinuous along the gluings, which can be guaranteed by a clever change of coordinates. The
maximal such simply connected solution is called the maximal Reissner-Nordstrom space-
time. It is not compact.

In the superextremal case Q* > C? we recover the negative-mass Schwarzschild solution.

Finally we consider the extremal case Q* = C2%. The resulting maximal solution is the
Bertotti-Robinson spacetime. One can show that

8“81) IOgQ = 2T?2auav7ﬁ + ((2702)71 - 627’74)92

using the equation for the angular Einstein tensor Ricap —gapR/2 and the angular energy-
momentum Tap = Q*. One then shows that 9,0, log Q2 = KQO? for some K = (2r2) "' —e2ry ™.
This is a constant-curvature spacetime.
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Theorem 24.16 (Birkhoff for Einstein-Maxwell). If (M, g, F') is a spherically symmetric
solution to the Einstein-Maxwell equation, then each point of M is contained in an open set
which is isometric to an open set of either the maximal Reissner-Nordstrom spacetime, the
Bertotti-Robinson spacetime, a Schwarzschild spacetime, or the Minkowski spacetime.
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Chapter 25

Cosmic censorship

In GR, we are interested in two regimes: isolated gravitational systems (asymptotically flat
spacetimes; there is a singularity at one point and everything else is a vacuum, so we are
studying the dynamical structure) and cosmological systems (where we are modeling the
entire universe, and we want to study the topological structure). For now, we will study the
isolated case, and view it as a Cauchy problem.

Notice that the Cauchy problem behaves quite strange in the negative Schwarzschild
spacetime (M, g). Suppose we have an initial-data set 3 for M; then, a geodesic in ¥ along
which » — 0 cannot be extended to the future. Drawing the Penrose diagram we see that the
negative Schwarzschild spacetime is “not deterministic,” i.e. ¥ does not uniquely determine
the future because we cannot extend it into the future-pointing lightcone of the black hole.

At least in a positive Schwarzschild spacetime, these “incomplete geodesics” are inside
the black hole region. Therefore the observer at infinity cannot see the singularity, where we
cannot extend an initial data set to the future. But in the negative Schwarzschild spacetime,
the observer sees the singularity. But negative Schwarzschild spacetimes have negative mass
by definition, which makes no sense physically.

We thus state the weak cosmic censorship conjecture: an observer at infinity cannot see
a singularity in a “typical” physically meaningful spacetime.

We call the future boundary of a Penrose diagram (limiting points of radial null geodesics
along which r — o00) the null infinity of the spacetime. A spacetime has complete null infinity
if the lengths of geodesics parallel to null infinity tend to oo as r — oco. In the negative
Schwarzschild spacetime, the null infinity was incomplete because the null infinity was the
limit of the causal future of the initial-data set, which was compact.

We will be deliberately vague about what we mean by a reasonable Einstein-matter sys-
tem, but it will be the Einstein equation coupled to physically meaningful Lagrangian densi-
ties (i.e. the Maxwell density, the vacuum density, etc.) Similarly for physically-meaningful
initial-data set but in particular the initial-data set should be a geodesically complete mani-
fold. (This means that you can “follow a geodesic forever”; or in other words the domain of
the exponential map T — 3 is defined on all of 7'3.) This rules out the punctured line and
manifolds with boundary, because those have singularities we can run into in finite distance,
which does not seem physically reasonable.

By generic we mean in the sense of the Baire category theorem. In fact, Christodoulou has
proven that a naked singularity is unstable, and under a slight perturbation of g necessarily
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collapses into a black hole, and so is hidden from the observer at infinity, as in the positive
Schwarzschild spacetime.

Conjecture 25.1 (weak cosmic censorship). Given a generic physically-meaningful initial-
data set to a reasonable Einstein-matter system in an asympotically flat universe, the future
maximal globally hyperbolic development has complete null infinity.

Recall that by definition, the maximal globally hyperbolic development ends at the space-
like hypersurface wherein the development fails to be unique. This region is called a Cauchy
horizon. In a Reissner-Nordstrom black hole, there is a Cauchy horizon, so that a test
particle falling into a black hole is NOT unique.

Conjecture 25.2 (strong cosmic censorship). Given a generic physically-meaningful initial-
data set to a reasonable Einstein-matter system in an asymptotically flat universe, the future
maximal globally hyperbolic development is inextendible as a smooth Lorentzian manifold.

25.1 Einstein-Maxwell-charged scalar field equations

The most complicated model of the cosmic censorship conjectures is the Finstein-Maxwell-
charged scalar field equation. A scalar field ¢ is a section of a complex line bundle £ whose
structure group is the orthogonal group O(1). This gives rise to a connection D on E and

F.s = [Da, Dg].

Locally, we have D, = 0, + iA,. The action is given by
po.0.g) = [Ravig — [ FoE av,—2 [(0°6.D.0) av,

where (¢, 1) = Re(¢) is the natural real-valued inner product on a complex line bundle.
In case ¢ = 0, the Einstein-Maxwell-charged scalar field reduces to the Einstein-Maxwell
system, but it is dynamical because it solves the wave equation with connection D, namely

D,D%¢ = 0.

However, the Einstein-Maxwell-charged scalar field is too hard to study directly, so we restrict
to subsystems thereof.

Example 25.3. The Finstein-scalar field equation or Christodoulou model is the Einstein-
Maxwell-charged scalar field with trivial Maxwell tensor, F,,s = 0. Then D = 0, so we do
not need to worry about the curvature of the line bundle. That is, we can think of ¢ as a
mapping ¢ : M — R. It is the model that we will study when we consider the weak cosmic
censorship conjecture.

Example 25.4. The Finstein-Maxwell-uncharged scalar field equation or Daferemos model
is the system obtained by decoupling ¢ from F. In other words, ¢ : M — R (so the curvature
of the line bundle is trivial). It is the model where Reichner-Nordstrom spacetimes make
sense, so we study the strong cosmic censorship here.
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We now study the (relativistic) kinetic theory of the Einstein equation. Let M be a
spacetime, so T*M, the cotangent bundle, has a natural symplectic form, namely

w = dz“ A dp,.

Here z® is a coordinate system on U C M and we view a covector as p, dz®.

H € C*(T*M) we define the Hamiltonian vector field by

Given

(X1 = w*? dHjg.

In case H = 27 'p%p, then X! is the vector field on the cotangent bundle whose flow restricts
to the Hamiltonian flow on M. We apply the Legrende transform (2, p,) — (%, p*) we get
a flow on T'M for which z¢% = p%, p* = —ngpﬂpV. We let ®¥ denote the induced flow of
Xy.

Definition 25.5. A Viasov field is a positive measure y on T*M which is invariant under
the pullback by ®! for every ¢; that is,

p= () p.

In Newtonian mechanics, one assumes that the Vlasov field is absolutely continuous with
respect to the natural volume form e induced by the symplectic form p. Using the Radon-
Nikodym theorem, we find an f so that p = fe. Since ® preserves e we just need to check
that X f = 0, the Vlasov equation.

Now T*M is foliated by level hypersurfaces of H, and X H = 0, so ® preserves the
foliation of T*M. Now a null geodesic is one arising from the flow restricted to H = 0, and
timelike geodesics are those for which H = —1. To restrict to future-pointing geodesics we
assume p” < 0. Thus we define P, to be the (x,p) with H(z,p) = 0 and p° < 0. Similarly for
P where we have H(x,p) = —1. These level hypersurfaces are 7-manifolds and we search
for a top form on them. Now

EP;:cdH/\w/\w/\w

for some function ¢ allowed to depend on {0, —1}. For pu = Jep+, XHf=0iff

paaaf - aagﬂvpﬁp'yaaf = 0.

Of course if 0 = 0 then we are thinking of our particle as a photo (no mass) so we say that
this is the “massless” case and ¢ = —1 is the “massive” case.

Definition 25.6. Let p be a Vlasov field which is absolutely continuous with respect to
€p+- The associated energy-momentum tensor Top of p is given weakly by (with ¢ a test
function)

[ Tuaoto) Vo) = [ papapta) du

The number density is
| Nawyela) avig) = [ pupta) du
M *M
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Since p is absolutely continuous, it is supported on the 7-manifold which is a level hy-
persurface of H. If f is the Radon-Nikodym derivative, then

M

Tos(x) = /  pupaf (= detg) ey,

and

T M-

N,(z) = / Paf(— detg)_l/QeP;
*M

To couple the Vlasov field to the Maxwell equation we take Ng = V*F,3 and
2H = ¢°°(pa + Aa)(ps + Ap).

Example 25.7. A subsystem of the Einstein-Vlasov system is the Finstein-null dust system.
It is too simple to be realistic but is useful to demonstrate computations. The interpretation
is that everything travels along radial null geodesics. So there is no mass, and the physical
system consists solely of radiation moving radially.
An null dust field which is outgoing is characterized by having energy-momentum tensor
T, such that
T >0

with other components zero. Similarly 7" < 0 for incoming null dust fields. Now V7,5 =0
s0 9,7 = 0. (Similarly 9,7 = 0.)

We will assume that there are two noninteracting null dusts, one incoming and one
outgoing. That is, the Einstein-null dust equation is given by

1 )
RiCa/B —EgagR = Q(T;% + ngt).

25.2 The structure of toy models

Two basic papers about the a priori characterizations of solutions to spherically symmetric
toy models are Daferemos “Spherically symmmetric spacetimes with a trapped surface” and
Komnemi “The global structure of a spherically symmetric charged scalar field spacetime”.
Let us give a shallow introduction to this theory.

We will let (M, g) be the 1+3-dimensional maximal globally hyperbolic development with
a spherically symmetric initial data set ¥y. Let (@), gg) be the quotient of (M, g) by SO(3).
We will assume that X is diffeomorphic to R? or R x S2. (The latter is the initial-data set
of the spacetimes for which we will study the strong cosmic censorship conjecture.)

If ¥y = R3, then by algebraic topology, there is a fixed point of SO(3). In other words,
the set I' = {r = 0} has

'n¥o = {p}.

On the other hand, if ¥y = R x S?, then SO(3) cannot have any fixed points.

By global hyperbolicity, there is a future-pointing double null pair (u,v) on Q. The
existence of a double null pair implies that there is an embedding @ — R?, i.e. a Penrose
diagram. We will write Q for the closure of @ inside R?; i.e. if @ is not a closed manifold
then we will take it to be a manifold with boundary.
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Definition 25.8. T,3 obeys the dominant energy condition if for every causal, future-
pointing vectors x, v,
Tagx“yﬁ > 0.

In fact, T,,3Y* = Js should be interpreted as the “energy-momentum” along «y. In fact,
the coordinate of Jg along v is the energy along . So the dominant energy condition says
that there is positive energy.

In spherical symmetry, the dominant energy condition is equivalent to T, > 0, T, > 0,
T,, > 0. It follows that Ric,, > 0, Ric,, > 0. Since

Ricy, = —2r 1Q%9,(Q720,r)

it must be that the sign of 9,r is preserved, and similarly for d,7. Thus r is monotone in u
and v separately.

Henceforth we assume the dominant energy condition. It therefore makes sense to also
assume the antitrapping condition:

Definition 25.9. X, obeys the antitrapping condition if: if ¥y = R3 then 9,7 < 0 on X;
if X9 = R x S? then 9,7 < 0 on some X} a connected subset of ¥ which meets the ideal
endpoint of ¥ on the right.

Let
Q' = {(u,v) € Q : Fug (ug(v),v) € g}
Then the antitrapping condition implies that 9,r < 0.

Definition 25.10. Assume the antitrapping condition. (u,v) € Q' is trapped if 9,r < 0.
(u,v) € Q" is regular if O,r > 0. (u,v) is marginally trapped if 0,r = 0.
Because of these conventions, we say that u is incoming and v is outgoing.

In a black hole, every point is trapped. The event horizon is marginally trapped. For-
mally, if T" is the set of trapped points, and (u, v’) lies in the future of (u,v), then (u,v) € T
implies (u,v') € T.

Theorem 25.11 (Penrose singularity theorem). Suppose that 7" is nonempty. Then there
is an incomplete outgoing null geodesic.

Recall that a geodesic v is complete if for every ¢ such that v;,%(t) = 0 (¢ is an affine
paramter), v(t) exists. This is not the case if v runs into a boundary. That is, there is
an incomplete geodesic the exponential map T'M — M fails to be defined far away from
the origin of each tangent space. Incomplete null geodesics can be interpreted physically as
meaning that a light wave fails to exist after traveling a finite distance.

Proof. Let (ug,v9) € T be trapped, and let (u;,v;) be the endpoint of the outgoing null
geodesic from (ug,vg). This is finite because we embedded @Q in R%. Now we compute

V1
/ Q02 (u,v) dv
V0

and use the Raychaudhuri equations and the trapping conditions to conclude that the integral
is the integral of a bounded function over a compact set. So it’s finite, hence an affine
parameter. 0
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Actually the Penrose singularity theorem holds in much greater generality. The existence
of trapped surfaces is an open condition on the moduli space of all initial-data sets, which
implies that there is a stable singularity, which necessarily follows from the existence of black
holes.

25.3 Penrose inequalities

We generalize the result that says that the mass of the universe is positive if there are no
black holes, to bound the mass of the universe in terms of the radius of the black hole. We
follow Daferemos’s paper “Spherically symmetric spacetimes with a trapped surface”.

Let (M, g) be a spherically symmetric solution to the Einstein equation, which is the
future maximally globally hyperbolic development of a spherically symmetric initial-data set
Yo, where ¥ is either homeomorphic to R? to R x S2. Let Q@ = M/SO(3) be the Penrose
diagram of (M, g). We will assume the dominant energy condition on the energy-momentum
tensor T' (i.e. Ty >0, T, > 0, Tpy, > 0). We also assume that there are no antitrapped
spheres (which for 3y = R? means that 9,7 < 0 on %.)

Let ' be the set of points in the Penrose diagram which are in the image of an incoming
null curve from ;. By the Raychaudhuri equations and the assumption on antitrapped
spheres, 0,7 < 0 on Q'

Let A be the apparent horizon, i.e. those (u,v) for which 9,r(u,v) = 0. Every event
horizon is contained in the apparent horizon.

Let U be the set of u such that sup, r(u,v) = co. Thinking of @) as a bounded subset of
R? we let (" be the set of (u,v) € U such that u € U.

Definition 25.12. (* is the future null infinity of Q.

Lemma 25.13. If (™ is nonempty, then it is a connected incoming null curve emanating
from the interior.

Proof. 1f (u,v) € ¢t then we can find a point on ¥, whose lightcone includes (u,v). O
Lemma 25.14. J ((*) C R, the set of regular points.

So a particle cannot end up in the future null infinity if it is trapped or lies on an event
horizon.
Recall that the Hawking mass m at (u,v) is defined by
2m Oyr0,T

1=y
r Q2

Lemma 25.15. One has 9,m = 2r*Q~%(T,,0,r — T,,,0,r) and similarly for v.

Proof. Use the Einstein equations in spherical symmetry and the dominant energy and no-
antitrapping conditions. O

Corollary 25.16. Inside RU A, 9,m < 0 and d,m > 0.

Lemma 25.17. Inside ', the sign of d,r is the sign of 1 — 2mr~1.
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So in particular, a point is trapped provided that 1 — 2mr—1.

Definition 25.18. Fix (u,v) € J~!(¢*). Define the Bondi mass

M(u) = lim m(u,v).
’U—)’U<+

The ADM mass is

MADM = lim M(u)

u—>o
So the Bondi mass is the mass observed by someone standing at the future end of a curve

for which u is constant. The ADM mass is the mass observed by an observer at 0%y. Here
“feeling mass” means experiencing a gravitational field.

Theorem 25.19 (positive mass theorem). If ¥y = R? then Mapy > 0.

Proof. Either ¥y C R or not. If not, then there is a point on ¥ which does not end up at
¢*, and in particular there is a point (ug, vg) on R N Xy which lies in the apparent horizon.
So at that point, 1 = 2mr~!. Since r > 0, m > 0, and the monotonicity properties above
guarantee that the regular points also have positive mass. The observer at infinity can only
feel things in his causal past, in particular 3y N R, so we're done.

If 3¢ C R, note that since g is smooth, r is Lipschitz. So

1—2mr~" = g(or,dr)

is bounded, whence m — 0" as r — 0 on Xy. By monotonicity, m > 0 on Xy, and so
Mapn = 0. O

Note that in the case ¥y C R, we used the fact that ¥y = R3 so show that g is smooth
and that 3, is connected. We used the dominant energy condition and the antitrapping to
guarantee monotonicity.

Corollary 25.20 (Riemannian Penrose inequality). Let Sk be a minimal sphere in ¥ of
radius R > 0, and assume that the second fundamental form is 0. Then

R
Mapm 2 —-
2
In R3 there are no minimal spheres so we take R — 0. The positive mass theorem is
sharp, because the ADM mass of Minkowski spacetime is 0.

Definition 25.21. The generalized extension principle is the assumption that for every

peQ,qel (p),q#p if
D=Jqg)nJ (p)\p,

then D has finite volume and
0 <infr <supr < oo.
D D

The generalized extension principle holds for any reasonable spacetime.
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Example 25.22. The generalized extension principle is not true for the Einstein null dust
spacetime.

Definition 25.23. The event horizon H™ is the future boundary of J~(¢F).

Then one has
lim r = supr.
v—(t H+

Definition 25.24. The final Bondi mass is

M; = lim M(u) = inf M (u),

u—ug
the limit taken as u goes to the future.
The fact that this is an infimum follows from the monoticity assumptions.

Theorem 25.25 (Penrose event horizon inequality). Assume the generalized extension prin-
ciple. Then
supr < 2Mjy.
H+
We think of the sup as the radius of the black hole. Unravelling the definitions, we obtain
a lower bound on all Bondi masses that follows from the size of the black hole.
The idea of the proof is that if we have control of 1—2mr~!, then we use the Raychaudhuri
equation
1 —2mr~1

Oy

to control d,r in terms of d,r. We then use the definition of the Hawking mass to control the
integral of the energy-momentum tensor. So if the conclusion of the Penrose event horizon
inequality fails, we can find a (u,v) on the event horizon such that » > 2M;. Since M and
r obey similar monoticity conditions, we obtain an absurd bound on the mass.

—49,rQ17% =

25.4 Recent progress on strong censorship

Conjecture 25.26. For a generic asymptotically flat initial data set for a “reasonable”
Einstein-matter Lagrangian, the future maximal globally hyperbolic development is inex-
tendible as a “suitably regular” Lorentzian manifold.

Example 25.27. The Reichner-Nordstrom spacetime is a (highly nongeneric) counterexam-
ple.

To prove the strong cosmic censorship conjecture one would need to show that the Cauchy
horizon of any counterexample must be unstable in the sense that a small perturbation of the
initial-data set would necessarily destroy the Cauchy horizon. To do this, we first characterize
its stability properties.
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Example 25.28. Let us study the stability properties of Cauchy horizons in the Einstein-
Maxwell null dust Lagrangian. Recall that null dust is defined by its energy momentum
tensor. That is, T2 is nonzero and can depend on u and v but all other ngt = 0. This is
the outgoing null dust. By Noether’s theorem, V*T l‘j}jt = 0 which implies that T}, does not
depend on v. We also have a term 7% which can be nonzero and only depends on v.
The Einstein-Maxwell-null dust equation is G5 = 27,4 like usual, where where
Tos =T + T + Ta5™

where TM* is the Einstein-Maxwell energy-momentum tensor. But TMae = TMaz — () 5o
the null dust coordinates do not interact with the Einstein-Maxwell coordinates.

First we treat the case T%"|y, = 0. Assume that T"|y, is small and rapidly decaying.
We claim that this will deform into a large perturbation of the Cauchy horizon. In these
assumptions, the metric tensor is given by the Vaidya metric. In Eddington-Finkelstein coor-
dinates for v (i.e. v is normalized so Q%(9,r)~' = —2, which is possible by the Raychaudhuri
equations),

g=—0% dudv+r*g = —=Q*((0yr) ' Our + (0pr) ' 0pr) dudv + r’g
= 2 drdv — 20,rdv?® + rzg.

We introduce the modified Hawking mass w defined by

gaﬁﬁaré?@r =1-—2wr ! +wh 2

Then 0, = —2r20,7Q 2T, and similarly for v. In Eddington-Finkelstein coordinates,
Oy = 12T,,.
Thus we arrive at the Vaidya metric

g=2drdv— (1—2wr ' +Q* 2 dv*®+ 7022)

2
Oyto = 1°T,.

We now normalize so Ty, |5, (v) = ev™? for p,e parameters. Then 0,0 = ev™P. We assume
p > 1; then O, is L' and @ stays finite up to the Cauchy horizon. Now we do not have
r — Oat the Cauchy horizon, so the Vaidya metric cannot blow up. But v — oo at the
Cauchy horizon, and Ric blows up at the Cauchy horizon. In double-null coordinates,

Q2 — O(efQKv)

for some K, when u is held fixed. So if L = Q2 8,, L “should be” a well-behaved vector field,
yet L experiences exponential growth as we approach the Cauchy horizon. Now Ric(L, L) =
2r~2p7PO(e*%?) which blows up at the Cauchy horizon.

So Ric is highly unstable near the Cauchy horizon, even though the Vaidya metric itself
is stable. But a theorem of Poisson and Israel in the early 90’s shows that the blowup of
w near the Cauchy horizon is generic, so the Einstein-Maxwell null dust system with no
outgoing radiation is highly unrealistic. In fact if 7°% is nonzero on X, then @ = oo on the
Cauchy horizon. This phenomenon is known as the mass inflation scenario.
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Example 25.29. We now treat the more realistic Einstein-Maxwell uncharged scalar field
system. Here we have introduced a scalar field ¢ on M which is governed by the wave
equation Ug¢ = 0. When we say it is uncharged we mean that we do not use the Maxwell
tensor to introduce curvature on the line bundle that ¢ maps M into (so we can take that
line bundle to just be R).

Theorem 25.30 (Kommemi). Assume that ¥y is homeomorphic to R x S?, and is asymp-
totically flat on two ends. Then there are at most two Cauchy horizons, and there must be a
complete null infinity. If the spacetime is C?-extendible, then it must be extendible through
the Cauchy horizon in the sense that there must be a timeline geodesic 7 in the extension
which meets the Cauchy horizon on the interior of ~.

Let us consider the initial-value problem inside the black hole region. We normalize v
so that —29,r = Q72 on the event horizon, and we assume that there is a p > 1/2 such
that ¢ = O(v™?) on the event horizon. If ¢ is smooth, then Daferemos proved that there
is a Cauchy horizon, and that ¢ is continuous up to the Cauchy horizon. Moreover, if ¢ is
compactly supported on Xy then d,¢ = O(v~*). This estimate on ¢ is known as the Price
law rate.
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